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1. Introduction
• Starting in the seventies, and simultaneously to his beautiful results on the 

existence and regularity of solutions of many nonlinear partial PDEs, Haïm 
Brezis produced a series of papers in which, in a pioneering way, he rigorously 
found new qualitative phenomena as, for instance, the compactness of the 
support of the solution of suitable problems posed on unbounded domains and 
more generally on the location of free boundaries (sometimes unexpected from 
the original formulation).

• In this lecture, we shall recall some of his results indicating their great impact in 
the literature which remains in continuous expansion thirty years later. 

• Plan
– The support of the solution of a Variational Inequality in Fluid Mechanics
– The support of the solution of semilinear elliptic equations
– Compact support properties and the abstract theory of montone operators



2. The support of the solution of a Variational 
Inequality in Fluid Mechanics

H. Brezis and G. Stampacchia,
Une nouvelle méthode pour l‘étude d‘écoulements
stationnaires, C.R. Acad. Sci., 276, 1973, 129-132.
(Séance du 18 décembre 1972)

steady irrotational subsonic flow 
for a non viscous fluid, 

symmetric convex profile in the 
plane



Previous works

C.Ferrari and F. Tricomi, Aerodinamica transonica, Cremonese, Rome,1962.

Leonardo da Vinci (1452-1519)

L. Bers, Mathematical aspects of subsonic and transient gas dynamics, Chapman 
and Hall, London, 1958.    

P. Molenbroeck (1890), S.A. Chaplying (1902), J. Leray (1935), H. Bateman 
(1938), T. von Karman (1941), R. Courant and K.O. Friedrich (1948), L. 
Crocco (1951), L. Bers (1954), P. Germain (1954), M.J. Lighthill (1955), R. 
Finn and D. Gilbarg (1957), R. Finn and J. Serrin (1958),…

J. Serrin: Mathematical Principles of Classical Fluid Mechanics, in Handbuch der 
Physik, 8, Springer-Verlag,Berlin 1959, 125-263.





New modelling



Global formulation





Rhapsody on a Theme of Paganini, Op.43
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Pablo Picasso 
Les Demoiselles d'Avignon. 1907 
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H. Brezis  Solutions of variational inequalities with compact support. 
Uspekhi Mat. Nauk. 1974. Vol 129. pp 103-108.

H. Brezis, Solutions à support compact d'inequations variationelles, 
Séminaire Leray, Collège de France, 1973-74, pp. III.1-III.6









J. Auchmuty and R. Beals, Variational solutions of some nonlinear free 
boundary problems, Arch. Rat. Mech. Anal. 43, (1971), 255-271

L. Berkowitz and H. Pollard, A non classical variational problem 
arising from an optimal filter problem, Arch. Rat. Mech. Anal. 26, 
(1967), 281-304

R. Redheffer, On a nonlinear functional of Berkovitz and Pollard, 
Arch. Rat. Mech. Anal. 50, (1973), 1-9.

He also knew the results on degenerate parabolic equations

Oleinik-Kalahnikov-Yui Lin (1958), Barenblatt, Aronson, Kalashnikov, 
Peletier, 





H. Brezis, A new method in the study of subsonic flows, In, Partial Differential 
equations and related topics, J. Goldstein, ed, Lecture Notes in Math. Vol. 446, 
Springer, 1977, pp. 50-64.

H. Brezis and G. Stampacchia,
The Hodograph Method in Fluid-Dynamics in the Light of Variational Inequalities, 
Arch. Rat. Mech. Anal., 61, 1976, 1-18 (Received June 28, 1975)

H. Brezis and G. Duvaut, Écoulements avec sillages autour d'un profil 
symmétrique sans incidence, C.R. Acad.Sci., 276, 1973, pp. 875-878. 

J.F. Bourgat and G. Duvaut, Numerical analysis of 
flow with or without wake past a symmetric two-
dimensional profile without incidence, Int. Journal for 
Num. Math. In Eng. 11, (1977), 975-993.

D. Kinderlehrer and G. Stampacchia: An introduction to variational inequalities 
and their applications. Academic Press, New York 1980 (SIAM, Philadelphia, 
PA, 2000) 



L. Santos, Variational limit of compressible to incompressible fluid.  In Energy 
Methods in Continuum Mechanics, S.N. Antontsev, J.I. Díaz and S.I. Shmarev eds., 
Kluwer, Dordrecht, 1996, 126-144.

J.I. Díaz, Técnica de supersoluciones locales para problemas estacionarios 
no lineales. Aplicación al estudio de flujos subsónicos. Memorias de la Real 
Academia de Ciencias Exactas, Físicas y Naturales. Serie de Ciencias 
Exactas, Tomo XVI, 1982. 

J.I. Díaz and A. Dou, Sobre flujos 
subsónicos alrededor de un obstáculo 
simétrico. Collectanea Mathematica,  
1983,142-160.

R. A. Hummel, The Hodograph Method 
for Convex Profiles, Ann. Scuola Norm. 
Sup. Pisa 9 IV, (1982) 341-363.

F. Tomarelli, Hodograph method and variational inequalities in fluid-dynamics, 
Inst. Nat. Alta Mat. Vol I-II, Roma, 1980, 565-574.



Other problems for subsonic flows

E. Shimborsky, Variational Methods Applied to the Study of Symmetric 
Flows in Laval Nozzles, Comm. PDEs, 4, (1979), 41-77.

S.N. Antontsev, J.I. Díaz and S.I. Shmarev, Energy Methods for Free Boundary 
Problems: Applications to Nonlinear PDEs and Fluid Mechanics, Progress in 
Nonlinear Differential Equations and Their Applications, 48, Birkhäuser, Boston, 
2002.

Different approach
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H. Brezis and A. Friedman, Estimates on the support of solutions 
of parabolic variational inequalities, Illinois J. Math., 20, (1976), 
82-97.

J.I.Díaz, J.Mossino, Isoperimetric inequalities in the parabolic obstacle  
problems. Journal de Mathematiques Pures et  Appliqueés, Vol. 71, 
233-266. 1992.

Property of support shrinking

Extinction in finite time
Estimates on the support

Tartar, Evans-Knerr, Veron, Herrero, G.Díaz-J.I. Díaz,Gilding-Kersner, ….

First Order Hyperbolic Variational Inequalities: Bensoussan-J.L. Lions (linear operator), 
Diaz-Veron (balance laws), 

N. Calvo, J.I. Díaz, J. Durany, E. Schiavi, C. Vazquez
On a doubly nonlinear parabolic obstacle problem modelling ice sheet 
dynamics,SIAM J. Appl. Math., 63, 2002, 683-707.



J.I. Díaz, Técnica de supersoluciones locales para problemas estacionarios 
no lineales. Aplicación al estudio de flujos subsónicos. Memorias de la Real 
Academia de Ciencias Exactas, Físicas y Naturales. Serie de Ciencias 
Exactas, Tomo XVI, 1982. 

A. Bensoussan, H. Brezis and A. Friedman Estimates on the free 
boundary for quasi variational inequalities. Comm. PDEs 2 (1977), no. 
3, 297--321 

J.I.Díaz, Problemas estáticos con  frontera  libre en  Mecánica  de  Medios 
Continuos.
Revista de la Real Academia de Ciencias Exactas, Físicas y Naturales, Tomo 
LXXXIII,119-122, 1989

C.Bandle, J.I.Díaz, Inequalities for the Capillary Problem with Volume 
Constraint. In Nonlinear Problems in Applied Mathematics:In Honor of Ivar 
Stakgold on his 70th Birthday (T.S.Angell et al. ed.), SIAM, Philadelphia,1995



Other free boundary problems considerd by Haïm Brezis:

The dam problem:

Kinderlerer-Stampacchia, Pavia

J. Carrillo and M. Chipot,….. 

Plasma physics: Tokamaks

H. Beresticky-H. Brezis

Stellarators: Díaz-Rakotoson,…



3. The support of the solution of semilinear 
elliptic equations

Ph. Benilan, H. Brezis and M.G. A semilinear equation in L1(RN), Ann. Scuola Norm. 
Sup. Pisa 4, 2 (1975), 523--555.

J.I. Díaz, M.A.Herrero, Proprietés de support 
compact pour certaines équations  elliptiques 
et paraboliques non linéaires. C.R. Acad. Sc. 
París,t. 286, Série I, 815-817. 1978. 

J.I.Díaz y M.A.Herrero, Estimates on the support  of  the  solutions  of  
some  non  linear elliptic and parabolic problems. Proceedings of the 
Royal Society of Edimburg. Vol. 98A, 249-258, 1981.

J.L. Vázquez: A strong maximum principle for some quasilinear 
elliptic equations, Appl. Math. Optim. 12, (1984), 191-202.

Díaz-Hernández



J.I.Díaz, Nonlinear Partial Differential Equations and Free Boundaries. Vol.I. 
Elliptic equations. Research Notes in Mathematics nº 106, Pitman, Londres, 
1985,

J.I.Díaz, J.E.Saa, U.Thiel, Sobre la ecuación de curvatura media prescrita y 
otras  ecuaciones cuasilineales  elípticas  con  soluciones  anulandose   
localmente. Revista de la Unión  Matemática  Argentina, 35, 175-206, 1990 

P. Pucci, J. Serrin, H. Zou,…

P. Pucci and J. Serrin, The strong maximum principle revisted, J. 
Diff. Equations, 196, 2004, 1-66.

Bandle, Sperb and Stakgold, Kamin-Veron,…

Application to singularities: 

Brezis and Nirenberg 1996:  transformation u=e-v to study the singularity 
of v solution of 

for a suitable function h²(v) .



Parabolic equations

S.N. Antontsev, J.I. Díaz and S.I. Shmarev, Energy Methods for Free Boundary 
Problems: Applications to Nonlinear PDEs and Fluid Mechanics, Progress in 
Nonlinear Differential Equations and Their Applications, 48, Birkhäuser, Boston, 
2002.



The support of the solution of some elliptic systems

Minimum Action solutions of some Vector Field Equations (see Brezis and 
Lieb (1984)
Other systems and higher order equations: Bidaut-Veron, Bernis, Bertsch-Dal 
Passo, Shiskhov, Andreucci-Tedev, Cirmi,… 

S.N. Antontsev, J.I. Díaz and S.I. Shmarev, Energy Methods for Free Boundary 
Problems: Applications to Nonlinear PDEs and Fluid Mechanics, Progress in 
Nonlinear Differential Equations and Their Applications, 48, Birkhäuser, Boston, 
2002.

Antontsev-Díaz- Oliverira (2002,…)



5. Compact support properties and the 
abstract theory of montone operators

A.Berger, H. Brezis and J. C. W. Rogers A numerical method for solving the problem

RAIRO Anal. Numér. 13 (1979), no. 4, 297--312. 

L. Alvarez, and J.I. Díaz: The waiting time property for parabolic problems trough 
the nondiffusion of the support for the stationary problems, Rev. R. Acad. 
Cien.Serie A Matem (RACSAM) 97, 2003, 83-88.

5.1. Degenerate type parabolic equations



5.1. Abstract results on finite extinction time

H. Brezis, Monotone operators, nonlinear 
semigroups and applications. Proceedings of 
the International Congress of Mathematicians 
(Vancouver, B. C., 1974), Vol. 2, pp. 249--255. 
Canad. Math. Congress, Montreal, Que., 1975. 

X=H Hilbert space, A maximal monotone operator

X Banach space, A m-accretive operator

J.I.Díaz. Anulación de soluciones para operadores acretivos en 
espacios de Banach. Aplicaciones a ciertos problemas   parabólicos  
no  lineales. Rev. Real. Acad. Ciencias Exactas, Físicas y Naturales de  
Madrid, Tomo LXXIV, 865-880, 1980.



Application to 

F.Andreu, V. Caselles, J.I. Díaz, J.M. Mazón, Some Qualitative properties for 
the Total Variation, Journal of  Functional  Analysis, 188, 516-547, 2002

E. C. Bingham, in 1922 (non-Newtonian fluids) [also in Image Processing  
[Chan et al, SIAM Journal on Scientific Computing, 20, 1999]

B. Riemann: Über die Fläche vom Kleinsten Inhalt bei gegebener Begrenzung,

Abh. Königl. Ges.d. Wiss. Göttingen, Mathem. Cl. 13, 3-52 (1867)
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