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1. Introduction

This work is an extension, to two-dimensional domains, of a previous work [14] deal-
ing with the stabilization of the uniform oscillations for the complex Ginzburg-Landau
equation. This stabilization will take place by means of some global delayed feedback.We
consider the case in which the domain is © = (0, L;) x (0, Ly) with periodic boundary
conditions. We define the faces of the boundary.and the problem as follows

szaﬂﬂ{xj:0},Fj+2:69ﬂ{xj:Lj},j:1,2,

B (1+ie)Au= (1 —iw)u— (1+ipB) lu|® utpeXoF(u,t,7) Q x (0,+00),

— o) _\ o _ 0
(RSl = wlry, (= 820, =) 82| =22, 09 x (0, +20),

u(z,s) = uy(z,s) Q x [-1,0],
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where 7 is the outpointing normal unit vector,and
1
F(u,t,7) = [myu(t)+meu(t)+msu(t — 7, z)+mqu(t — 7)) with a(s) = @ / u(s, z)dz.
Q

Here the parameters €, 5, w, i, xo, m; and 7 are real numbers, in contrast with the solution
u(x,t)=uy(z,t) + ius(x,t). We point out that most of our results remain true for N-
dimensional domains (with N > 2) as well as for Neumann boundary conditions.

This type of equations (called as of Stuart-Landau in absence of the diffusion term) arise
in the study of the stability of reaction diffusion equations such as %—)f —DAX =f(X )
where X : Q x (0,400) — R™ and 7 is a real scalar parameter when the deviation v from
the uniform state solution X, is developed asymptotically in terms of some multiple scales
(see [20]). Coefficient ¢ measures the degree to which the diffusion matrix D deviates from
a scalar.

Notice that the presence of complex coefficients introduces important differences with
the classical Ginzburg-Landau equations arising in superconductivity [9].

With the basis of a sound experimental work, many recent studies of a more descriptive
nature, but of a great originality and interest have been written. In those studies the
delay term F(u,t,7) has been taken corresponding to my = 1,m; = 0 for i« = 1,2,3 and



introduced as a control mechanism (see [6], [22]). Our main goal is to carry out a rigorous
analysis of those studies We also want to investigate the possibility of controlling the
turbulence by using other terms (see Remark 4). In particular our treatement does not
use the Fourier transform, apparently hard to be rigourously justified in this setting.

We focus our attention on the so called slowly varying complex amplitudes defined by
u(z,t) = v(z,t)e ™t Thus, v satisfy

& — (1+ie)Av=v—(1+ iB) v v+

+ue™X0 [myv+maV+eT (msv(t — 7, 2)+mav(t — 7))] in £ x (0, +00),

P2 _ ov _ ov __ Ov __ Ov
(7 V’Fj - V’Fj+2 ’ <_ ﬁh“j — ) oz r, oz; P\ ﬁ|rj+2> , on 0 x (0, +00),
v(z,5) = uy(, s)e™” on  x [—T,0].

(1)

We study the stability of uniform oscillations, i.e., special solutions of (P) of the form
Vuose(, 1) = poe~ " which determines completely po and 6. As we shall see, the only effect
of the delay 7 is that it controls the effective phase shift (7).

In absence of delay (7 = 0), and for |Q2] = +o00 and p = 0, it is known (see [20] and
22]) that the Benjamin-Feir condition 3 < —+ implies the instability of such uniform
oscillations. Here we shall assume merely that

b <0ande>0 (2)

and we shall prove that this instability holds, in absence of delay, for L < +o00 once
Xo € (5, 37”) and p > ‘Coslxo‘. Moreover, we shall also prove that when 7 > 0 is suitably
chosen then the uniform oscillation becomes linearly stable. We point out that the above
stabilization phenomenon requires a non zero complex component perturbation (notice
that xo can not be zero) and that it applies to the case of p >0 and e = f = w = 0.

We start by pointing out that the existence and uniqueness of a solution of (P;) can be
proven once we assume that uge C([ — 7, 0] : L*(Q)) (see [17]).

We are interested in the stability analysis of the time-periodical function vy,s.(x,t) =
poe . In order to avoid the application of techniques for the study of the stability of
periodic solutions we can reduce the study to the stability of stationary solutions of some
auxiliary problem by introducing the change of unknown z(z,t) = v(z,t)e!? where v(z, t)

is a solution of (P,). Thus z(z,t) satisfies

% — (1 +ie)Az = (1 4 i)z—(1 + i) |z|* z+ )
+ueX0 [myz4moz+e @07 (maz(t — 7, 2)+maz(t — 7))
P3 _ Oz _\ Oz __ Oz __ Oz
( ) Z’pj = Z|F]-Jr2 ’ (_ ﬁ‘l“j —) D, T, oz, o (— W|Fj+2> , on 09 x (O, —l—oo),
z(x,5) = uy(z, 5)e' 0" on Q x [—71,0].

(3)

0t _

} in € x (0, 4+00),

Now, Vyose(T,t) = poe " is an uniform oscillation if and only if z(x,t) = Vyesc(z, t)e

Zoo = Po is an stationary solution of (Ps): i.e.

0= (1+i0)200 — (1 +18) |Zoo|” Zoo+ue™® [mi+ma+e T (my+my)] zeo. (4)



In order to keep some resemblance with [6] we shall assume that
mi+me = 0 and mg+my = 1 (5)

Then we get the expressions po(7) = (1 4 pcos x(7))2, where x(7) = xo + (w + 0(7))7
and with 0(7) given as the solution of the implicit equation

0 = — p(sin (xo + (w +0) 7) = Fcos (xo + (w +0) 7). (6)

Notice that if 4 = 0 we deduce that po(7) = 1 and that 6(7) = § for any 7 and that
po(0) = (1 + pcos xo)*2,0(0) = B — p(sin xo — Bcos xo). It is not difficult to prove (see
below) the existence and uniqueness of such a function #(7) and that § € C*.

2. Main result

Theorem 1 Assume (2), (5), xo € (m, %),

3—m1 —2m3 >0, my+mg3 >0, 3+2m3 >0, (7)

1 38 —w+3(w—+ B)sin xo + cos xo
|cos xo|’ 5(—f3) sin xg cos xo + 1
ms(30 —w — 52—2) + 3(w + B) sin xo + (m1 + ms3) cos xo
(3 —my — 2ms) sin” o + (m1 + m3) cos? xo + (—B)(3 + 2m3) sin yo cos xo

9’

p > max{

Then there exists some 75 € (0, 1) such that if we assume 7 € (79, 1) we get that
[v(x,t) — po| < Me™* ||u0(-, e — pOH )

For the proof we shall first introduce a new and quite general pseudo-linearization
principle. Then, we shall show the applicability of it to the delayed problem and, at the
end, we shall study the eigenvalues of the linear part to find the range of parameters for
the stability of the linear part.

2.1. A pseudo-linearization principle
We are interested in the study of the stabilization, as ¢ — oo, of the solutions of the
nonlinear abstract functional differential equation

du U U U (. mn X,
{ g (1) + Au(t) + Bu(t) 5 F(u(.)) X (8)

u(s) = up(s) s € [—,0].
on a Banach space X, where
w(0) =u(t+6),0 €[-r0],
to the associated equilibria: w € D(A) C D(B) C X such that

Aw + Bw > F(u(.)),



where w € C' := C ([—7,0] : X) is the function which takes constant values equal to w.
Our main goal is to extend, to a broad class of nonlinear operators A, the usual linearized
stability principle saying, roughly speaking, that for the special case of A linear (single
valued) and B and F' are differentiable, the asymptotic stability of the zero solution of
the linearized equation,

{ 2@ (t) + Av(t) + DB(w)v(t) = DF(@)vy(.) in X, (9)
v(s) = up(s) s € [—7,0].

implies that u(t : ug) — w as t — oo, at least if ug(.) is close enough to w. We point
out that our results seem to be new even without the delayed and nonlocal term (i.e. for
F=0).

The motivation to keep A nonlinear after the process of linearization (reason why
we used the term of pseudo-linearization principle) comes from the fact that if we use
the representation for the unknown of the delayed nonlinear equation (Ps) as z(z,t) =
p(x,t)e’®® then we arrive to a coupled nonlinear system of delayed equations for p
and ¢ which can be described in terms of the representation operator given by P :
R? — C, P(p,¢) = pe'®. Indeed, notice that P is nonlinear and that if g = (p,¢) then
z(x,t) = P(q(x,t)) and the (P;) can be formulated as W+AP(q(-, t))+BP(q(-, 1)) =
F(P(q(-)):). By using that the matrix C(q(-,t))=gradP(q(-,t)) is not singular, we can
arrive to the simpler formulation

Z—?(nt) +C(a(-1)) " [AP(a(- ) +BP(q(, 1)) = C(a(-t)) " F(P(a(-)).)- (10)

Notice that, although this delayed system can be also (formally) linearized (this is
the procedure followed in Battogtokh and Mikhailov [6] and Mertens et al. [22] the
above diffusion operator C(q(-,t))"'AP(q(-,¢t)) becomes now quasilinear on q and thus
the mathematical justification is much more delicate.

There are some others linearization principles in the literature. Their motivation is
usually a particular problem, but its applicability is wider. Close to ours we can mention
that of W. M. Ruess [25], although the formulation, scope and proof are different. Besides
its applicability to the problem in this work, ours can be also applied to the case in which
A is nondifferentiable and nonlinear, among many others (see A. C. Casal and J. I. Diaz
13)).

We point out that some relevant examples of nonlinear functional equations arise in
the most different contexts (see, for instance, Diaz and Hetzer [16] for one example in
Climatology, Chukwu [15] for a family of examples dealing with the wealth of nations and
the general exposition made in Hale [18]).

Coming back to the abstract formulation, the structural assumptions we shall assume
in this paper are the following

(H1): A€ A(w: X), for some w € C, with

Aw: X)={A: Dx(A) C X — P(X) such that A+wI is a m-accretive operator},



(see Brezis [11] for the case of X = H a Hilbert space and the works by Benilan, Crandall,
Pazy and others for the case of a general Banach space: see the monographs [8] and [27]),

(H2): the operators semigroup 7'(t) : Dx(A)X — X, t > 0, generated by A, is compact
(see Vrabie [27]),

(H3): B € A(0 : X), B is single valued, Fréchet differentiable, and B is dominated by
A; e

Dx(A) C Dx(B) and |Bu| < k|A%| + o(|ul)
for any v € Dx(A) and for some k& < 1 and some continuos function o : R — R,

(11)

where, here and in what follows, |.| denotes the norm in the space X (in contrast with the
norm in space C' which will be denoted by ||.|| if there is no ambiguity, when handling two
spaces X and Y the corresponding norms will be indicated), |A%u| := inf{|¢| : £ € Au}
for u € Dx(A),

(H4): F : C — X satisfies a local Lipschitz condition, i.e.,

{ for any R > 0 there exists L (R) > 0 such that (12)

[F(¢) = F(¥)| < L(R) |[¢ — | for any ¢, € C and [|¢]], [[¢]| < .

(H5): there exists 6° > 0 such that F' : B, (@) — X is Fréchet differentiable with
the Fréchet derivative DF(w) given by D(F(w))¢ = fi dn(8)¢(8),¢ € C, for
n: [—71,0] — B(X,X) of bounded variation and the Fréchet derivative is locally
Lipschitz continuous, where B (@) = {¢ € C; ||¢ — 7| < 6"},

We further assume the main condition of our arguments:

(H6): the operator y — Ay + By — DF(w) (¢*'y) belongs to A(w : X), for some w € C
with Rew = v < 0 where e*v € C' is defined by

(e“v)(s) = e*0(s), with v(s) = v, forany s € [—1,0], forv e X. (13)

In order to treat the case in which B is differentiable we introduce the conditions

(HT): there exists a Banach space Y and there exists 6% > 0 such that B is Fréchet
differentiable as function from Bss(w) = {z € D(B); |w — z| < §®} into Y, with
the Fréchet derivative DB(w) locally Lipschitz continuous,

and

(H8) the operator y — Ay + DB(w)y — DF(®) (e*"'y) belongs to A(w* : Y), for some
w* € C with Rew* =~* < 0.



2.2. The abstract result

Theorem 2 Assume (H1)-(H6). Then there exists a > 0, € > 0 and M > 1 such that if
ug € BX (W), ug(s) € Dx(B) for any s € [—7,0] then the solution u(- : uy) of (8) exists
on [—7,+00) and

lu(t = ug) —w| < Me ™ ||ug — @||, for anyt > 0. (14)

Moreover, if we also assume (H7), that (H1)-(H5) holds on the space Y and (H8) then
there exists a* > 0, €* € (0,¢| and M* > 1 such that if uy € BX™Y (@), ug(s) € Dx(B)N
Dy (B) for any s € [—,0] then

[t ug) — wly +|ult s up) — wly < M*e " (|Jug — @y + ||uo — @|y), for anyt > 0.
(15)

Proof. From assumptions (H4) and (H5)
F(¢) = F(©) + DF () (¢ — ©) + GF (@, ¢), for any ¢ € Biw (D).

Moreover since DF'(w) is locally Lipschitz continuous, there exists a continuous increasing
functions b% such that

|G (@, ¢)| < bk (ll¢ — @) |¢ — @, for any ¢ € By (). (16)
Then
C;—Q;(t) — Ccli—lf + Au(t) — Aw + Bu(t) — Bw — DF(0)(u; — @) > —G* (W, uy). (17)

We now use assumption (H6). We claim that we can find a constant constant KX > 1 and
such that

t
|u, — @ < Ke ||ug — 0| —1—/ K= |GF (@, us)| ds. (18)
0
Indeed, as u(t) and w are “integral solutions” in the sense of Benilan (see. e.g. [8]), then,
by (H6), if we multiply (17) by u(t) — w (by using the usual semi inner-braket [,]: see,
for instance Benilan, Crandall and Pazy [8] or Vrabie [27] (Section 1.4)) we get that
t
lu(t) — w| < Ke) ju(ty) — w +/ Ke(t=2) |GF (@, uy)| ds (19)
to

for any t > to > 0 (see, for instance, Benilan, Crandall and Pazy [8] or Vrabie [27]
Theorem 1.7.5). Then,

t
lu(t) —w| < Ke™ [Jug — 0| +/ Ke (=9 |G’F(zﬂ, u,)| ds (20)
0

for any ¢ > 0. Finally, since (20) holds trivially for ¢t € [—7, 0] we get (18) by taking the
maximum, in (19), on intervals of the form [t — 7, t] for any ¢ > 0.



Now, let R € (0,6") be chosen so that

bk (R) < (—7)/(4K). (21)

Define ¢ = min {R/(2K),6%}. Let us show that if uy € BX(@) then the associated
solution u of (8) exists and |juy — || < R for all ¢ > 0. Thanks to assumption (H2) we
can apply some maximal continuation results (see, for instance, Chapter 3 of Vrabie [27],
or Chapter 2 of Wu [28] when A is linear), it suffices to show that there exists no t; > 0
so that ||u, || = R and ||Ju]| < R for t € [0,t1). By contradiction, if there exists such a
t1, then on [0, ¢;] we have

t
|lu; — ]| < Ke||ug — || —i—/ Ket=9) |GF (W, us)| ds
0
t
< Ke" |lug — || + 2Kb§(R)/ =) |lu, — || ds.
0

In particular, at ¢ = t; we have

2KbY (R
¢ R <R,

(=)
a contradiction to the choice of ;.
Finally, to end the proof, let ug € BX(@), ug(s) € Dx(B) for any s € [—7,0] and let u
the associated solution of (8). Since we have shown that ||u; — @] < R for all t > 0 we
get that

lur, — ]| < Ke+

t
o= 0 < K o — 0l + KUGR) [ ¢, — s (22)
0

holds for all £ > 0. Thus, by using the Gronwall’s inequality, we get

L e
< Ke?!|ug — @], ug € BX (D)
which shows (14).
In order to show the decay estimate (15), we repeat the same arguments as before but

now on the space Y. Then, from assumptions (H3) on Y and (HT), there exist 6% and 6%
such that

B(z) = B(w) + DB(w) (z — w) + G®(w, 2), for any z € Bss (w),
F(¢) = F(@) + DF(@) (¢ — @) + G"(@, ¢), for any ¢ € By ().
where nowB;s (w) = {z € Dx(B)N Dy(B); |w—z| <%}, Bsr (W) = {p € C;ll¢ -2y <6}

and, as before, ||.||,- denotes the norm on the space Cy := C ([—7,0] : Y'). Moreover, there
exists two continuous increasing functions b% and b% such that

‘G’B(w,z)|y < b (Jw — z|) |lw — 2|, for any z € Bsz(w), (23)
|GH(@,9)|, <0y (6 —@lly) l¢ — @y, for any ¢ € By (). (24)



Now
du dw N ~ B Fo~
E(t)—g—i—flu(t)—Aw+DB(w)(u(t)—w)—DF(w)(ut—w) 5 G7(w,u(t))—G" (W, u).

(25)

Thus, by using (H8) and arguing as in the first part we get that there exists a constant
constant K* > 1 such that

e — @]y < KT

t
luo —@||Y+/ K*e“(t_s)qGB(w,u(s))|y~|—‘GF({L?, us)|Y)ds (26)
0

and then, by taking 6 = min(6%, ) and R* € (0, ) such that
max(by (R), by (R")) < (—7)/(4K), (27)

we obtain that

e — @y < K*e™

t
o — @lly+ K / " I BE(R) [[uy — B HVER) [l — By )ds.
(28)

We define R = min(R, R*), K = max(K, K*),7 = max(v,7*) < 0 and €* = min {é/(ﬂ?), 5} :

Then, if ug € BX™W (@), uo(s) € Dx(B)N Dy(B) for any s € [—7,0] and we assume, for
instance, that 7 = v, by adding (22) and (28) we deduce that

lue = @l + llue = @y < K™ (Jlug — @l + €T [lug — @l )+

t
K/ TR (R) + bR (R)e" ™) [lug — @ + 05 (R [lug — @l )ds.
0
and the estimate (15) follows, again, by Gronwall’s inequality.m

Remark 3 It is not difficult to show that the assumption (H8) is implied (when A is
linear) by the condition: “if X € C is given so that there exists y € D(B)\ {0} such that
Ay +DB(w)y — Ay > DF(®) (e*y) then ReX > 07. This allow to see Theorem 4.1 of
Wu [28] (see also Parrot [23] and its references) as an special case of our abstract result
with B = 0. In that case the “variation of the constants formula” can be used to get a
different proof of the theorem since A is linear. Notice that if B # 0 and D(B) & X then
the arguments of the proof of Wu [28] do not work (in spite of the claimed in the Example
4.8 given there).

Remark 4 When A is linear, as in the case without delay, assumption (H7) implies that
the zero solution of the linearized problem % (t) + AU(t) + DB(w)U(t)-DF(@)Uy(.) =
0in X, is locally asymptotically stable (Wu [28]).

Remark 5 It is possible to prove the existence of global solutions for a general class of
initial data (not necessarily near w) by using that A+ B € A(w : X), for some w € C,
some truncation of the nonlocal term F(u;) and passing to the limit by the compactness
of the semigroup generated by A (see Vrabie [27] for some related results).



An easy adaptation of the above proof leads to the following linearization result (now
on a possibly smaller neighborhood of w) when A is differentiable

Theorem 6 The conclusion of the above result remains true if we assume, additionally,
that condition (H7) also holds for A and we replace condition (HS8) by

(H9): the operator y — DA(w)y + DB(w)y — DF(w) (e“'y) belongs to A(w), for some
w e C with Rew=~v< 0Nl

Remark 7 We claim that our arguments keeping A nonlinear after linearizing the rest
of the terms (and in particular the way in which we apply Gronwall inequality) allow to
extend, to the case of quasilinear equations, the so called “method of quasilinearization”
which, introduced by Bellman and Kalaba [7], we used to find solutions of a parabolic
semilinear problem trough the iteration of solutions of the linearized equation when starting
in a super and a subsolution of the original semilinear problem (see, e.g., Lakshmikantham
and Leela [21], Carl and Lakshmikantham [12] and their references). This will be the
subject of a future work by the authors.

3. The complex Ginzburg-Landau equation

3.1. Applications of the abstract results

Motivated by the special form of the nonlinear term of the equation in (P3) we shall take
X =L4Q) and Y = L*3(Q) (notice that, in contrast with the case of scalar equations
(see Parrot [23]) the space L>(€2) is not suitable space to check assumption (H1): see [5].
A detailed analysis of the associated diffusion operator is consequence of some previous
results in the literature: see, for instance, Amann [3]. Notice that the operator Au can
be formulated matricially as

()=(a 5 (%)

Ug eA A uy )

So, if € # 0 the diffusion matrix has a non zero antisymmetric part. In particular, A
is the generator of a semigroup of contractions {7'(t)},., on X and the compactness of
the semigroup is consequence of the compactness of the inclusion D(A) C X (notice
that, since N = 2, WH(Q) ¢ Wh¥/3(Q) c C(Q) with compact imbedding) and some
regularity results for nonsymmetric systems.

Concerning the rest of the terms of the equation in (Ps), we define Bu = (1+i4) [u[*u
with D(B) = L'2(Q). By using the characterizarion of the semi inner-braket [,] for
the spaces LP(f2) (see, for instance Benilan, Crandall and Pazy [8] it is easy to see that
B verifies (H3). Moreover, by the results on the Frechet differentiability of Nemitsky
operators (see Theorem 2.6 (with p = 4) of Ambrosetti and Prodi [4] we get that (H7)
holds, with DB(y)v = 3(1 4 i8) |y|* v, if we take Y = L43(2). It can be found in the
above mentioned reference that assumption (H7) does not hold if we take X =Y = L%(Q).

The nonlocal term is defined by

F(u;) = (14 i0)u(t) + pe™° [mlu(t)—l—mQﬁ(t) + ei(‘”e)T(mgu(t —7)+mau(t — 7'))} ,
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is locally Lipschitz continuous and its Frechet derivative is given by

DF(F)v(t) = —(1+i0)v(t) — pe™® [mav(t)+mav(t)—' @O (mgv(t — 7)—ma¥(t — 7))]
(29)

since for any ¢ € C, the non-local operator ¢ — |—§12| fQ ¢(s)dx is linear and we can write
~ 0 .
DF(y)¢ = [Z dn(s)¢(s), with

dn(s)v(s) = 8o(s)(1+i0)v(s)+ e [50(3)(mlv(s)+m2v(s))+ei<w+9>fa,T(s)(mgv(s)+m4v(s))}
(30)

for any v €C([—7, 00): L*(Q)) and any s € [—7, 00), where dy(s),d_(s) denote the Dirac
delta at the points s = 0 and s = —7 respectively. By well-known results, we have that
n : [-7,0] — B(X, X) has a bounded variation and so, conditions (H4) and (H5) hold
(and analougouly replacing X by Y).

Finally, assumption (H6) can be read as a condition on the stationary state y (a study
of the eigenvalue of operator A can be found, for instance, in Temam [26].

Remark 8 By introducing the representation operator P : R? — C, P(p,p) = pe' it
is clear that the quasilinear operator AP(q) obtained from the operator Au=-(1 + ie)Au
satisfies also condition A € A(w) (since P is merely a change of variables). We point out
that,

AP(q)= — (1 +ie)[Ap — p|Vo|* +i(2Vp-V + pAg)|e™.

Then, the “formal linearization” of the operator E(q) := AP(q) at q*(z,y) :=y = po
becomes

DE(q")(pe’) = —(1 +i€)[Ap + ippAd]e™.

Notice that the linearization of C(q) *AP(q) needs a slight modification of the above
linear expression.m

3.2. Study of the eigenvalues of the linearized problem
In this section we shall study the eigenvalues A € C, A\ = a+ b of the linearized problem
and, which is crucial, we look for

any A € C such that 3v € D(A), v # 0, such that (31)
0 = \v + Av + DB(w)v — DF(w)(e*v), and Re\ < 0,
where e*v € C is defined by
(e*v)(s) = e¥D(s), with ¥(s) = v, for any s € [—,0]. (32)

As in the case without delay, (31) implies that the zero solution of the linearized problem
(1) + AU(t) + DB(w)U(t)-DF (@)Uy(.) = 0 in X, is locally asymptotically stable ([28]).
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We go back now to the problems 1 and 3, and recall the expresions 4, 5 and 6
6 = — p(sin(xo + (w+0)7) — Beos(xo+ (w+0)7)). (33)

Notice that if 4 = 0 we deduce that po(7) = 1 and that 6(7) = § for any 7 and that
po(0) = (1 + pcos xo)*2,0(0) = B — p(sin xo — Bcos xo). It is not difficult to prove (see
the following Proposition) the existence and uniqueness of such a function 0(7) and that

0eC
Proposition 9 There exists a unique function 6(7) such that

O(r) — B+ p(sin (xo + (w+0(7)) 7) — Beos (xo+ (w+0(7)) 7)) =0
for any 7 € [0, 1]. Moreover 6 € C*.

Proof. Tt is enough to see, by the implicit function theorem, that 6(7) is characterized as
the (unique) solution of the Cauchy problem associated to the ODE
ﬁ< - —[u(cos (xo + (w+6(7)) 7) (w+0) + Bsin (xo + (w+0(7)) 7))] (w+ 0(7))
dr 14 p(cos (xo + (w+0(7)) 7) 7 + Bsin (xo + (w + 0(7)) 7))7

We recall that in our case, zo, = po and so we can arrive to the linear problem

—(1+ie)Az = —(a+ib)z + [(1+i0)—3(1 +1i6)pp)]z
) 9 e [myztmaBe THEAV (myzim,Z)]in Q,
% -0 on 0N2.

As usual, the linear structure of the equation leads to the search of nontrivial solutions
z(x) of the form Aywi(x), with j = 1,2, where wi(z) are the eigenfunctions for the
usual Laplacian operator A with periodic boundary conditions on Q = (0, Ly) x (0, Ls)
We recall that the eigenvalues of this problem are given by

ki ks

Ag =0, )\0:47T<—~|—
0 k L%

; l{ll,l{IQGN
1)

with the associate eigenfunctions

2 2
— cos 27kx, wi = | | — sin 27kx, with |Q| = LiL,,

_ 1 wl
viar s Vel ]
k1

where we have written kx := (L—lxl + %xz) (see, e.g., Temam [26]).

The following general Lemma will be used in the study of z(x)

Wo

Lemma 10 Let A be a selfadjoint operator on L?(Q) and let {¢,} be a family of eigen-
functions associated to the different eigenvalues {\Y}. Assume that A\J = 0 is an eigenvalue
and that ¢y = 1 is an eigenfunction associated to A\g. Then

/gpnzoforanyngéo.
Q
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It is enough to recall that [, ¢n@m = 0 for any n # m since X\ # AD,

A?z/QOn(pm:/A@nSOm :/SOnASOm: >\9n\/(pn§0m‘
Q Q Q Q

Then taking m = 0 we get the conclusion.g

In order to keep a coherent notation with the one used in [6] we introduce the notation
Ak = ag + tbg for the real and imaginary parts of the eigenvalues of the problem stated in
(H8). Notice that, by the previous Lemma, [,w; =0 for any k # 0 and j = 1,2. Then
we get that

(ax + ibi) — (1 + ie) (—Aw) = (1 + ) —3(1 + iB)pd
+p1etX0 [m1+m250k+6_a7+i(w+9_b)7(m3+m450k)}
where 0o denotes the Kronecker delta function. We arrive to

ax = —A)—2—3pucosx(7) + p(mi+mador) cos Yo+
+pe” T (m3+mydox ) cos(xo + (w + 6 — by)7),

b = 0—e\) —3B(1+ pcosy) + pu(mi+maedor) sin xo+
+pe” <" (ma+mydor) sin(xo + (w + 6 — bx)7).

(34)

The previous equations are transcendent and we cannot get an explicit expression for
the real and imaginary part of the eigenvalues (for some similar transcendent equations
arising in delayed ODEs see [18]).

Now, we focus our attention in the dependence of ax and by with respect to 7. So, by
the regularity of the involved functions we can assume

ax = Gxo + a1 T + 0(7'>, bx = byo + b1 7 + 0(7—)7

as we get, for instance, by a “formal” series development in powers of 7 argument. Here

we used the Landau notation (f(7) = o(7) means that %T) — 0 when 7 — 0).

The terms of order zero in 7 are obtained by making 7 = 0 in (34)

{ axg = — (2 + )\ﬁ) + M COS Xo(m1+m250k+m3+m450k) (35)

bio = 48 — €AY + 33 cos xo + psin xo(m1+madox + ma+madox)-
So, we can state a first result concerning the case without any delay

1
|cos xo| *

Proposition 11 Assume 7 =0, xo € (3, 37”), and p >

9t ig linearly unstable.

Then the uniform oscilla-

tion vyese(w,t) = poe

From (35) we see that agy > 0 and since 7 = 0 we get the existence of at least one
eigenvalue A of the linearized problem with Re(\) > 0 which implies the result.
The first order terms in 7 are calculated below

Lemma 12 We have

ax] = {%"’TKL_O = (2+A)) + 1 [3 (w4 B) sin xo + (m3+madok) (36 — €A} — w)]
+p?{—3sin? xo + 3B sin xo cos xo+ (36)
+(mg+madox) [sin® xo + 2 sin xo cos X0+
+(my+mado+ma+mador)] (sin? xo — cos? x0)}.



13

Differentiating in (34) we get that

a1 = | %k = |3usin x(7)% +[(—ax) pe 7 (m3+madok) cos(xo + (w + 0 — bk) 7))
7=0 7=0

_ [Ne_akT(m3+m4(§0k) SiIl(XO + (CU + 6 — bk)T)]T:O {d(w+fl;bk)7} =0 -

= (3psin xo) (w + B — p(sin xo — Bcos xo)) —
— (= (2+ AY) + pcos xo(mi+madox+ms+madok)) p(ms+madox) cos xo—
—p(ma+madok ) (w + B — p(sin xo — B cos xo) — bk ) sin xo.

Thus, by using the expression for by (see (34)) we obtain that

axy = (3psin xo) (w + 8 — p(sin xo — B cos xo)) —
— (= (24 A)) + pcos xo(my+mado+ms+madox)) p(ms+madey) cos xo—
—p(msz+mydox ) (w + B — p(sin xo — B cos xo)) sin xo
(3psin xo) (w + B — p(sin xo — B cos xo)) —
— (= (2 + ) + p cos xo(m1+madox+ms+madox)) p(1ms+madox) cos Xo—
—p(ma+madoi) (W + B — p(sin xo — B cos xo)) sin xo
+u(ma+mydo) (48 — €AY + 3B cos xo + w1 sin xo(mi+madox + m3+madox)) sin xo.

In consequence
a1 = (2+ A)) + 1 (3 (w + B) sin xo — (ma+madok) (w + B) + (48 — €M) (ma+madok))
—p? (3sin xo(sin xo — B cos xo) + cos? xo(m1+madox+ms-+madok) (ms+madok)) —
+p?(mag+madox) [(sin xo — B cos xo) sin xo + (33 cos xo + sin xo(m1+madox + m3-+madox)) sin o]

which proves the result.
Proposition 13 Assume (2), xo € (7, %), (5) and

38 —w + 3(w + B) sin xo + cos xo
5(—/3) sin xo cos xo + 1

p > max{0, 1
Then agg + ag; < 0.
By using (35), (36), and (5) we get
aoo + agr = p[(36 —w + 3(w + B) sin xo + cos xo) — u(5(—75) sin xo cos xo + 1)].

Then, the assumptions imply the positivity of the coefficient of y? and the result holds.
Proposition 14 Assume (2), xo € (7, %), (7) and

m3 (36 — w — edn <Li% + L%)) + 3(w + B) sin xg + (M1 + mg3) cos xo
(3 —my — 2mg3)sin? xo + (m1 + m3) cos2 xo + (—B)(3 + 2m3) sin o cos xo

p > max{0,

Then, for any k, axo + ax; < 0. Moreover, for any k #0 and any 7 € (0, 1],
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Qk(n)0 T Q)1 T < Qk(1)0 + Qg(1)17-
By using (35), (36) and that 0 < \{, ;) < A} for any k €N?, k #(1, 1), we obtain that

axo + axt = pl(ma(38 —w — edm (5 + 7)) + 3(w + B) sin xo + (m1 +ma) cos xo)
—u((3 —myq — 2m3) sin? xg + (m1 +m3) cos? xo + (—3)(3 + 2m3) sin xp cos xo)].

Again, the assumptions made on the parameters imply the positivity of the coefficient of
p? and the result holds. Moreover
Ak(n)o — Ak(1)0 + (Ak(n)1 — Gp(1)1)T = —k(n)? + k(1)? — (maek(n)? — maek(1)*)7 < 0.

The proof of Theoreml is now complete since from Propositions 3 and 4 we deduce the
existence of some 15 € (0,1) (independent of k € N?) such that for any |k| > 0 we have
axo + ax17 < 0 for any 7 € (19, 1). This implies the hypothesis of the abstract result and
the conclusion follows.

Remark 15 Notice that Theorem 1 applies to the case m; = my = m3 = 0 which
corresponds to a formulation similar to the one of [6]. Moreover, it also applies to the
choice my = k,mg = —1 — k, mg = 0 and my = 1, for any k € (0,1) which corresponds
to a formulation quite close to the pioneering paper [24] (concerning chaotic ODEs).

Remark 16 Since the eigenvalue \) = 0, using Lemma it is possible to obtain the same
result for Neumann conditions.
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