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Ejemplos de acciones sobre el medio ambiente. 
Acciones locales. Siembra de nubes
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Siembra: hielo seco, humo de yoduro de plata.,,

1972: 
Cambrige, 
EE.UU.
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Catastrofes naturales
Visión  pesimista
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Estadísticas
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Visión optimista

(quizá en exceso)
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Acciones globales
¿Diques en Gibraltar?

R.G. Thomson

American 
Gephysocal 
Union, 1997
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J. von Neumann (1955): Modificación artificial del 
albedo

Captura de CO2  ...
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Gobierno o control

La “Trilogía Universal” de la  
Matemática Aplicada

Predicción

Sistema  real

Modelos

matemáticos

Análisis
matemático 

Cálculo

numérico
Control 
matemático

Validación
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Teoría de Control: planteamiento general

Objetivo: Encontrar el control u para que la 
observación y(u) sea lo “mejor posible”

Óptimos en espacios de dimensión infinita

Proceso realControl (entrada) u Observación (salida) y(u)

y = y(u)

La componente económica. Cumbres Mundiales. 
Teoría de juegos. Teoría de la decisión bajo incertidumbre



Mathematical approach

(“actions” = active controls=unknowns)

Suppose we are not satisfied with the initial state and that it would be 
“better” to be near (ideal target state) yT : Given T>0,
can we "drive the system" (by choosing the actions) in such a manner that 
y(.,T) let as close as possible to yT ?

* a concrete yT: inverse problem

* yT arbitrary in a functional space X: approximate controllability in X

91B76: Environmental economics



V(0)=0 V(T)=0

Aceleration  u(t), ( )u tα β− ≤ ≤

Problem: find u(t) such that T mínimum

bang-bang controls

ODE with discontínuos coefficients

C. Caratheodory (1873-1950),.......

`( ) ( )v t u t=



John von Neumann (1955): Probably 
intervention in atmospheric and climate 
matters will come in a few decades, and will 
unfold on a scale difficult to imagine at present

To act on the atmospheric climate by acting on 
the albedo : the von Neumann problem

A single “player” and a single control v (terminology of 
Control Theory and Games Theory).

In a first part of the lecture, I will report some results on a 
mathematical formulation (raised to me by J.L. Lions: fax of  May 
15th, 1999). 
Energy Balance Models, M.I. Budyko and W. D. Sellers, (1969):

The von Neumann problem



The second part of the lecture: a different problem, many players 
(nonnecessarely cooperating among them). 
An example (an academic scenario) : to mantain “clean ” a resort 
lake),      Now, the state of the system is 
concentrations of various chemical products in the lake or of living 
organisms (solutions of a set of diffusion-convection equations).

.Ω

Several local agents or local plants P1, P2 ,..., PN .

Each plant decide its policy wi. But, there is a 
different action v made by a representative autority or 
general manager (leader ) in contrast to the rest of the 
players followers).

P1

P2,

PN,
v

find v(x) such that y(T:v)=yT.



Formulation introduced in Economy by          
H von Stackelberg (1934)

The general goal of the manager (control v): to 
“drive the system'' at time T, y(T:v), as close as 
possible to an ideal state yT . Each plant
has (essentially) the same goal but it will be 
particularly careful to the state y near its location. 

Let        be a smooth function given iniρ

Then Pi try to choose such that y(T:v), will be “close” 
to                      and to achieve this at minimum cost.T

iρ y

.Ω



The “local” controls w1 ,w2,...,wN assume that the 
leader has made a choice v and try to find an 
equilibrium (J.F.Nash,1951) of their cost Ji, i.e., 
one looks for w1 ,w2,...,wN (as functions of v) such 
that

The leader v wants now that the global state (i.e. the state y(.,T) in 
the whole      ) let as close as possible from yT

But,..., not always there exists a Nash equilibrium. We shall prove 
later some sufficient conditions for the existence and uniqueness of it.
We shall show is that if there is existence and uniqueness of a 
Nash equilibrium for the followers, then the leader can control 
the system (in the sense of approximate controllability).

Ω



Remark.
Stackelberg`s type strategy is not the only one 

possible! One could also replace the Nash equilibrium by a 
Pareto equilibrium for the followers (see, for instance, J.L. 
Lions (1986)). Here all the controls wi agree to work in a 
strategy where v is the leader, and they agree to work in the 
context of a Nash equilibrium. Their personal (selfish) 
interest are expressed in the cost functions Ji as we shall see 
later.

Remark. Rio (1992), Agenda 21, International Scientific and 
Technological Community, IPGC,...

Remark. A general reference:

J.L. Lions, El planeta Tierra, Espasa, Madrid, 1992



2. The von Neumann problem

3. The Stackelberg-Nash strategies: the optimal leader action.

J.I. Díaz: Modelos matemáticos en Climatología; la conjetura de von Neumann,
In Les Matematiques y les seus aplicacions, Editorial de la UPV, Valencia,
2001, pp. 67-98

J. I. Díaz and J.L. Lions, On the Approximate Controllability of Stackelberg-
Nash Strategies. In Ocean Circulation and Pollution Control: A Mathematical
and Numerical Investigation (Proceedings of the Diderot Video-conference
Amsterdam-Madrid-Venice, December, 1999) Springer Verlag, 2004 (J.I. Díaz,
ed.) pp.17-28.

The plan of the rest of this part of the course is the following:



Energy Balance Models have a diagnostic character and
intended to understand the evolution of the global climate on along 
time scale.
Their main characteristic is the high sensitivity to the variation of solar 
and terrestrial parameters

The von Neumann problem

Used in the study of the Milankovitch theory of the ice-ages 
(R.North, 1984)
The distribution of temperature y(x,t) is expressed pointwise after a 
standard average process, where the spatial variable x is in the Earth's 
surface

( )

1( , ) ( , )
2 ( )

t

t B x
y x t T y s dyds

B x
τ

ττ
∫ ∫
+

−
=

S. Arrhenius (1896), ....

W.D. Sellers(1969),    M.I. Budyko (1969),....



The von Neumann conjecture

Artificial modification of the coalbedo near the ice cups.
To simplify the exposition

Re(x,r)=Br+C, B>0. 
x-depending Sellers type coalbedo fuction (Henderson-Sellers). 

The modification proposed by von Neumann corresponds to



Inverse Problem: find v(x) such that y(T:v)=yT

We assume that the modification is out side the ice cups



Theorem

Then, there exists

such that y(T:v)=yT on M-I



To decrease the temperature

and so,

The existence of v(x) is reduced to find a fixed point for

Remark.

Idea of the proof.

T is a decreasing operator on a suitable “interval”: Amann 
fixed point theorem on Hölder spaces.



3. The Stackelber-Nash strategies for the 
approximate controllability

Let A be a second order elliptic operator

with smooth coefficients and

We assume the state equation P1

P

PN,
v

Ω

G1

O1

G2,
O2,

GN
, ON

,

O



Remark. Since the system is linear there is no restriction in assuming 
the initial state, sources and sinks to be zero.
We assume that the boundary conditions are

We introduce

Gi represents the region of the lake the plant Pi is particularly interested 
(the place near Pi for instance!). If Pi is selfish, then               outside.0iρ =

We define the cost function Ji

Remark. The control of the leader is distributed in O and 
the control of the follower i is distributed in Oi.

P1

PN,
v

Ω

G1

O1

G2,
O2,

O GN
, ON

,



We assume 

This Nash equilibrium can be defined as a function of v:

The initial problem for this system admits a unique solution y(x,t;v,w(v))



Theorem. Assume that there exists a unique Nash equilibrium.  Then, 
when v spands the functions y(x,t;v,w(v)) describe a 
dense subset  of In other words, there is approximate 
controllability when a Stackelberg-Nash strategy is followed.

2( ).L Ω
2( ) (0, )),L O T×

A non constructive proof of the theorem.

where

We introduce the
adjoint state pi

A* adjoint of A.

The Nash equilibrium is characterized by



Multiplying  and integrating by parts

so that

i.e.,

We want to show that the set described by y(x,t;v,w(v)) is dense.
By the Hanh-Banach theorem, it suffices to show that if f
is given in and we assume that2( ),L Ω

Let us define the auxiliary adjoint problem

then, f=0. 



Multiplying the first (resp. 
the second) equation
by y (resp. pi) we get



Using Mizohata's Unique Continuation theorem

Then

Therefore

so that f= 0 and the proof ends.

A criterion for the existence and uniqueness 
of Nash equilibria:



Let

Since v is fixed, one can write

With these notations we can rewrite



Or, equivalently

Or, vectorially

Proposition. Assume that                         and               i iα α= ∀

Then L is invertible.  In particular there is a unique Nash 
equilibrium



Proof. We can write

Then, by applying Young's inequality

The conclusion is now consequence of the Lax-Milgram theorem.

Remark. It is possible to show (see Díaz-J.L. Lions (1999)) 
that the assumptions are optimal in some suitable sense.



Remark: There are infinite controls v leading to the approximate 
controllability.

we want to find the best leader control v in the sense that
0δ >The optimal leader action: a contructive proof . Given

B unit ball.

Theorem. i) The minmum v is given by
from the unique solution                               of the Optimality System



with f given by the minimization problem

ii) The minimization dual problem has a unique solution

Idea of the Proof. i) Let

Then, an equivalent formulation is

where  Lv=y(T:v).

By Fenchel and Rockafellar's (1967) duality



where L* is the adjoint operator and F* the conjugate function

which gives conclusion i). The proof of ii) comes from the fact that
I(f) is  is strictly convex, continuous and coercive (by the
Unique Continuation theorem).

But,

Remark. f is characterized as the unique solution of the Variational 
Inequality



Remark: Non linear state equations 1. Sublinear case
A) Controllability via lienarisation and fixed point arguments 
for states equations with A given by .

B) Controllability via a penalized optimal control problem.

passing to the limit, as k increases to infinity.

(Idea of J.L. Lions, Málaga, 1991)

Henry (1976), Fabre, Puel, Zuazua (1992),...



Non linear state equations 2. Superlinear case. 

Obstruction

J.I.Díaz, Comptes Rendus de l'Academie des Sciences de Paris,t. l 
312,Série I, 519-522, 1991, and J.I.Díaz and A.M.Ramos, Revista de la 
Real Academia de Ciencias Exactas, Físicas y Nat. de Madrid, Tomo 
LXXXIX,11-30,1995

H. Brezis and E.H. Lieb, Long Range Atomic 
Potentials in Thomas-Fermi Theory, Commun. Math. 
Phys,. 65,(1979), 234-246.

Semilinear equation: Henry (Bamberger),1976, 
energy method

Universal super and subsolutions over the exterior to the 
control subdomains

Burger equation



Remark. Some related numerical experiences: control for 
EBM

J.I. Díaz and A. M. Ramos, In CD-Rom Proceedings European Congress
Computational Methods in Applied Sciences and Engineering
(ECCOMAS 2000).

3
1/ 2

0

( )  in (0,1) (0, ),
(0, ) (1, ) 0                    (0, ),

( ,0) ( )                          (0,1),

t xxy y y arctgy u t T
y t y t t T

y x y x x

δ− + = + ×
= = ∈

= ∈

2 2(0, ) (0,1)

12

1( ) ( ,. : )
2 2

10

k dL T L
kJ u u y T u y

k

= + −

=
The cost of control decreases with complexity:

J.I. Díaz and J.L. Lions (Semilinear heat equation with blow-up)

CRAS, 2000, IFIP (Chemonix, 2000: Birkhauser)



Motivation

S(t)=System (Physical Phenomenon, Financial Market, etc.)
v(t)= Control perturbating System S
y(t;v)=Variable describing some relevant aspects of S

Approximate Controllability Problem



Ty( )TB yε

Aproximate Controllability Question:
( ; ) ( )?TCan we find u such that y T u B yε∈

( )( ; ) ?Ty T u y ε⇔ − <



Some known results 1
2; 0; ; ( ); 0

: (0, ); : (0, ); : (0, )

n
TT w y L

Q T T q w T
εΩ ⊂ > ⊂ Ω ∈ Ω >

= Ω× Σ = ∂Ω× = ×


0

 in 
0              on  

(0)         in 

t wy y v Q
y
y y

χ−∆ =
 = Σ
 = Ω

1) Linear Heat Equation

2
2

( )
0 ( ) / ( ; ) T L

u L q y T u yε εε ε
Ω

∀ > ∃ ∈ − <

OK (Lions 90):



Some known results 2

0

( )  in 
0                          on 

(0)                     in 

t wy y f y v Q
y
y y

χ−∆ + =
 = Σ
 = Ω

2) Semi Linear 
Heat Equation

p-1

If  ( ) is sublinear at infinity

If  ( ) =|s| ,  1 Not (
(Fa

Obs
bre-Pu

tructi
el-Zuazua 92

on Phenomeno
; Diaz-Ramos

m)
          

 OK. 
 95)

(Diaz

. 
         

-Ramos 95)
 

  

                

f s OK

f s s p

⇒

> ⇒



Obstruction Phenomenom

Díaz-Ramos 95:

1( ) | | ,  with 1 and ( , ; ) 
solution of the semilinear heat equation 

pf s s s p y t x v−= >

2 2        , ( \ ) : ( ),
( , ) ( , ; ) ( , ), . . ( , ) \

Y Y L Q q v L q
Y x t y x t v Y x t a e x t Q q

+ −

− +

∃ ∈ ∀ ∈

≤ ≤ ∈



 No Approximate controllability⇒

Y +

Y −

( , ; )y T v

w Ω



Díaz 1994:

T

 under the assumption:
     ( , ) ( ) ( , )     . . \
Approximate Controllability

Y x T y x Y x T a e x w− +≤ ≤ ∈Ω

Technical and non constructive proof.

We want to numerically validate this result

We need:
A numerical scheme  to compute suitable controls



Formulation of the Problem

0

( ) ( ) ( )  in 
(0, ) 0 (1, )                    0
(0)                                   in 

t xxy y f y v t x a Q
y t y t t
y y

δ− + = −
 = = >
 = Ω

{ } 1

2 2 2
0

(0,1); ;  superlinear

(0, ); (0,1) ( ) (0,1)

w a f C

v L T y L y T L

Ω = = ∈

∈ ∈ ⇒ ∈



0

( ) 0                           in \
(0, ) 0 (1, );  ( , )=   0    
(0)                                           in 

t xxY Y f Y Q q
Y t Y t Y a t t
Y y

± ± ±

± ± ±

±

 − + =


= = ±∞ >
 = Ω



Penalty Method:
T( , ) ( ) ( , )     . . \Y x T y x Y x T a e x w− +≤ ≤ ∈Ω

We solve the Optimal Control Problem:
2

2

Find ( ) :
( )

( ) ( ) ( )
k

k
k k k

u L q
CP

J u J v v L q

 ∈


≤ ∀ ∈

2 2

2 21
2 2(0, ) (0,1)

( ) ( , )k
k TL T L

J v v y T v y= + −

where

2We hope that ( ; )  in ( )k
k Ty T u y L→∞→ Ω



To solve ( )  we try to solv ( ) 0e kk JC uP ∇ =

It is easy to prove that ( ) ( , )kJ v v p a∇ = + ⋅

where
( ) 0   in 

(0, ) 0 (1, )         0
( ) ( ( ; ) )   in 

t xx

T

p p f y p Q
p t p t t
p T k y T v y

′− − + =
 = = >
 = − Ω



Time Discretization

Find :
( )

( ) ( )

t N
kt

k t t t N
k k k

u
CP

J u J v v

∆
∆

∆ ∆ ∆

 ∈ℜ


≤ ∀ ∈ℜ

( )2 2

2
2

1

2 21
2 (0,1) (0,1)

( ) | |

(1 )

N
t nt

k
n

N Nk
T TL L

J v v

y y y yθ θ

∆ ∆

=

−

=

+ − − + −

∑
where

1/ , 0n Nt T N t n t t t T∆ = = ∆ ⇒ < < < =



Second order accurate time scheme:
0

0 ,y y=
1 0 2

1 0 1 1
2

1 1

2 1 2( ) ( ) ( )
3 3 3

(0) (1) 0,

y y y y f y v x a
t x

y y

δ
 − ∂

− + + = −
∆ ∂

 = =

1 2 23 1
2 2

2

2 ( ) ( )

(0) (1) 0,

n n n
n n n

n n

y y y y f y v x a
t x

y y

δ
− − − + ∂

− + = −
∆ ∂

 = =

and for 2,n ≥



To solve ( )  we try to solve ( ) 0 t
kk

tJ uCP ∆∆ ∇ =

It is easy to prove that

{ }
1

( ) ( )
Nt n n

k n
J v v p a∆

=
∇ = +

where



2 18 (1 )( ) 2 ( ),N N N
T Tp k y y k y yθ θ+ −= − − − − −

1 2 23 1
2 2

2

2 ( ) 0

(0) (1) 0,

n n n
n n n

n n

p p p p f y p
t x

p p

+ + − + ∂ ′− + =
∆ ∂

 = =

and for , 1,n N= 

1 12 (1 )( ),N N
Tp k y yθ+ −= − − −



Full Discretization
,

,
, , ,

Find :
( )

( ) ( )

t N
k ht

k h t t t N
k h k h k h

u
CP

J u J v v

∆
∆

∆ ∆ ∆

 ∈ℜ


≤ ∀ ∈ℜ

( )2 2

2
, 2

1

2 21
2 (0,1) (0,1)

( ) | |

(1 )

N
t nt

k h
n

N Nk
h T h TL L

J v v

y y y yθ θ
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=

−

=

+ − − + −

∑

{ }
1
obtained with time discretization + F.E.M.

Nn
h n

y
=



, ,To solve ( )  we try to solve ( ) 0t
k h

t
k hC uP J ∆∆ ∇ =

{ }, 1
( ) ( )

Nt n n
k h h n

J v v p a∆

=
∇ = +

{ } 2

1
obtained with time discretization + F.E.M.

Nn
h n

p
+

=

,

Finally, quasi-Newton method a la BFGS `
(Liu-Nocedal 89) to solve ( ) 0t

k hJ u∆∇ =



Numerical Experiments

12
0

11, 1000, ,512
210 , 0.5, , 03

T N h

k a yθ

= = =

= = = =

1 2BFGS algorithm: v , , , ,pv v 

{ }

5
,

, 1 , 9

, 1 ,

( ) 10 , or 

Stop: | ( ) ( ) |
2 10

max | ( ) |,| ( ) |,1

t
k h p

t t
k h p k h p

t t
k h p k h p

J v

J v J v
J v J v

∆ −
∞

∆ ∆
− −

∆ ∆
−

 ∇ ≤


−
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Test 1: 10Ty ≡

3( )f y y=

Y +

( )y T
Ty

( ) ( )f y arctg y=

Y +

Y −



Test 1: 10Ty ≡

3( )f y y= ( ) ( )f y arctg y=

( )u t

( )u t



Test 1: 10Ty ≡

3( )f y y= ( ) ( )f y arctg y=

( ) Ty t y− ( ) Ty t y−



Test 1: 10Ty ≡

3( )f y y= ( ) ( )f y arctg y=

tx tx

(0.9,1)t∈ (0.9,1)t∈



Test 1: 10Ty ≡
3( )f y y= ( ) ( )f y arctg y=

(0; ) ( )T Ty T y y− = 10

( ; ) Ty u T y− 6.0711 2.1205

u 51.3468 10⋅ 49.5798 10⋅

(0)J 135 10⋅

( )J u 131.616 10⋅ 122.145 10⋅



3( )f y y= ( ) ( )f y arctg y=

Y +

( )y T
Ty

Y +

Y −

Test 2:

Y −



Test 2:

3( )f y y= ( ) ( )f y arctg y=

( )u t

( )u t



Test 2:

3( )f y y= ( ) ( )f y arctg y=

( ) Ty t y− ( ) Ty t y−



Test 2:

3( )f y y= ( ) ( )f y arctg y=

tx tx

(0.9,1)t∈ (0.9,1)t∈



Test 2:

3( )f y y= ( ) ( )f y arctg y=

tx tx

4( ,1)Nt t −∈ 2( ,1)Nt t −∈



3( )f y y= ( ) ( )f y arctg y=

(0; ) ( )T Ty T y y− = 3.9240

( ; ) Ty u T y− 0.1898 0.1435

u 42.4651 10⋅ 37.3360 10⋅

(0)J 127.699 10⋅

( )J u 111.930 10⋅ 111.434 10⋅

Test 2:
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Teoría matemática de Datos 
Incompletos, Centinelas y Asimilación 
(según J.-L. Lions)

Radio-sondas: perfiles 
verticales de temperatura, 
viento y humedad

1 1

2 2

0 0 0

1, 2 0

1, 2 0

( )

( )
 y datos disponibles
 y g datos desconocidos

u A u f g
t

Bu f g
u t u g
f f u
g g

∂
+ = +

∂
= +
= +

≡

≡
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P.A. Browne, C. J. Budd, C. Piccolo and M.J.P. Cullen, (2013) 
•  The effect of numerical model error on data assimilation 
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L. Ferragut, M.I. Asensio, S. Monedero, J. Ramírez. Scientific advances in fire modelling and its 
integration in a forest fire decision system. Modelling, Monitoring and Management on Forest Fire I. 
WIT Transactions on Ecology and the Environment, 119 pp 31-38 (2008)
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Gracias por vuestra atención
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