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Introduction.

Main subject:  Non linear PDEs models arising in the dynamics of some chemical 
reactions giving rise to free boundaries

Part 1. Some periodic processes: 

a) The Beloussov- Zhabotinski reaction.

b) Periodic “dead cores” (Badii-Díaz (2010), Díaz-Ramos (2012)

Part 2. Asymptotic behaviour for large time: The Ostwald ripening 
phenomenon (Díaz–Gómez (2008, 2012)). 



Anatol Zhabotinsky (1938 –2008), 

(Ph.D. student  of S.E. Schnoll, 
(Puschino, Rusia)  

1930

Boris Pavlovich Belousov (1893 –1970)



Some  movies from Internet



Chemical processes



Matematical modelling



Nonlinear kinetics:

Dimensional analysis:



In particular, if

Initial data

A0 = [BrO−3 ](t=0) =0.06 M, B0 = [Org](t=0) =0.02 M,    
k0 = 1 M-1 s-1.

Delta is the smaller paremeter



Equilibrium points



It is (rigurously )shown tah the system oscillate if 

Hopf Bifurcación if 
Equilibrium  



Numerical results: experiments

A posterior stage (much harder) modern research focuses on the propagation of 
traveling waves and  spirals for spatially inhomogeneous systems

A reference by the author, …

C. Casal, J. I. Díaz and M. Stich, Control of turbulence in oscillatory 
reaction-diffusion systems through a combination of global and local 
feedback, 

Physical Review E 76, 1-9, 2007. 



Analogously, we can consider the doubly nonlinear diffusion-absorption 
equation

Part 1. Some periodic  processes: 
b. Periodic “dead cores” 

M. Badii (†) and J.I. Díaz, On the time periodic free boundary associated to some nonlinear 
parabolic equations. Boundary Value Problems, Volume 2010, Article ID 147301, 



Sufficient conditions for the existence of a periodic free boundary



Existence and uniqueness of weak solutions of (P) 

Suitable modifications for (Pb ): Badii-Díaz (2010).

Some previous general notations: 



• Balance between the size of the domain and the « size » of the data.

• A different negative criterion (Vázquez 1986):



Remarks
1.The above results apply to some ill-posed problems since they 

are established under a great generality which does not 
require a complete information on the equation neither on 
the type of boundary condition (for instance, it is enough to 
know some L∞ estimates outside the support of the data). 
Neumann problem,…

2. Application under non-uniqueness of solutions (D-Hernández 
(1999), (2009),…



Periodical time connection between stationary episodes and on 
disconnected free boundaries (Díaz-Ramos (2012). 

Remark 3.

The above energy method applies to suitable higher order equations of Cahn-
Hilliard type (see details for the associated initial BVP in Antontsev-Diaz-
Shmarev (2002)).





Exponent of the non-diffusion of the support, waiting time 

Álvarez-Díaz (1993, 2003).







Some numerical experiences
Disconnected support and reproductive periodic phenomena:  

D-Ramos (2012).

Motivation: Food Engineering (intermittent heat treatment to reduce the 
period of maturation of beef: Valin-Koop (1978),…, Grajales-Ruiz (2004)) 

g(t,x)=0 and  f’(0)↑∞





Periodic solution: reproductive phenomenon

Disconnected support



Case of homogeneous boundary conditions and g(t,.) periodic and  with 
compact support 



Part 2. Asymptotic behaviour for large time: The Ostwald ripening 
phenomenon.

The study of the precipitation of crystals is a central issue in chemical 
engineering that has attracted the attention of specialists in many disciplines 
(including mathematics), especially after the pioneering work of  the 1909 
Nobel Prize F.W. Ostwald.

Friedrich Wilhelm Ostwald (1853-1932)

• Riga (Russian Empire, now capital of Letonia), 
Baltic German family. 

• University of Dorpat (now Tartu University) until 
1881. 

• Riga Polytechnic Institute (1881-1887) 
• University of Leipzig (1887-retirement 1906), 

professor of physical chemistry.

Painter, writer, philosopher, defender of the 
Esperanto

http://upload.wikimedia.org/wikipedia/commons/d/d7/Wilhelm_Ostwald.jpg
http://upload.wikimedia.org/wikipedia/commons/d/d7/Wilhelm_Ostwald.jpg


The so-called Ostwald ripening in crystallizing agents (persistence of a single 
crystal size as time goes on solutions that initially contain crystals of many other 
sizes).



Several mathematical models can be introduced in this regard.

Everyday examples: 

• recrystallization in ice water (sandy texture, crunchy: larger ice crystals grow at the
expense of smaller ice cream, creating a thicker texture), ...  

• gastronomy: emulsions, ... 

• Geology: megacrysts of feldspar (orthoclase), ... 

• chemistry: the smaller crystals act as fuel for the growth of large crystals. solution
synthesis of quantum dots, gravimetric analysis, ...  

• manufacture of photographic film, ...

N.S. Tavare, Simulation of Ostwald Ripening in a Reactive Batch Crystallizer, 
AIchE J. 33, (1985), 152-156.

L. Ratke and P.W. Voorhees, Growth and Coarsening: Ostwald Ripening in 
Material Processing. Springer. Berlin. 2002

A. Friedman, B. Ou and D.S. Ross, Crystal Precipitation with Discrete Initial 
Data, J. Math. Anal. Appl. 137, (1989), 576-590.

J.I. Díaz, R. Gómez, Measure-valued solutions to a nonlocal conservation law 
arising in crystal precipitation, CEDyA, 2008. 



Simplified mathematical model: the number of crystals, is fixed. As we shall 
see; system of nonlinear ordinary differential equations.

A more realistic model leads to a problem in partial differential equations of 
first order (hyperbolic, nonlinear and nonlocal) in which the solution is 
given by the Dirac delta (worse than discontinuous functions): mathematics 
very sophisticated, more than initially expected.

Very opposite dynamics to the B-Z reaction: 

the Ostwald ripening process ends (equilibrium is reached) completely or 
almost completely  in a finite time (and not only asymptotically as t → + ∞).
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