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On the Homogenization of a Semilinear Problem Arising

in Chemistry

C. Conca, J. I. Diaz AND C. TIMOFTE

Abstract: This paper deals with the homogenization of a nonlinear model for chemical
reactive flows involving diffusion, adsorption and chemical reactions which take place at the
boundary of a periodically perforated material. The effective behavior of such a reactive
flow is described by a new elliptic boundary-value problem, containing an extra zero-order
term which captures the effect of the adsorption and chemical reactions taking place on the
boundaries of the perforations.

1. Introduction.

The aim of this paper is to study the effective behavior of chemical reactive flows in-
volving diffusion, adsorption and chemical reactions which take place at the boundary of a
periodically perforated material.

Let Q be an open bounded set in R™ and let us perforate it by holes. As a result, we
obtain an open set 2 which will be referred to as being the perforated domain ; € represents
a small parameter related to the characteristic size of the perforations. In fact, the domain
) consists of two parts: a fluid phase Q¢ and a solid skeleton (grains or pores), \QE. We
assume that chemical substances are dissolved in the fluid part 2°. They are transported
by diffusion and also, by adsorption, they can change from being dissolved in the fluid to
residing on the surface of the pores. Here, on the boundary, chemical reactions take place.
Hence, the model consists of a diffusion system in the fluid phase §2°, a reaction system on
the pore surface and a boundary condition coupling them (see (2)):

O (1 2) = DAV (L 2) = h(tz), €08 £ >0,
(R (1)
vi(t,x) =0, x€dQ, t>0,
vi(t,x) = vi(x), € t=0,
ov®
—D—(t,x) =cf(t,x), x€ S t>0, (2)

ov
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and .
W) { %ﬁ(t,x) baut(tx) = f(ha), TES,t>0, -
wé(t,x) =wi(z), x€S5t=0,
where

fotx) = ~(g(v°(t, x)) — w(t, z)). (4)

Here, v is the exterior unit normal to Q) a,y > 0, h is a given function representing
an external source of energy, vy, w; € Hi(Q) and S¢ is the boundary of our porous medium
Q\ Q. Moreover, the fluid is assumed to be homogeneous and isotropic, with a constant
diffusion coefficient D > 0. In (1)-(4), v° can be interpreted as being the concentration of the
solute in the fluid region, w* as the concentration of the solute on the surface of the skeleton
Q\ QF, vy as the initial concentration of the solute and w; as the initial concentration of the
reactants on the surface S¢ of the skeleton; a and ~ are called the reaction factor and the
adsorption factor, respectively.

The semilinear boundary condition on S¢ in problem (1)-(4) describes the interchanges
of chemical flows across the boundary S¢. The function g in (2)-(4) is assumed to be given.
We shall consider the case in which g is a monotone smooth function satisfying the condition
g(0) = 0. For more general functions g, see [5]. This general situation is well illustrated by
the following important practical example (see [5] and [7]):

g9(v)

av

- 550 a,3 >0 (Langmuir kinetics).

The existence and uniqueness of a weak solution of the system (1)-(4) can be settled by
using the classical theory of semilinear monotone problems (see, for instance, [1] and [9]).
As a result, we know that there exists a unique weak solution u® = (v¢, w*).

From a geometrical point of view, we shall just consider periodic structures obtained by
removing periodically from €2, with period €Y (where Y is a given hyper-rectangle in R™),
an elementary hole F' which has been appropriated rescaled and which is strictly included
inY,ie FCY.

As usual in homogenization, we shall be interested in obtaining a suitable description of
the asymptotic behavior, as € tends to zero, of the solution »° in such domains. If we denote
by % the convolution with respect to time and if

r(p) = e %, (5)
then we prove that the solution v, properly extended to the whole of €2, converges to the

unique solution v (effective behavior) of the following problem:

2

o) v 0“v
(t,z) =D qijm(t,x) + Fy(t, ) = h(t,x), t>0, z€Q,

ot ij=1
V) v(t,x) =0, t >0, x € 09, (6)
v(t,x) =wvi(x), t=0, z€Q,
with -
Fot, 1) = 251y [g0(t,2)) — wn(@)e @ — () g(oa)®)]. (1)

Y\ F
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In (6), @ = ((g;;)) is the classical homogenized matrix, whose entries are defined as follows:

_ 29
G = ZJ+‘Y\F’ / 5 (8)

in terms of the functions X 1 =1,...,n, solutions of the so-called cell problems

—Ax, =0 in Y\F,

LM i) =0 on OF, (9)
%
x; Y — periodic.

Moreover, let us notice that the limit problem for the surface concentration w is

{ %;(t,x) + (a+7y)w(t,z) =vg(v(t,x)), t>0,x¢€Q, (10)
w(t,z) =wi(x), t=0,2€Q

and obviously w can be written as

w(t,z) = wy(z)e” () x g(u(-,2))(2). (11)

Also, notice that the influence of the adsorption and chemical reactions taking place on
the boundaries of the perforations is reflected by the appearance of a zero-order extra-term.

In problem (1)-(4), the rate of chemical reactions on S¢, namely a, and the adsorption
coefficient v were assumed to be constant. From a practical point of view, a more realistic
model would be to assume that the surface OF is chemically and physically heterogeneous,
which means that a and v are rapidly oscillating functions. Moreover, one can consider a
more general model, including the diffusion of the chemical species on the surface S¢. In
fact, the chemical substances can creep on the surface and this effect is similar to a surface-
like diffusion. From a mathematical point of view, we can model this phenomenon by
introducing a diffusion term in the law governing the evolution of the surface concentration
w®. This new term is nothing but the Laplace-Beltrami operator properly rescaled. The
limit problem in this case is almost the same as before, except that it involves the solution
of a reaction-diffusion system with respect to an additional microvariable. Also, notice that
the local behavior is no longer governed by an ordinary differential equation, but by a partial
differential one (see (57)).

The structure of our paper is as follows: first, let us mention that we shall just focus
on the case n > 3, which will be treated explicitly. The case n = 2 is much more simpler
and we shall omit to treat it. In Chapter 2 we consider the simpler case of chemical flows
just involving homogeneous adsorption and chemical reactions. After stating some notation
and assumptions, we give a rigorous setting of the problem and we formulate the main
convergence result, the proof of which is given in Chapter 3. The last part of Chapter 3 is
devoted to treat a more general model, namely the case where the surface of the grains is
heterogeneous and we have also diffusion thereon.

Finally, notice that throughout the paper, by C' we shall denote a generic fixed strictly
positive constant, whose value can change from line to line.
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2. Preliminaries and the main result.

In this chapter, we will be concerned with some preliminary notation and assumptions,
as well as with the rigorous setting of our main model.

2.1. Notation and assumptions

Let €2 be a smooth bounded connected open subset of R (n > 3) and let Y = [0, [;[x...[0, 1,,]
be the representative cell in R™. Denote by F' an open subset of Y with smooth boundary
OF such that F' C Y. We shall refer to I as being the elementary hole. Also, let [0,T], with
T > 0, be the time interval of interest.

Let € be a real parameter taking values in a sequence of positive numbers converging to
zero. For each ¢ and for any integer vector k € Z", set T;; the translated image of eF" by the
vector kl = (kily, ..., knly)

F;=cekl+ F).

The set F} represents the holes in R". Also, let us denote by F* the set of all the holes
contained in {2, i.e.

Fe={J{F; | FicQ, kez"}.

Set
OF = O\ F=

Hence, )¢ is a periodically perforated domain with holes of size of the same order as the
period. Remark that the holes do not intersect the boundary 0f2.
Let

5S¢ = U{0F; | FfCQ, k € z"}.

So
0 =00 U S°.

We shall also use the following notations:
|w| = the Lebesgue measure of any measurable subset w of R",
x = the characteristic function of the set w
w

and

= Y|
Y*=Y\F, 6=,
Y|

In the sequel, we shall use the following notations:

H = LQ(Q)u

with the classical scalar product and norm:

(wv)o = [u(@o(@)dz, [ulf = (u,u)o.

H = L*0,T;H),
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(u,v)or = /(u(t),v(t))gdt, where u(t) = u(t,-),v(t) = v(t,-), ||u||?2T = (u,u)ar,

V=H'(9),
with
(u,v)y = (u,v)q + (Vu, Vou)q,
V =L*0,T;V),
with

(u,v)y = /(u(t), v(t))vdt,

W = {U eV Z: € V,} where V' is the dual space of V,
Vo={veV|v=0o0ndQ ae. on (0,7)},

Wo = Vo [\ W.

Similarly, we define the spaces V(Q°), V(02), V(S¢) and V(S¢). Also, for the space of test
functions we use the notation

D — C((0,T) x Q).
Moreover, for an arbitrary function ¢ € L*(2), we shall denote by zZ its extension by zero
inside the holes.
2.2. Setting of the problem

As already mentioned, we are interested in studying the behavior of the solution u® =
(v, w*), in such a perforated domain, of the following problem:

aiﬁﬂﬂ—DAﬁ@Jﬂ:hmﬁx e >0,
(V) vi(t,x) =0, x€0Q, t>0, (12)
vi(t,z) = vi(x), x€Q,t=0,
ov®
—Dg(t,x) =cf(t,x), €S t>0, (13)
and
%(t x)+aw(t,x) = f°(t,x), €S, t>0
(Wa) { 825 ) ) - ) ) ) ) (14)
we(t,x) =wi(z), x€S5t=0,
where

Jotx) = ~(g(v°(t, x)) — w(t, z)). (15)

Here, v is the exterior unit normal to Q°, a,y > 0, h € H, vi,w; € H}(2) and S¢ is the
boundary of our porous medium  \ 2. Moreover, the fluid is assumed to be homogeneous
and isotropic, with a constant diffusion coefficient D > 0.
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The function ¢ in (15) is assumed to be given. As already mentioned, we shall con-
sider here the case in which ¢ is a continuously differentiable function, monotonously non-
decreasing and such that g(v) = 0 iff v = 0. Also, we shall suppose that there exist a positive
constant C' and an exponent ¢, with 0 < ¢ < n/(n — 2), such that

99

<O+ ol?). (16)

The weak formulation of problem (12)-(15) is:
Find v® € Wy(Q°),v°(0) = v1]q: such that

e dy . . ]
— (U 5 dt) +e (f ’(p)Qé‘,T =-D (V'U ’VSD)QﬂT —+ (h’ SO)QE,T7 VSO c WO(Q )
QT

(17)

and
Find w® € W(S°?), w*(0) = wy|s- such that

&€ d g € € 18
(%) et R = (Pl Yo WIS, (18
Se,T

By classical existence results (see [1] and [9]), there exists a unique weak solution u® =
(v, w*) of the system (17)-(18).

Remark 2.1. Let us notice that the solution of (14) can be written as
¢
W (t, x) = wy(x)e” @ 4 7/6_(a+7)(t_s)g(v5(s, x))ds (19)
0

or, if we denote by x the convolution with respect to time, as
w (-, x) = wi(x)e” () % g (v (-, x), (20)

where
r(p) = e~ (atMp.

The solution v° of problem (V¢) being defined only on ©°, we need to extend it to the
whole of €2 to be able to state the convergence result. In order to do that, let us recall the
following well-known extension result (see [3] and [6]):

Lemma 2.2. There exists a linear continuous extension operator P¢ € L(L?(2F); L*(Q)) N
NL(VE Hg () and a positive constant C, independent of €, such that

[P0 20y < C vl 120

and
“VPEUHH(Q) <C HVUHL2(QE)>

for any v € V¢, where

ve={ve H'(Q) | v=00n0Q},
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with
[ollye = ||VU”L2(QS)- .

An immediate consequence of this lemma is the following Poincaré’s inequality in V¢ :

Lemma 2.3. There exists a positive constant C', independent of €, such that
||U||L2(Qs) <C HVUHLQ(QE) 5

foranyv e Ve,
We also recall the following well-known result (see [4]):

Lemma 2.4. There exists a positive constant C, independent of €, such that
2 — 2 2
[vll72(5ey < Ce™ 0l 72 + € IVOI 2 ()), (21)

for anyv e Ve,
2.3. The main result

The main result of this paper is the following one:
Theorem 2.5. One can construct an extension P<v® of the solution v¢ of the problem (V*)
such that

Pov® — v weakly in V,

where v is the unique solution of the following limit problem.:

9%v

ov "

ot =
v(t,z) =0, t>0, z€ i,
v(t,x) =v(xz), t=0,z€,

(t,x) = h(t,z), t>0, x€Q,
(22)

with

Flt.) = 7 [00,2) = wn@)e 7 = 30 xglol ) (1)

In (22), Q = ((qij)) is the classical homogenized matriz, whose entries are defined as follows:

1 9y

=0y 23
qij i+ |Y*| Iy ( )
Y*
in terms of the functions X 1 =1,...,n, solutions of the so-called cell problems
_sz' =0 in Y
O +w) _ o o0 oF (24)

ov
Xi: Y — periodic.
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The constant matrix QQ is symmetric and positive-definite. Moreover, the limit problem for
the surface concentration is:

{ %l:(t,x) + (a+y)w(t,z) =vg(v(t,z)), t>0,z€Q, (25)
w(t,z) =wi(x), t=0x€0

and obuviously, w can be written as

w(t,z) = wy(z)e” T fyr(t) « g(o(t, x)). (26)

Remark 2.6. The weak formulation of problem (22) is:

Find v € Wy(Q2),v(0) = vy such that

d
- (Ua df) + (Fo, )ar = —D(QVv,Volar + (h,p)ar (27)
o

Voo € Wo(Q).

3. Proof of the main result.

In order to prove Theorem 2.5, let us first notice that there is at most one solution of the
weak problem (27). Secondly, for describing the effective behavior of v* and w®, as ¢ — 0,
some a priori estimates on these solutions are required.

Proposition 3.1. Let v° and w® be the solutions of the problem (12)-(15). There exists a
positive constant C', independent of €, such that

€ £ ’)/ £

lwf(#)]|2: < ([w(0)[|% + slla(v g e, Vi=0, V6 >0, (28)

aws ’ € 2 €112
< U O+ o). vz (29

Set
[o° ()]l < O, [V () [Ie, < C (30)
and
o |I°

t <C. =« 1
%) <c @1

Proof. From (14) we obtain

awa 5 £\2 _ 15 5
S[ 5 wda—l—s/s(ajtfy)(w)da—slﬁyg(v Jwdo.

Therefore
1d

5 gl lse + (a+ Nl f5e < Allg(w ) s [lwflse <
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V€ 25 5
<’7<Hg( )HS _|_§||wa

20

Integrating with respect to ¢ and using Gronwall’s inequality, we get

g) V6 > 0.

£ £ fy 3
o (@13 < (e @13 + Fig(r) 3 ) %, v >0, 6> 0. (32)

In a similar manner we can obtain

Let us now prove (30). Multiplying (12) by v°, using (13)-(15) and integrating over °,
we have

owe ||?
ot

< C ([l ()% + lg(*)II2,,), ¥t >0. (33)

/ 5 adx—l—D/VvaVvde—l—e/w ) —w® Eda—/hvadx

Therefore
2dtHU€HQE + D||V® |3 +6’y/g Joido = e’y/wgveda—i-/hvgdx <
Se Qe
< evflwflselv®llse + Cllof[las <
€ 15 D e112
< eyllwlse [[o"]lse + S [IVoTllae + C.
Hence

1d
5 073 + \WMh+m/g Jotdo < vl s[5 + C.

Using Young’s inequality and (28), we get

1d

M+ VN + 2y [ 9o < Cuellu e + Colefl3 +C <

< Csellw(0)l[5- + Caellg(v)15- + Coello?l5- + C.

Using Lemma 2.4 and our hypotheses for g and w;, we easily get

1 d D £ £ £ € £
5ol + SIV R + &7 [ g(u)do < Colle?|fBe + Coe® | 7o 3 + K.
Se
Then 14 D
Mg + (5 = Coe)[[Volge < Csllv[[ + K.
2dt 2

Integrating with respect to time, we obtain

g D g
o=l + SNV llge, < €
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Hence
v (®)llg < C (34)

and

Vo= ()., < C. (35)
In a similar manner, we can get

o |I?

< .
| T (t) LS C. (36)

The remaining step in the proof of Theorem 2.5 will be divided into three new steps.

First step. Let v° € Wy(£27) be the solution of the variational problem (17) and let P¢v®
be the extension of v° inside the holes given by Lemma 2.2. Using our a priori estimates
(30)-(31), we easily can see that there exists a constant C' depending on 7" and the data, but
independent of € such that

[P=o=(®)llg + [IVP 0"l + [[0:(P707) () lg < € (37)

for all ¢ < T. Consequently, by passing to a subsequence, still denoted by Pv®, we can
assume that there exists v € V such that the following convergence properties hold:

Pfv® — v weakly in V, (38)
Oy(P°v°) = 0w weakly in H, (39)
P*v® — v strongly in H. (40)

It remains to identify the limit equation satisfied by v.

Second step. In order to get the limit equation satisfied by v we have to pass to the
limit in (17). For getting the limit of the second term in the left hand side of (17), let us
introduce, for any h € L¥ (0T), 1 < s’ < 0o, the linear form x5 on Wy*(Q) defined by

x S
(1h, ) = 6/h(;)90d0 Y € Wy (),
SS

with 1/s +1/s" = 1. It is proved in [2] that
Wi = un  strongly in (We*(@)Y, (41)

where
(fn, ) = uh/sod:v,
Q

with )
= [ Bly)do.
|Y | OF

In the particular case in which h € L>(0F) or even h is constant, we have

us — w,  strongly in W5°(Q).
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In what follows, we shall denote by p® the above introduced measure in the particular case

OF
in which h = 1. Notice that in this case u;, becomes p; = ‘\Y\|
Moreover, if z¢ € H}(Q) is such that 2° — 2z weakly in H}(2), then
(t5 20} = pn [ =da. (42)
)

Let us prove now that for any ¢ € C5°(€2) and for any 2° — z weakly in Hj (), we get

pg(2) — pg(z)  weakly in Wy (), (43)
where
_ 2n
O N

To prove (43), let us first note that
sup [|Vg(2%) |z < 00 (44)

Indeed, from the growth condition (16) imposed to g, we get

/

Q

q
dr <

£

dg , .
axi(z )

)

qugc/(1+|za|qq) 0z
Q

< O+ ([ 1257 da) ) ([ 1927 dr) 2,
Q Q

where we took v and 0 such that g6 =2, 1/y+1/6 = 1 and qgy = 2n/(n — 2). Notice that,
since 0 < ¢ < n/(n —2), we have g > 1. Now, since

sup [+ 2 ) < 00,

we get immediately (44). Hence, to get (43), it remains only to prove that
g(z°) — g(z)  strongly in LY(Q). (45)

But this is just a consequence of the following well-known result (see [8]):

Theorem 3.2. Let G : {2 X R — R be a Carathéodory function, i.e.

a) for every z the function G(-,z) is measurable with respect to x € €.

b) for every (a.e.) x € Q, the function G(z,-) is continuous with respect to z.
Moreover, if we assume that there exists a positive constant C' such that

G, 2)| < C(1+1]21""),

with r > 1 and t < oo, then the map z € L"(Q) — G(z,z(x)) € LY(Q) is continuous in the
strong topologies.

Indeed, since
9(2)] < C(1+ 2",
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applying the above theorem for G(x,z) = g(z), t =g and r = (2n/(n —2)) — ', with ' > 0
such that ¢ + 1 < r/t and using the compact injection H'(Q) — L"(Q) we easily get (47).
Finally, from (41) (with A = 1) and (43) written for 2° = P°v°(t), we conclude

OF
(1s, g (Pvs( ||y|‘ /909 ))dx Vo e D. (46)

We are now in a position to use Lebesgue’s convergence theorem. To this end, we use the
above pointwise convergence, the a priori estimates (30) and the growth condition (16). As
a result, we get

|OF]
Y]

which is the desired result. This ends the second step of the proof.

lim £(g(v%), ¢)ser = T 7(9(0), P)a,T, (47)

Third step. Let & be the gradient of v® in Q° and let us denote by ? its extension
with zero to the whole of Q. Obviously, £ is bounded in (H(€2))™ and hence there exists
€€ (H(2))™ such that

€ —~ ¢  weakly in (H(Q))™ (48)

Let us see which is the equation satisfied by £. Take ¢ € D. From (17) we get

d _
- <XQ€PEUE, df) + D& Vo)ar +e(f 0)ser = (X b Plar. (49)
QT

Now, we can pass to the limit, with € — 0, in all the terms of (49). We have:

D *‘ de |) *’ D *|
— — +D V + F D().
% v or (&, Voo, v (Fo, p)a,r = V] (h,p)ar Y € D)

Hence ¢ verifies

v v
Y| ot

: Y| Y]
— Ddiv¢ + =
Y] Y]

h, t>0,z¢€. (50)

It remains now to identify £. Following a standard procedure and using (23)-(24) (see, for
instance, [5] and [7]), we get

e o ylew L v
0 — Ddive = 1% -y
Dt X aug, g 9, P e T T

7,7=1

which means that v satisfies

ov 92v
—-D 2 Q.
ot Z Giig o 0, -+ Fy(t,x)=h, t>0,z¢€

i,7=1

Since v € Wy(R2) (i.e. v = 0 on 09Q) and v is uniquely determined, the whole sequence
P#v® converges to v and Theorem 2.5 is proved.
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In a similar manner we can treat the case in which the surface F is physically and che-
mically heterogeneous and more precisely, the case in which the reaction and the adsorption
coefficients a and ~, respectively, are rapidly oscillating functions, i.e.

with a and v positive functions in W1>°(€Q) which are Y-periodic (for linear adsorption rates,
x

see [7]). If we denote by y = —, we have:
€

Theorem 3.3. The effective behavior of v and w is governed by the following system:

o 50
at(tm)—i—Gotx DE:qZ]a 0T,

i,7=1
v(t,z) =0 t>0,z €0,
v(t,x) =v(z) t=0,2€Q,

=h(t,x), t>0,z€Q,
(51)

and

{ %t (t2,9) + (a(y) +r@)wlt 2, y) =1W)g(v(t,2)), t>0,2€QyedF
w(t,z,y) =wi(x) t=0,z€, yedF,

where

Golt, z) = Dil [ folt,x.y)do (53)
oOF

and
Jo=7)(g(v(t,z)) —w(t, z,y)). (54)

Here, Q) = ((gi;)) ts the homogenized matriz, whose entries were defined by (23)-(24). =
Obviously, the solution of (52) can be found using the method of ”variation of constants*.
Hence, we get

t
w(t,z,y) = wy (z)e” @O L ,Y(y)/6—(a(y)+v(y))(t—s)g(v(5735))6557
0

or, using the convolution notation

w(t,z,y) = wi(x)e” WLy (y)r(-y) * g(u(,2))(t),

with
r(r,y) = e~ @@+

Moreover, let us notice that (51)-(54) imply that v(¢, ) satisfies the following equation

ov 0%
815( Dqua o, (t,x) + Fo(t,x) = h(t,x), t>0, z€Q, (55)

4,7=1
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with
— 1

Folt,x) = == [ {1@)lg(v(t,z) — wn(2)e WO —q(y)r(, y) * g(o(-, 2)) (1))} do-
V7|
oF

(56)
Proof. We shall not go into the details of the proof of this theorem, since it follows exactly
the same steps in the proof of Theorem 2.5. The only difference we have to tackle is the
way we treat the coefficients a® and ~°. To get rid of the difficulties coming from the fact
that they are rapidly oscillating let us notice that in fact they are both uniformly bounded
in L>°(£2) and converge strongly therein. «

Remark 3.4. The above adsorption model can be slightly generalized by allowing surface
diffusion on S¢. This implies that the first equation in (14) has to be replaced by

ow*

By (t,x) — 2 EA W (t,7) + o (z)w(t,z) = f(t,z) x € S°, t>0,

where & > 0 is the diffusion constant on the surface S and AF is the Laplace-Beltrami
operator on S°.

In this case, the homogenized limit is almost the same as before, the only difference being
that now, instead of (52), we get the following local partial differential equation:

ow

E(txv y) - EAng(taxa y) + (a(y) + ’Y(y))ll)(t, x,y) =

= (y)g(v(t, ), t >0,z €9, y € IF, (57)

where A% denotes the Laplace-Beltrami operator on OF and the subscript y indicates the
fact that the derivatives are taken with respect to the local variable y.
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