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In this lecture we shall focus our attention in the occurrence of a free boundary (separating 
the region where the solution u is locally a hyperplane, and so were the Hessian D2u is 
vanishing, from the rest of the domain). 

1. Introduction

It is well-known that the Monge-Ampère operator has many applications in Geometry
and related areas:

Today we also know that the applications arises in many other areas: optimal transportation,
optimal design of antenna arrays, vision, statistical mechanics, front formation in
meteorology, financial mathematics,…

L. Nirenberg: Monge-Ampère equations and some associated problems in Geometry, in 
Proceedings of the International Congress of Mathematics, Vancouver 1974, …

C. Budd and V.  Galaktionov,: On self-similar blow-up in evolution equations of 
Monge-Ampère type, IMA J. Appl. Math., (2011), … 

G. Díaz and J.I. Díaz, Remarks on the Monge-Ampère equation: some free boundary
problems in Geometry, In Contribuciones matemáticas en homenaje a Juan Tarrés, 
M. Castrillón et al. eds.,  Univ. Complutense de Madrid, Madrid, 2012, 97-126. 

Remark 2.25 of the 1985 monograph, …
Cortona 1992 Autumn Course (Talenti, Oliker, Serrin, Kawhol,…)

Personal communications to Nirenberg and Caffarelli (Santander Course 1993)



Now (27 years later !!) we decided to formulate the free boundary parabolic and elliptic
problems in connection to the shape of worn stones model (W. J. Fiery (1974), R.
Hamilton (1993), D. Chopp, L.C. Evans, H. Ishii (1999),…)

the points P of the N-dimensional convex hyper-surface ΣN (t), embedded in RN+1 (in the 
physical case N = 3), under Gauss curvature flow K, with exponent p > 0, moves in the 
inward direction n to the surface with velocity equal to the p power of its Gaussian 
curvature).

In the special case of ΣN (t)=graph of xN+1 = u(x; t), x in a
convex open set Ω of RN, the function u satisfies the
parabolic Monge-Ampère equation



More in general
Evolution Problem: given a bounded open set Ω of RN, a continuous function  on ∂Ω, 
a locally convex function u0 p > 0and a continuous function ∈ C([0;+∞)) such that

find a convex function satisfying, 

Formulation of the associate elliptic problem. Difficult (to us) to foresee on purely
geometric grounds (Hamilton, …), level set approach (Ishi-Souganidis, …) so that:
here, the parabolic problem regarded as a Cauchy Problem, semigroup theory,…  

(PP)

Related problems in 3d-images: V. Caselles and C. Sbert (1996), …  



Elliptic problem: under the above assumption on Ωp and , find a 
convex function satisfying, 

where h(x) is a given continuous function on 

For the evolution problem replace by

The operator is degenerate elliptic on the symmetric definite nonnegative matrices: 
we assume the compatibility condition 

Therefore, under (C) the problem becomes

(C) 

(EP)



The junction F between the regions where [= ] and [] is a free boundary:
the boundary of the set where detD2> 0.

Since the interior of the regions [= ] and [detD2= 0] coincide we must have 
that D2= 0 on the interior of the set [= ].

Motivated by the applications, as well as by the structure of the equation, the 
occurrence and localization of a the free boundary will be studied whenever h(x) 
(respectively u0(x)) has flat regions

h i denotes the Euclidean inner product in RN

2. On the notion of solutions and the weak maximum principle.

3. Flat regions in the stationary problem.

4. The evolution problem. Study of the associated free boundary and the 
global flatness in finite time.

Plan:



2. On the notion of solutions and the weak maximum principle.

Existence results (in the class of C2 convex functions) for the general elliptic
problem

are well known in the literature under suitable assumptions on Ω, H > 0 and .

A main question arises now both in theory and in applications:
what happens if H ≥ 0 ? 

Trudinger, N,S., Wang, X.-J.: The Monge-Ampere equation and its geometric
applications, in Handbook of Geometric Analysis, Vol. I, International Press (2008),
467-524.

Certainly, the elliptic degeneracy occurs and in general the regularity C2 of
solutions cannot be guaranteed. The so called viscosity solutions or the generalized
solutions are suitable notions in order to remove the degeneracy of the operator. In
fact, it can be proved that for a convex domain both notions coincide (C.E.
Gutierrez (2001)).

Definition 1 (≈A.D. Aleksandrov, (1939)). A convex function u on  is a 
generalized solution of (GE) if

(GE) 

for any Borel set 



The left hand side have a “classical” sense merely when u is C1 and convex.
By the structure of the problem, u must be convex on and consequently u is at least
locally Lipschitz. While for locally Lipschitz functions the right hand side is well defined,
slight but careful modifications are needed to give sense to the left hand side. The
progress in this direction is achieved thanks to the notion of subgradients of a convex
function :

Other notion of solutions are available for other type of fully nonlinear equations with 
non divergence form. The most usual is the so called viscosity solution:

Definition 2 (≈ P.L.Lions, M.G .Crandall, L. Caffarelli, I. Hishi, R. Jensen, R. 
Newcomb, .... (since 1983)). A convex function u is a viscosity solution of the 
inequality



Note that the convexity condition on and  are extra assumptions with 
respect to the usual notion of viscosity solution 

Crandall, M.G., Ishii, H., Lions, P.-L.: Users guide to viscosity solutions of second 
order partial differential equations. Bull. Amer. Math. Soc., 27 (1992), 1-67.

This is needed here because the Monge-Ampere operator is only degenerate elliptic 
on this class of functions. In fact, it can be seen that the convexity is only required 
for the correct definition of supersolutions in viscosity sense. 



The results of this section apply to the case of a general increasing function f∈ C(R) satisfying
f(0) = 0



A first consequence of the general theory and the Weak Maximum Principle is the 
following existence and uniqueness result:

Notations of the manuscript: 
sorry !!



In the next section we shall prove a kind of Strong Maximum Principle which under
suitable assumptions will avoid the appearance of the free boundary.



3. Flat regions in the stationary problem.

the equation of the elliptic problem (EP) becomes

Assumption g(|p|)≥1 leads us to study for the auxiliar problem



We start by considering the initial value problem

(IVP)=(27)



We shall show that the behaviour of u depends strongly on the exponent p



Now for the solution of (EP) we may localize a core of the flat region Flat(u) inside the  
flat subregion Flatα (h) of the datum h(x).



In particular, the function is locally flat







Now we examine the case in which the solution cannot be flat (i.e: the free boundary 
cannot appear) independent on the “size” of Ω: obviously it will require the condition
Np ≤1.













4. The evolution problem. Study of the associated free boundary and the global 
flatness in  finite time.



satisfies (PP) in the viscosity sense.





where is the solution of (PP).









Remark 4.9. A similar waiting time result was obtained by Choop, Evans and Ishii 
(1999) [see also the previous version by Hamilton (1993)] for the special case p = 1 and 
N = 3 (parametric compact surfaces) under a global formulation on the assumption on 
the initial datum (two principal curvatures vanish on a subregion). Essentially, they
assume 

u0 ∈ C4([0;+∞)). 
Note that for this special case the condition (57) becomes

K. Tso (1985) and then B. Chow (1985)  studied 
problem (PP) (for parametric compact surfaces) and 
established that the surface Γt converge to a point as t 
↑ T, for some suitable finite time T.





C. Budd and V.  Galaktionov (2009) [blow up case]. 



To be compared with the results by Tso (1985), 
Chow (1985) and Chopp, Evans, Ishii (1999) for
“parametric compact surfaces”.











Our final result in this paper shows that when Np < 1 the asymptotic behavior is very fast. 
It is the property of finite global flattened time. Again, for simplicity, we assume g=1.

To be compared with the results
by Tso (1985), Chow (1985) and
Chopp, Evans, Ishii (1999) for
“parametric compact surfaces”,
but now for “graph surfaces” and
Np<1.







Remark 4.17. Some of the above methods (and other different ones as the applications
of the symmetric rearrangement) can be applied to other fully nonlinear parabolic
equations arising in image processing such as the

Remark 4.16. We end by pointing out that our methods can be applied to the borderline
cases for (9) and (11). This will be made in two future papers in which the Monge-
Ampère operator is replaced by other nonlinear operators of the Hessian of the unknown
such as the kth elementary symmetric functions

L. Álvarez and J.I. Díaz, Geometric flows and implicit discretization (to appear).
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