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2. On the fixed-boundary gravimetric boundary value problem
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Problem statement

G. Backus (1968): Application of a non-linear boundary-value

problem for the Laplace’s equation to gravity and geomagnetic
intensity surveys

The problem 1s to find u so that for a given function g > 0 on a closed
surface S in R’ (Earth’s surface)

( Au=0 in (2 = Ext(S),
BP:q |Vul=g on S,
L u(x) =0 as x — oQ.

where A 1s the Laplace operator.




The fixed-boundary gravimetric bvp I

@ In geodesy, the BP 1s called the fixed-boundary gravimetric
boundary value problem and g 1s the modulus of gravity ( Koch
and Pope, 1972). In this simple model we are excluding the
centrifugal potential.

S.g = |Vu|s — u

@ So we distinguish it from the free boundary problem of
Molodensky (Hormander, 1976), where § 1s unknown and the
complete gradient of u 1s known on the surface.

g:Vu\S — S, u



The fixed-boundary gravimetric bvp 11

Natural condition in geodesy

The normal derivative of u on S is negative, 1.e. Vu points towards the
interior of S

Exact formulation of the Backus problem in geodesy

Au = in 2, u(x) =0 as x — oc,
ou
— <0, |Vul=g onS
on — =2

where 7 is the normal of § pointing to the exterior {2




Applications: geodesy

@ Koch and Pope (1972), Bjerhammar and Svensson (1983),
Grafarend (1989), Heck (1989), Sacerdote and Sanso
(1989), Holota (1997, 2005), Cunderlik et al. (2008) ...
Main achievement: Local solvability

@ The earth’s gravity points towards the interior: the
restriction ¢’ < 0 is natural (— maximal solution)

@ Since v/ < 0= u> 0, the solution must be of the form

=—+Zun, — Luds>0) (2)




In contrast to that, in geomagnetizm the sdlution must satisfy Eq.(8) wath e =0 (cf.
Carnpbell 1997

_I-M.:is=0. (5

o)

Hence u changes its sign on 8, so that neither & nor — belong to K and then 2u/dr

change= its sign o 5 too. A= an examnple, Fig 1 displays the field of a magnetic dipale. It
1z observed that:
1. %u is tangential to the unit sphere a ong the equator B

2. “?’MlE iz orthogonal to B
3. du/dr changes its sign on & through B from plus to minus in the direction of the

wector field ?MlE .
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Fig.1. DMagnetic dipole field using the Matlab function forceZd by A Abokhodaic
(hap . Aeww. madiworks convmatlabcengualfileexchange ).
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BP 1n geophysics: emergent field

Declination of the Earth magnetic field (epoch 2010.0) (positive east
of true north): u] |dip points to the part of S where Vu is exterior with
respect to )
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BP in geophysics: an attempt to approach

Formulation of the Backus problem in geomagnetism

To find u so that for a given function g > 0 on a closed surface S in R’

Au=0 m €, ulx)—0 as x— oo, and
Q |[Vu|=gonS,
Q@ Z={z€S: u(z) =0}isasimple closed curve,

Q@ Vu(z), z € S, points to the part of S where Vu is exterior with
respect to {2, i.e. where u/, < 0.




BP is a non linear oblique derivative problem

@ ¢ > 0: we write the boundary condition in the form of an
oblique derivative

ou
a7 =8 [ =Vu/|Vu| = e,

@ The direction of the vector field [/ depends on the solution u 1itself
through its gradient, [ = /(x, Vu). In the linear case [ = [(x).

@ In operator form the boundary condition 1s

G(x,Vu) = 0where G : § x R? = R, G(x,p) = |p| — g(x)




BP 1s degenerate

@ Linearized problem:

Av=0 1 Q, vx)—=0
0
a—? = g — Glu|

as x — 00,

on S

where [ = ¢, = an + X, decomposed 1nto normal and tangential

COI’I]pOI’lEl’ltS.

@ For each u, this 1s a linear oblique derivative problem, degenerate
if the set of tangency for / 1s not empty

Zy={x€S:alx)=(nx)e (x) =0} #0



Classical solvability condition

@ Nonlinear elliptic boundary value problems of the general form:
Fluy=0 1in Q, Glu|=G(x,u,Vu)=0 on 0.

The classical solvability condition for these problems is the
constancy of the sign (2 0) of

d = (n(x), G,(x.p))
(Lieberman and Trudinger, 1986 Ishii, 1991).

@ BP: & = (n(x),p/|p|) is not of constant sign.
Problems with ® of changing sign on S x R? have received little
attention, with exceptions in the eighties (Godin P. (1985),
Subelliptic Non Linear Oblique Derivative Problems, Amer. J.
Math., 107(3), 591-615).




© Uniqueness of solutions

Initial remark

@ Basic non-uniqueness: G(x, —p) = G(x,p).

e Notation: H({2) = real space of functions which are harmonic
in {2 and tend to zero at infinity

@ Simple starting remark:

V| = V| <= (V(u—v) . V(u+v)) = 0.

» Thus, the question of uniqueness of solutions of BP leads to the
consideration of the nullspace (A) of an oblique derivative
problem for the Laplace equation:

[ODP € H(Q)and (Vo , Vo) =f on § ,J

where ¢ € H({2) 1s given.



Trivial nullspace

» If ¢, < 0then > =0 by Hopf’s Lemma . In this case the
nullspace of ODP is trivial: " = {0}.
o Notation: H () = {u &€ H(Q):0u/On < 0onS}.

» The following is a classical result (G. Bakus)

BP has at most one solution in the class H~({2)

@ G. Diaz et al. (2006) have extended this theorem to the class:
Hy (Q2) ={ue H(QL):du/On <0 onS}



Comparison principle

This extension 1s based on the following comparison theorem:

Let u € H(2) and v € H (2) be such that |Vu| < |Vv|on S. Then
=voru<vinfl

Theorem

The fixed-boundary gravimetric boundary value problem

ue H(2), and — <0,

on S

has at most one solution.

» In other words: BP has at most one solution in the class ‘H; (£2)



Nontrivial nullspace

» If N # {0}, let vy € AN\{0}. Then, the functions

I | | I | |
U = E(q,.-‘} + o) € H(2) and v = E(O — 1) € H(Q2)

are different and satisfy |Vu| = [Vv| on S.

@ We take the function ¢ so that the set of tangency Zy between
V& and § 1s not empty. Moreover,

o Z is a closed submanifold of codimension | (a simple closed
curve) and V¢ |g is transversal to S

o ¢! changes its sign on S through Z from plus to minus in the
direction of the vector field V¢ (it is of emergent type).



Nontrivial nullspace: an example

V¢ 1s of emergent type

b= % (magnetic dipole)
r

> 0 ifz{U:-

Z .
(;5:1:_2; =0 ifz=0,
<0 1fz>0.




Nonuniqueness of Backus™ problem

» The theory of degenerate oblique derivative problems
(Popivanov and Palagachev, 1997; Paneah, 2000), states that for
this type of vector fields, the oblique derivative problem admits

@ For the function in the example (magnetic dipole) the nullspace
of ODP was constructed by G. Backus in 1970 (also: Jorge and
Magnanini, 1993; Akhmet’ev and Khokhlov, 2004).

@ We now reach the known conclusion that the Backus’ problem
is not uniquely solvable in H((2). Our approah has been the
infinite dimensionality of ODP when the vector field 1s of
emergent type.



In geodesy: non-degenerate

From the practical point of view it is relevant to consider the
linearized Backus” problem (LBP)

Av=0 in 2, v(x) =0 as x— o0,
(Vv,e,) =g—Glu| on §,

where ¢, = Vu/|Vul.

>

» In geodesy, u 1s the "normal” potential associated with a rotating
equipotential ellipsoid. If we assume that S 1s smooth enough,
u€ H(Q)NCH () and g € C*(S), then LBP has a (unique)
solution v € CH*(QQ) (Freeden and Gerhards,
Geomathematically oriented potential theory, 2013).

e For a numerical solution see: Cunderlik et al., Numerical

solution of the linearized fixed gravimetric boundary-value,
2008.



In geophysics: degenerate

@ If u is the scalar potential of the @ The values of v should be
dipole model of the Earth’s magnetic prescribed on Z, in order to
field, then LBP is degenerate get uniqueness (Egorov and
because the set of tangency Z, is not Kondrat’ev, 1969)-
empty (dip equator). In addition, e, @ Whereas in the
1s of emergent type. non-degenerate case any

e The nullspace is infinite dimensional solution gains one derivative

from the boundary data

(o — 1 + «), here the
solution loses regularity near
the set of tangency

e Other important features from the
theory of degenerate oblique
boundary problems are:

The geomagnetism provides a beautiful degenerate oblique derivative
problem that deserves future attention




© Maximal solution

Decomposition

Assumed existence, we denote by U the unique solution of BP 1n
H, (€2). A consequence of the comparison principle is the following.

+U are the maximal and minimal solutions of the Backus problem, i.e.

—U<u<U in 9

for any other solution of BP.

o

e To construct U, we have used the following decomposition (Diaz

et al., 2011)

1
Ml/zU:;Jer

where £ 1s an unknown positive constant and v 1s a harmonic
function such that

/VdS:O.



Equivalent nonlinear problem

To solve BP in H,, (£2) is then equivalent to

/( Av=0 inQ, 0\
s,

\ 2—v:1+|Vv|2—ﬂ[v]g2 on S,
or

\v(x)—ﬂ) as X — 00,

where {
— — o ll 4+ — 2 }
o= vl = o +4W/S|W| ds| .
and with the additional property that on S

v/or <1.



Successive approximations

po — V1 — f1 — Ul
(Vi, i) = Vo — iy = iy

(va, pr2) = V3 = pi3 — U3

(Vn—lp /fbn—l) — Vp = [y — Uy

U, = ;u;l/z (r_l +v,) (n 2> 0)




Numerical example

w=2z/r ¢ HY(Q) = ¢>=1+3cos* 0

» Sequence fiy,

fn
0.541667

(.540808
(0.542183
0.541950
0.542064
0.542030
0.542043
0.542038
0.542040
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Absolute value of the successive differences U, ., — U,

tres =6 == =7 =—— =3

70%107°1"

30x107°R

12%x10°-




@ Convergence theorem

«-norm of the radial derivatives

Let g € C*(S) be such that (4w) ' [ g*ds = 1. Let

k= ||g%|la(1l +)||1 — g°||a where ||g||a > 1 and ¢ is a positive
constant . If k < 1, then

221, <

¥

foralln > 1, where

1
— 1—+v1—% 1. 2
T P rg L~ VITR < @

Moreover,

|[Vval|la < 52(1 +c¢) and p, <1+ P (3)




Existence theorem in H,, ()

The constant ¢ 1s the positive constant of the following fundamental
ingquality for harmonic functions mn the exterior of the sphere:

0
@ Vol o < || 72

L

Theorem

Under the assumptions of the previous theorem, the sequence {v,}
contains a subsequence converging in C' (Q) L.e. there is a function
v € CYQ) such that ||v, — vl|l1.q0 = O as n— oo. In addition, the
function u = p~ V2 (1/r 4+ v), where pp = 1im,,_,. p(vy), is the
maximal solution of BP.




Conjecture

The convergence theorem 1s valid for functions f close enough to
constant functions 1n C*. However, from the example, and others that
we have worked out, we conjecture that the sequence of successive
approximations converge to the maximal solution for whatever
given I > 0.

Conclusions

» We have tried to formulate correctly the Backus problem in
geophysics resulting in a new non linear degenerate oblique derivative
problem

Q ucH(Q),

Q@ |Vu|=gons,

Q@ 7Z,={z€8: u,(z) =0} is a simple closed curve (a priori
unknown),

Q Vu(z), z € §, points to the part of § where Vu is exterior with
respect to €2, i.e. where ), < 0.
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