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Un nandmetro es la milésima parte de la micra (milmillonésima parte del metro)



Nanociencia y Nanotecnologia
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Plan de esta clase:

1. Introduccion divulgativa (continuacion)

2. Un ejemplo de técnicas matematicas relevantes en Nanotecnologia:
HOMOGENEIZACION (exposicion “elemental” con algun detalle mas
matematizado)

2.1. Generalidades sobre la Teoria de la Homogeneizacion.

2.2. Demostracion de la convergencia para el problema unidimensional.
2.3. Un resultado mas reciente (2016): cambio de propiedades estructurales
en escalas criticamente pequenas.



1. Introduccion (divulgacion)

* El objetivo principal de la monografia fue ilustrar el enorme impacto que la
Nanotecnologia (NT) y la Nanociencia (NC) estan teniendo ya, y tendran en los
proximos anos, en la sociedad y muy en especial en la Defensa.

* El progreso de la sociedad humana, en todas sus
acepciones, ha estado siempre jalonado por los

disruptivas avances cientificos y tecnoldgicos.

e Elritmo con el que esos avances han venido
irrumpiendo en la sociedad, marcando nuevas
etapas de progreso, cambiando los usos y
costumbres de los habitantes de cada época, ha

. ido ha ido aumentando cada vez mas.
Nanotecnologia . .
E orgtata ovas e De un enorme espaciamiento entre ellos, de la
Automoviles I d 0 | f I d |
A ——— escala de siglos (como fue el caso de
Motores de vapor descubrimiento y control del fuego, la talla de
(Edad Media) . . L,
piedras, la agricultura, la construccidn, la
ceramica, la metalurgia, los tejidos, etc.) hemos
pasado a cambios que se producen a escalas
cada vez mas cortas: apenas se han asimilado
los cambios de una nueva tecnologia cuando
irrumpe otra nueva aun mas impactante que la
mejora.

Secuencia de tecnologias

Tiempo !



Joseph Alois Schumpeter (1883-1950), “ciudadano del mundo”:
nacido en Moravia (actualmente Republica Checa), profesor de
Economia en las universidades de Viena, Czernowitz (actual
Chernovtsi, Ucrania), Graz y Bonn, a sus 36 afios Ministro de
Economia de Austria. En 1932 se instalé en Estados Unidos,
como profesor de la Universidad de Harvard donde permanecid
hasta su fallecimiento.

Schumpeter sistematizé su teoria de la repercusion econdmica (y
social) de los “ciclos de innovacién” en su libro Business Cycles: A
theoretical, historical and statistical analysis of the Capitalist
process de 1939.

Energia hidradlica
Desamollo textile
Hirra Acer

1785 1950 1990 2008 2020
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Algo de terminologia basica:

e Una micra es la milésima parte de un milimetro (tamafio de una bacteria
peqguena, del nucleo de una célula animal,...).

 Un nandmetro es la milésima parte de la micra (milmillonésima parte del
metro)

e En un nandmetro lineal decenas de atomos, ...

El mundo en potencias de 10, ... : Astronomia, Astrofisica, Cosmologia,...

El mundo de lo nanométrico: mundo invisible a simple vista.

* Microscopios, Premios Nobel,...

* Conferencia de R. Feymann en 1959, “al fondo hay sitio”

* Grandes sorpresas: las propiedades fisicas y quimicas de los nanomateriales
pueden ser muy diferentes a los que observamos en nuestro mundo
macroscopico. Algo sélido se puede volver liquido, un material aislante se
puede convertir en conductor, algo inerte en un catalizador, etc.



La Nanociencia y la Nanotecnologia estudian como fabricar y controlar las estructuras de
nanoparticulas. Crear nuevos materiales con propiedades deseadas que son de utilidad en
electrdénica, 6ptica, biomateriales, medicina, tecnologia de la comunicacién, materiales
nanoestructurados para la exploracion espacial, nanofibras para nuevos productos textiles
y hasta en la produccion de energia.

Sabemos fabricar ya al nivel mas eficiente posible, podemos verlo, simularlo, entenderlo y
demostrarlo.

Es una nueva revoluciodn cientifica y tecnoldgica. Estamos en un punto en el cual la ciencia
ficcion comienza a confundirse con la realidad.

ra2- Una hormiga lleva un microchip de un milimetro cuadrado entre sus
mandibulas. Foto: Reuters.




La revolucion industrial del siglo XXI

NANO-TECNOLOGIA:
Ciencias y Tecnologias de la observacion, comprension y manipulacion de la
materia en la escala de los nanometros en la que aparecen propiedades especificas

que dependen del tamafio .

ESCALA MESOSCOPICA : Escalaen laque las inusuales propiedades de las
estructuras, objetos, sistemas complejos y dispositivos se rigen por leyes de la
fisica cuantica (dualidad onda/corpusculo, principio de indeterminacion, exclusion
de Pauli, interferencia cuantica, ...) (1-100nm)

NANO-BIO-TECNOLOGIA : Sistemas Nanométricos capaces de auto-
ensamblarse, auto-organizarse, reproducirsey evolucionar.....
( Proteinas, ADN, encimas, virus, células,... organismos vivos)




El mundo natural T El mundo artificial
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Prezomats prevent
annoying vibretions

Hip joints made from
biocompatible materials

The helmer maintains
conract with the wearer

Intelligent clothing
measures pulse
and respiration

The Bucky-tube frame
B as light as a feather,
yet strong

Nano-particle paint
fo prevent corrosion

Ruel cells provide power for
mobule phones and vehides

Thermo-chromic glass to

regulare the infux of light

Magnetic layers for

compact data memony

Organic Light Emitting
Diodes (OLEDs ) for

displays

Photovoltaic film that
converts light into
el ectricity

LEDs are now powerful
enough ro compete with
light beribs

Scratchprood, coated
windowpan s using the
lotus effect

Menu card made of
electronic cardboard

Nanotubes for new
notebook displays

Fabrics coated to
resist stains




Recubrimientos para sistemas stealth. Sistemas Pravecto del Ascensor Espacial (NASA)
roboticos (no tripulados) de reconocimiento y combate ‘ =7

por &l empleo de nanoparticulas
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2. Un ejemplo de técnicas matematicas relevantes en Nanotecnologia: HOMOGENEIZACION
(en esta clase: exposicion “elemental” con algin detalle mas matematizado)

http://www.mat.ucm.es/~jidiaz/

A.86. ). |. Diaz. Two Problems in Homogenization of Porous Media. Extracta Mathematica, 14, n22, 141-155, 1999. (PDF)
A.107. C. Conca, J. I. Diaz, C. Timofte. Effective Chemical Process in Porous Media. Mathematical Models and Methods in
Applied Sciences, 13, 2003, 1437-1462. (PDF)

A.120. C. Conca, J. . Diaz, C. Timofte. On the homogeneization of a transmission problem arising in Chemistry. Romanian
Reports in Physics, 56 (No.4), 2004, 613-622. (PDF)

A.115. C. Conca, J. I. Diaz, A. Lifan, C. Timofte. Homogeneization in Chemical Reactive Flows, Electr. J. Diff. Eqns. 2004 (No.40),
1-22,2004. (PDF)

A.136. J. I. Diaz, E. Sdnchez-Palencia, On slender shells and related problems suggested by Torroja's structures, Asymptotic
Analysis, 52, 2007, 259-297 (PDF)

A.160. J. . Diaz, E. Sdnchez-Palencia, On a problem of slender slightly hyperbolic shells suggested by Torroja’s structures. CRAS
Mechanique, 337 (2009) 1-7. (PDF)

A. 197. J. . Diaz, E. Sanchez-Palencia, A problem on slender nearly cylindrical shells suggested by Torroja's structures.
International Journal of Engineering Science. DOI: 10.1016/j.ijengsci.2014.09.003.(PDF)

C. 146. J.l. Diaz, D. Gdmez-Castro and C. Timofte, On the influence of pellet shape and dimensional size on the effectiveness
factor of chemical reactions, Proceedings of the XXIV Congress on Differential Equations and Applications, XIV Congress on
Applied Mathematics, Cadiz, June 8-12, 2015.



2.1. Generalidades sobre la Teoria de la Homogeneizacidn.

Los materiales compuestos se caracterizan por el hecho de que contienen dos o mas
finamente mezclado constituyentes. Son ampliamente utilizados hoy en dia en Ia
industria, debido a sus propiedades. De hecho, tienen en general un comportamiento -
mejor "que el comportamiento promedio de sus componentes individuales. Ejemplos
bien conocidos son los materiales superconductores compuestos por multifilamentos
gue se utilizan en la fabricacion de fibras opticas.

Fiber Optic Cables

Rudamente hablando, esas heterogeneidades son
pequefas comparadas a su dimension global. Asi que
aparecen dos escalas al caracterizar el material: la
microscopica, que describe las heterogeneidades, y la
macroscopica, describiendo el comportamiento global.
Desde el punto de vista macroscopico, el material
compuesto parece un material homogéneo. El objetivo
de la “homogeneizacion” es dar las propiedades
macroscopicas del material compuesto a partir de las
propiedades de la estructura microscopica.




Estructuras de doble escala (esencialmente periddicas) en la naturaleza

El granado, o punica granatum, es un arbusto de hoja caduca
cuya fruta es la granada (pomegranate), cuyo origen va desde los
Balcanes hasta el Himalaya. Lo traemos por aqui porgue
observando tanto la flor como el fruto le encontramos una
geometria perfecta. Es cierto que algunas variedades las
maravillas geométricas no son regulares ni perfectas, pero en
otras, la perfeccidn es su patrdon de crecimiento.

Maiz




Reactores quimicos

lecho fijo

Membrana de oxido anddico de aluminio que contiene
nanoparticulas de silice en un nanotubo de silice, que incluye
nanoparticulas de Pd utilizada para preparar un nano-reactor de
lecho empaquetado.

Este nano-reactor muestra una excelente eficiencia en la
descomposicion de metanol en fase gaseosa, y el formiato de
metilo producido como el producto de oxidacion parcial se
obtiene con alta selectividad.

Lee, K. J., Min, S. H. and Jang, J. (2010). Small, 6: 2378—2382.



Fig. 10. Microstructured wafer, coated with alumina and gold particles, Au/Al>Os/Al (left) and photograph of the reactor system (right).

Sabine Schimpf et al. "Supported gold nanoparticles: in-depth catalyst
characterization and application in hydrogenation and oxidation

reactions”. In: Catalysis Today 72.1 (2002), pp. 63-78

Gold content, surface area, pore volume, Au particle sizes and degree of dispersion estimated by TEM analysis

Catalyst Au content (wt.%) Surface area (m2/g) Pore volume (ml/g) day (nm)? msd (nm)°

AuTio,-DP 17 42 035 533 03
AwTiOz-1 29 42 0.38 2.0 0.4
AuTiO;-3G 48 0.17 1.1 02
Au/ZrQ,-F 1.0 0.37 14 03
Au/Zr0,-DP 12 0.10 3.8¢ 29
Au/SiO; -IW 16 0.85 3.9 23
Au/6i0,-CYVD 24 NE® NE L4 0.3
Au/Al, Os/AL 0.02f NE NE NE NE

4 Mean diameter of log-normal distribution.

> Mean square displacement.

“Estimated from the ratio of the number of surface atoms to the total number of atoms as calculated for the mean particle size by
assuming closed shell particles of spherical shape.

¢ Bimodal particle size distribution (2.1 and 7.4nm) [20].

“Not estimated.

f Estimated by peeling off the coating (392.56mg) of two wafers.

También en Elasticidad, Magnetismo, Climatizacion, ...



Como modelo, vamos a fijar nuestra atencion en una formulacion estacionaria (o
estatica) en un material compuesto isotropico: el caso dinamico es mas complejo
(aungue también mas interesante y realista).

Magnefism Tagnetc .- Aqui no utilizaremos
: feld permeability p (por simplicidad) que

Thermal Temperature
rote =V xe=20

conductian current gradient — %1

Diffusion Partcle _oncentration
current gradient — Ve

Flowin Yi'el ghted flui Pressure

porons media 1 7 9, rradient ¥ F

oradient Vg



Caso de un cuerpo térmico, temperatura u(x), con una fuente de calor y “frio en el borde”:

Si el medio es isétropo y homogéneo k(x)=k

Au = div(Vu)

—kAu = f(x) en €,

u=20 en 0f).

Problema de contorno eliptico clasico: si f(x) es suficientemente regular el problema
admite una unica “solucion clasica” u que es dos veces derivable y satisface la ecuacion en

cualquier punto del dominio Q.

Si ahora consideramos un material heterogéneo ocupando el dominio Q entonces la
conductividad térmica toma valores diferentes en cada componente del material

compuesto: k(x) es una funcidn discontinua:
o .]1
k(z) = { '

.]fg

ui(z) siz e

us(z) siz € Qs




En la “superficie” de separacion se ha de verificar:

continuidad de la temperatura y del flujo térmico (n vector normal unitario a la
frontera comun).

— div{k(z)Vu) = f(z) en 2 U Qo,

u=0 en ot} [ —div(k(z)Vu) = f(z) enQ,

U1 = U1 en I Moo
g1 -h =gy h en Jd21 Mo

[ 20 =0 en &2,

Teniendo en cuenta estas discontinuidades:
écual es la apropiada formulacion matematica de este problemay en el que el espacio
funcional se debe buscar una solucion? (no se puede esperar que haya soluciones clasicas ).

Definicién de una nocion de solucion débil:
derivada en sentido de distribuciones, espacios de Sobolev H, se sustituye la igualdad en
cada punto por la condicion integral siguiente para cada funcion test adecuada

Hallar v € H tal que

._’\.' . 1 )
1 jﬁ k(z) S L di‘ = fﬁ fudx Yv e H

;r— c)'t, Ex




Por supuesto que si u es suficientemente regular la formulacién clasica y la débil
son equivalentes.

Pero este este no es el caso de un material compuesto (sélo cabe esperar solucién débil).

Existencia y unicidad de solucion débil a través del Teorema de P. Lax y A.N. Milgram de
1954,

Nuestro interés es caracterizar el comportamiento macroscopico del material compuesto
Supongamos que las heterogeneidades son muy pequenas con respecto al tamafio de Q
y que se distribuyen de manera uniforme (realista en muchas aplicaciones).

Hallar u* € H tal que
__,‘._,_1 Jﬁ k( = a“’ W oy — fﬁ fvdx Yv e H

.»c)'t, Oz




Hans
Rademacher
[1922]

Example 2.5. Let v(y) be the periodic function of period 2, defined on ]0, 2|

by . .,
r@)={n fye (03

i1 otherwise,

Fig. 2.5 (n =0)




Fig. 2.8 (n = 1)

1/2 243 3/2 5/3

Fig. 2.7 (rn = 2)




Observe que dos escalas caracterizan nuestro problema modelo:
la escala x macroscépica & la escala microscopica x/e

Las discontinuidades de este problema hacen que el modelo sea muy dificil de tratar, en
en particular desde el punto de vista numérico.

Ademas, el conocimiento puntual de las caracteristicas del material no proporciona (de
una manera sencilla y automatica) informacion alguna sobre su comportamiento global.

Al tomar las heterogeneidades cada vez mas pequeias estamos “homogeneizando”
(virtualmente) esa mezcla.

éQué se puede concluir matematicamente cuando € tiende a cero?

(Homogeneizacion matematica del problema)

e ¢ Converge la temperatura u¢ a alguna funcion limite u® ?

e Sieso escierto: ¢ qué problema de contorno verifica u°(x)?

e (Es constante el coeficiente de difusidon del problema limite anterior?
e (¢Es u®una buena aproximacion de u¢ ?

Preguntas muy importantes en las aplicaciones
(dan respuestas positivas ingenieros, fisicos, quimicos, arquitectos, etc.)



El material homogeneizado ya no es isétropo

Los coeficientes homogeneizados se definen por medio de cierta funciones periddicas

(que son las soluciones de algunos problemas de contorno
del mismo tipo pero planteadas en la celda de referencia Y)

El método de escalas multiples es ya clasico, ampliamente utilizado en la mecanicay

la fisica para los problemas que contienen varios parametros que describen diferentes
pequefias escalas. Se adapta muy bien a la estructura peridodica de esta formulacion. Su
interés es que, en general, nos permite obtener formalmente el problema homogeneizado.

Asi u¢ converge (formalmente) a u°
Veamos una demostracion rigurosa en un problema unidimensional:

S. Spagnolo (1968) Sulla convergenca di soluzioni di equazioni paraboliche ed ellittiche,
Ann. Sc. Norm. Sup. Pisa 22. 571-597.



2.2. Demostracion de la convergencia para el problema unidimensional

Un texto introductorio excelente: _ _ N
Doina Cioranescu and Patrizia Donato

An Introduction to Homogenization

OXFORD LECTURE SERIES IN MATHEMATICS

AND ITS APPLICATIONS * 17

Oxford Lecture Series in Mathematics,
1999.

An Introduction to Autorizacion a utilizar unas pocas hojas escaneadas:

Homogenization

13:13 (hace 29 minutos)

n.fr= escribio:

Joina Cioranescu
Doinz: & le8nov. 2015412:23, J1. Diaz - com> a écrit

and Patrizia Donato
Estima

an solo 5 0 6 paginas y no les voy a dar copia de ellas a los alumnos.


https://global.oup.com/academic/content/series/o/oxford-lecture-series-in-mathematics-and-its-applications-olsma/?cc=es&lang=en

5.3 The one-dimensional case
In this section we present a one-dimensional problem which was studied by
Spagnolo (1967).

Let 2 =]d;, d>| be an interval in R and consider the problem

d{ du®\ .
EE(E d_r)_f in |d;. ds|

u®(dy) = u*(dz) = 0.

We assume here that a is a positive function in L>(0. ¢;) such that

{ a is ¢,-periodic,
O<a<a(r) <8< 4o,

(5.25)

where o and 3 are constants. The a* from (5.24) is the function defined by

T

a*(r)=a (;) : (5.26)

(O and Q denote respectively. an open set and a bounded open set in RN,




H. Lebesgue
[1903]

Definition 1.30. Let p € R with 1 < p < +00.

LP(O) = {f | f:©O+— R. f measurable and such that / |f(z)|? dz < +oo}
o

L*(0) = { f| f: O+ R, f measurable and such that there exists C € R

with |f| < C, a.e. on O},

Proposition 1.31. Let p € R with 1 < p < +o0o0. The set LP(Q) is a Banach
space for the norm

Iflfee o) = [L () d*"] if p < +00
inf{C, |f| <C a.e. on O} ifp= +oc0.

If p = 2, the space L*(©) is a Hilbert space for the scalar product

(f.9) 20y = ‘/;)f(.r} g(x) dx.



Theorem 5.5. Let f € L%(d,.d2) and a° be defined by (5.25) and (5.26).
u® € H)(d,.d2) be the solution of problem (5.24). Then.

uf — u® weakly in H}(d,d>).

where u® is the unique solution in Hj(d;,d2) of the problem

.0
ﬁ—i v ! 1 d;r = f ind,ds|
(0.61) \ a
u%(dy) = u?(d2) =0
Remark 3.15. Let f € L((®). Suppose that its derivative in the sense of

L. Schwartz distributions 8f/8z; is in L}(©). From Remark 3.8 we have

1950
[1950] f f ;“: de = — gi o dx, Ve D(O). (3.2)

We denote by D(O) the set of indefinitely differentiable functions whose sup-
port is a compact set of RY contained in O.

Definition 3.16. Let 1 < p < co. The Sobolev space W1 ?(() is defined by
Sobolev [1938] 1,27 )y — » Ou .
wir(0) = {u]u e L7(0), Bz ,1—1,...,N},
where the derivatives are taken in the sense of distributions of Definition 3.11.

For p = 2, one denotes W1-2(0) = H(O), i.e.

HY(O) = {u | u € L¥O). gf e L*O), i = 1,...,N}.




Definition 3.26. For any 1 < p < 0, the Sobolev space Wy’
the closure of D(2) with respect to the norm of W!?(Q2). We set

HL () = Wy ().

(called strong convergence):

T, —=rin £ < |r, - .rifE — 0.

Definition 1.10. A sequence {x,} in E is said to converge weakly to z iff

Weyl’s thesis [1908]
vi'e E', (2, an)ep — (&0 g

Riesz [1909]

This weak convergence is denoted

Banach, [1929]

I, =1 weaklyin E.

Proposition 1.12. Strong convergence implies weak convergence.

Proposition 1.18. Ifdim E = N < +oo. the strong and the weak convergences
are equivalent.

Proposition 1.13 is not true if dim E' = +20. The easiest way to see that
is to construct some counterexamples. For instance. Examples 2.4 and 2.5 from
Chapter 2 exhibit sequences which are weakly but not strongly convergent.




Hans
Rademacher
[1922]

ndw}=a(§)

where ¢ is a periodic function and where, from now on, € > 0 takes its values
in a sequence which tends to zero. Let us point out that if a is Y-periodic (see
Definition 2.1 below), then a. is €Y -periodic. Moreover, as can be seen in the
examples below, the smaller ¢ is, the more rapid are the oscillations. Therefore,
a natural question is to describe the behaviour of the sequence {a.} as e — 0.

Definition 2.2, Let {2 be a bounded open set of R" and £ a function in L!(f2).
The mean value of f over () is the real number Mgq(f) given by

Ma(f) = I—;!-Ifnf(y}dy-

Example 2.5. Let v(y) be the periodic function of period 2, defined on ]0,2[

by " ,
=0 B0

7 otherwise,




3,2 543

Fig. 2.8 (n = 1)
Fig. Z.T (n = 2)

Here also, one can easily see that if ¢ — 0, v, cannot converge almost everywhere.

The sequence {v.} is obviously bounded independently of ¢ in L?(a, b).
ve=vw=4(3a+4§8) weaklyinL*(a.b).

Here also, this convergence is not strong in L?(a,b). Indeed, if this convergence
were strong, Proposition 1.17 would imply that

2 2
lvellzage.sy — vollzaa.s)-

But a similar computation as that used to prove (2.5) gives

b
oelsany = [ 03(a) de — b-a)h (§ 02 +1 52).
which is different from

[vol 72 (a5 = (b= a][é(% a+3 ﬂ)]?'




Theorem 2.6. Let 1 < p < +oo0 and f be a Y-periodic function in L?(Y). Set

felz) = f(g) a.e. on RV (2.6)

Then, if p < 400, ase — 0

fom My(f) = = [ S dy weakdy in 27(0),

for any bounded open subset w of RN.
If p = 400, one has

1

fo=My(N) = 7 [ f)dy weakly® in L)

Remark 2.7. Let E be a Banach space. Theorem 2.6 shows in particular, that
if {u.} € E and {v.} C E’ are two sequences such that, as ¢ — 0,

ue — u weakly in E,
v, = v weakly in E',

then, in general
(Ve, ue)gr. £ 7 (v, WE, E-

ueve = (f9) (1) = My (f9) weakly in L'().
Hence using Remark 1.37 we have, in particular,
(Ve, Ue) La(y). L2(Y) = /; uve dr — |w| My (fg)
while, by using again Theorem 2.6
(v, ufpa(y). L2qy) = LMTUP My (g) dx = {wiMy(f) My(g)-

In general, as it can be seen from Examples 2.4 and 2.5 above, one has

My (fg) # My (f) My (g).




Proof of the Theorem
Proof. Observe first that estimate (4.24) holds true, that is
dg —d 1

L4

1l 2qe2)-

(el 1 (dy ) <

[fs W a1, m3 | = U;f‘" dx| < Callfll2@llell o).

H. Poincaré 2
[1894] S —~ L2 ()
{u‘ —u® weakly in L?*(d;.d2)

= alVullf2qy, Vv e Hy(Q).

du® du®

= weakly in L%(d,.d3).

Define

which satisfies

Moreover, from the estimate on u® and (5.25) one has

d(de — d

£ 1]
HE® (1L2(dy .d2) < N fliz2d,.da)-

Heuce, from Theorem 1.18 one has the convergence (up to a subsequence)
£ — €% weakly in L?(d,.d3). (5.30)

Moreover, the limit £° satisfies (see (5.15))

- = [ in]d).dg]. (5.31)




Clearly. from the former estimate on £° and fromn equation (5.29). we have

d(dz — dy )
NN 22eay .az) + < ———|fllL2(dy.az) + 1 FllL2(dy.2)-
L2(dy.d;) L

Hence, ¢¢ is bounded in H'(d},d;). then compact in L?(d;,d;) thanks to The-
orem 3.23. Consequently, there exists a subsequence. still denoted by &, such

that
£¢ — €9 strongly in L%(d,.d3). (5.32)

Theorem 3.23 (Sobolev embeddings). Suppose that 9 is Lipschitz contin-
uous. Then

Rellich—Kondrachov i) if 1<p< N, W) C LI(Q) with

theorem [1930-40]

1 1
— compact injection for g € [1, p*[. where > = i

— continuous injection for g = p*,
i) if p=N, WIN(Q)) c L) with compact injection if g € [1, +0o0],
ifi) if p> N, W'?(Q) c C°({?) with compact injection.
By definition




Therefore, Theorem 2.6 applies to 1/a® and gives

1 1 9 1 . reo
M —— dr weakly* in L™(d,,d2),
(0.1) 0

a) &4 a(zx)

1
Moo(3) %0

Hence, using (5.32) and in view of Proposition 1.19, we can pass to the limit in
the ‘weak-strong’ product in the right-hand term in (5.33), to obtain

where, due to (5.34),

du® R 1 0 : 2
iz M{n,m(a)£ weakly in L*(d;,ds).

Proposition 1.19. Let {x,} C E and {yn} C E' such that
{:rn —r weaklyin F

yn — y strongly in E'.
linl (yn, Tn)e £ = (0. T)E . E-
=0

Consequently, from (5.28) we have

du® 1\ ,
dr Mm,r.:-(ﬁ)‘f ‘

Making now use of (5.31), it follows that u" is solution of the limit *homogenized’
equation (5.27). Due to (5.35). this problem has a unique solution. Hence, by
Theorem 1.18(ii), the whole sequence {u®} weakly converges in H}(d,, d3) to u°.
This ends the proof. (m}




2.3. Un resultado mas reciente (2016): cambio de propiedades
estructurales en escalas criticamente pequenas.

Una escala nano-métrica adecuada puede mejorar la reaccion en nao-catalisis

J. I. Diaz, D. GAmez - Castro, A.V. Podol'skii, T.A. Shaposhnikova,

Homogenization of the p-Laplace operator with nonlinear boundary condition on critical size particles: identifying
the strange term for some non smooth and multivalued kinetics.

Doklady Mathematics, 2016, Vol. 94, No. 1, pp. 387-392.

J. I. Diaz, D. GAmez — Castro, A mathematical proof in nanocatalysis: better homogenized results in the
diffusion of a chemical reactant through critically small reactive particles.
Proceedings XVI ECMI, 2017.
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«n=3 L7 \ L/ \L/ L/ L/ \L/\L/
= 2 be a bounded domain in R” with smooth boundary 9Q

e Gp={x: |x| <1}
e = > 0 is a small positive parameter
e a. = Cpe®, o =

n—=2



S

Vet
\. \|
[

v
¢

o 0= {x € Qlp(x,00) > 2¢)

Fig. 1 The reference cell ¥ and the scalings by € and €%, for ¢ > 1. Notice that, for & > 1, €*T
(for a general particle shaped as T) becomes smaller relative to €Y, which scales as the repetition.
In cur case T will be a ball B1(0).




Define Y/ = ¢¥ + ¢ j, where j € I, and note that GJr CY, ¥/ and center of the ball

G"’ coincides with the center of the cube Y¢. /. Our ¢ microscopic domam” 1s defined

as
QQZQ\?& Sg:aGg? an:aQ USQ?

which can be represented as follows
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1
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1
1
1

T
1
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I
1
1
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1
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I
1
I
1
I
1
1
I
1

Fig, 2 The fixed bed reactor, i.e., the domaim £2..




In the case where the particles are large (in a sense that would be precised later), the
the problem can be though homogenous, as {2, — £2 then w, — w (1n a sense that
would be precised lated), where the effective problem results

—Aw+Agw) =0 £,
w=1

for a certain constant A. {

J. |. Diaz. Two Problems in Homogenization of Porous Media. Extracta Mathematica, 14,
n22, 141-155, 1999

C. Conca, J. I. Diaz, A. Linan, C. Timofte. Homogeneization in Chemical Reactive Flows,
Electr. J. Diff. Eqns. 2004 (No.40), 1-22, 2004.




Nonetheless, when the holes are of a sufficiently small size with respect to their
repetition, the behaviour of the limit changes and becomes

I —Aw+Bhiw) =0 £,

l w=1 c)Q ,,

(5)

and % 1s a new nonlinearity, which we will introduce later, and B > 0 1s a constant.

The aim of this paper 1s to show that homogenized problem 1s more effective in
the case associated with nanoparticles than the other cases. It represents a mathe-
matical proof of some experimental facts i the literature.

We define the space W'? (., d Q) be the completion, with respect to the norm
of WP (), of the set of infinitely differentable functions in £ equal to zero in a
neighborhood of d£2.




We are mterest m understating the comparison of the lmits of (1) when o <
(1,-%5) and o = -5, which are known as the subcritical and critical cases in ho-
mogenization. The case ¢ = 1 was studied in [4]. In order to do this, we consider
the change in variable u = 1 —w, &(u) = g(1) — g(1 —u) we have

( _AMS — 0 QS}
dytie + € To(u) =€ 7g(1) S,

Studying the family of solution (1 )¢~ 1s difficult, since they are not defined in the
same domam. We consider a family of linear extension operators (see [10])

Pe:{uc H'{Q:):u=0,0Q} — Hy(Q) (8)

such that

HVPeMHLQ(Q) < ||V”||L2(QE)' ©)

10. A. V. PODOL’SKIIL, Solution continuation and homogenization of a boundary value problem
for the p-Laplacian in a perforated domain with a nonlinear third boundary condition on the
boundary of holes, Doklady Mathematics, 91 (2015), pp. 30-34.




We define the different possible limits:

o If o c (1.,. %) the 1 — tpon.crit, Which for A — Cg_l o, satisfies

—Attnon-crit ‘|‘AG(Mn0n—crit) — Ag( 1) £,
tnon-crit = () 382 .

o If a = "5 then uy, which for B = (n — 2)C§‘2wﬂ — ”C—_OQA satisfies

—Auerit + BH(Mcrit) =0 £,
Mcnt — 0 aQ?

where H 1s the solution of the functional equality

n—2

—H(5) = o (s —H(5)) ~ (1),

We will start by indicating that, in the sense of maximal monotone graphs, in the
particular case of 6 (1) = g(1) — g(1 — u) one has

Lemma 1. Let ¢ be a maximal monotone graph, then the solution H of (12) is given
by

(13)

Hence H(u) < 0 for every u € [0,1].




Remark 1. Notice that, in particular, in equation (5) we have

) = (&7 ("% ) 1d T W)

which is a nondecreasing function such that £(0) = 0.

Lemma 2. Let ¢ be a bounded maximal monotone graph of [0,1] xR, then H is
non-expansive in [0,1| (and hence Lipschitz continuous).

Proof. If o € €1([0,1]), differentiating (12) with respect to s we derive

c'(s—H(s))
& to'(s—H(s))

H'(s) = £(0,1). (15)

Hence,
H()—H(s)| <[t —s (16)

for all #,5 € [0,1]. If & is a maximal monotone graph, let 65 € #*([0,1]) be an
approximation in the sense of maximal monotone graphs 65 — ¢. In particular,
Hgs — H pomtwise, and hence

H(t)—H(s)| < |t —3s| (17)

which concludes the proof. O




We have the following homogenization result.

Theorem 1 ([12]). Let & > 1, y=a(n—1) —n and o € € (R) be such that o{0) =

O and
0<k < 0"'(5) < ko (18)

and let ug be the weak solution of (7). Then, the extension Peu, converge as € — 0

PS Ue — Uson-crit . (19)

strongly in Wol P(Q) for 1 < p < 2 and weakly in H} ().

12. M. N. ZuBova AND T. A. SHAPOSHNIKOVA, Homogenization of boundary value problems

in perforated domains with the third boundary condition and the resulting change in the char-
acter of the nonlinearity in the problem, Differential Equations, 47 (2011), pp. 78-90.

Corollary 1. Let ¢ € €(|0,1]), nondecreasing and such that c(0) =0, then (19)
weakly in H} ().

6. 1. 1. Diaz, D. GOMEZ-CASTRO, A. V. PODOL’SKII, AND T. A. SHAPOSHNIKOVA, Ho-
mogenization of the p-Laplace operator with nonlinear boundary condition on critical size
particles: identifying the strange terms for some non smooth and multivalued operators, Dok-

lady Mathematics, 94 (2016), pp. 387-392.




Theorem 2. Let 6 € (|0, 1)) be such that 6(0) = 0. Then

Ueopit g Upon-crit:

Remark 2. Therefore, if g € ([0, 1]), the concentration w in the critical case is
always larger than n the non critical cases

Werit = Whon-crit - (27)

We have a pointwise better reaction.

Proof. Since H(s) < 0 we have that

BH(s) =

Therefore, applymng the comparison principle, rcrit < Unon-crit.




Remark 3. This kind of result has been proved in many different cases. In particu-
lar, for non smooth ¢ 1 the form of a root or a Heaviside function and nonlmear

diffusion in the form of a p-Laplacian see [6]. The case of Signormi type boundary
conditions can be found mn [7].

7. 1. 1. Diaz, D. GOMEZ-CASTRO, A. V. PoDoL’sKII, AND T. A. SHAPOSHNIKOVA, Ho-

mogenization of variational inequalities of Signorini type for the p-Laplacian in perforated
domains when p € (1,2), Doklady Mathematics, To appear (2017).
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