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Plan:
1. Introduction: on the confinement for the classical Schrödinger equation
2. The ambiguity for the quasi-relativistic Schrödinger equation: modeling.
3. Treatment of the quasi-relativistic case: critically singular potentials.
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1. Introduction: on the confinement for the classical Schrödinger equation
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Curiously, in this important survey the first work dealing with the infinite square well is not attributed to 
Gamow but to N.F. Mott 
[book of 1930 ]  [1977 Nobel Prize].

Teaching Mechanics, on 2012 (and papers Bégout-Díaz on the Nonlinear Schrödinger Eq.), 
I realized some ambiguities which were the starting point of an important part of my
research in the last 6 years.

Survey: 
Belloni-Robinett, The infinite well and Dirac delta function potentials as pedagogical, mathematical and 
physical models in quantum mechanics, Physics Reports (2014)

Mandatory as one of the first examples in any book
of Quantuum Mechanics.  
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J. I. Díaz, On the ambiguous treatment of the Schrödinger equation for the infinite potential well and an 
alternative via flat solutions: the one-dimensional case. Interfaces and Free Boundaries, 17 (2015), 

J. I. Díaz, On the ambiguous treatment of the Schrödinger equation for the infinite potential well and an 
alternative via singular potentials: the multi-dimensional case, SeMA-Journal (2017)
J.I. Díaz, Correction SeMA-Journal (2018)

J. I. Díaz, D. Gómez – Castro, J.M. Rakotoson and R. Temam,Discrete and Continuous Dynamical
Systems(2018),

J. I. Díaz, D. Gómez-Castro, and J.-M. Rakotoson. Differential Equations and Applications, (2018), .

J. I. Díaz, D. Gómez-Castro, and J. L. Vázquez (fractional Schrödinger eq.)  Nonlinear Analysis, (2018) 

J. I. Díaz, D. Gómez-Castro, and J. L. Vázquez (Infinite order on the boundary). In preparation 2019

[u flat (on the boundary) if u and its normal derivative vanish on  the boundary]
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Case N=1 and Hardy potentials (first method of  proof)
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Case N>1 and Hardy potentials (second method of proof)
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2. The ambiguity for the quasi-relativistic Schrödinger equation: modeling.

The (mean) speed of the electrons in most of the simple atoms is around c/100 
but it is much higher (near c) for very weighted elements (mercury, indium,…)
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Two different steps: 
1. Show that the solution on a bounded domain (and a potential suitably singular 

on its boundary) is flat near the boundary
2. Show that the extensión by zero outside the domain is, in some sense,  solution

of the global problem (controversial…….)
Some reasons for the controversy in step 2: 

3. Treatment of the quasi-relativistic case: critically singular potentials.

3a. The strategy
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3.2. Statements for the evolution problem



23



24



25



26

3.3. On the proof of i). The role of the restricted fractional Laplacian.
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3.4. On the proof of ii). Flat eigenfunctions for α=2s.
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3.5. On the proof of iii) and iv) 

Thanks for your
attention

They are easy modifications of the non-relativistic case.
J. I. Díaz, On the ambiguous treatment of the Schrödinger equation for the infinite potential well and 
an alternative via singular potentials: the multi-dimensional case, SeMA-Journal (2017)

• Main conclusion:  to faster electrons (relativistic regime) weaker confinement
Potentials (than in the non-relativistic case).

• Many possible applications,…, even to philosophy (decreasing uncertainty with
the speed) !!! 
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