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Main goal:

The mathematical analysis clarifying the modelling of the problem

•Global formulation?
•Solvability?
•Numerical analysis?

Global formulation and suitable notion of (weak) solution

(Hilbert, Paris, 1900)



2. Modelling
3. On the mathematical analysis of the model: the 

stationary problem
4. The parabolic problem
5. Numerical results

Joint work with 

EARTH SCIENCES AND MATHEMATICS

Madrid, September, 13, 14 and 15, 2006

Starting paper:



River formation:  turbulent flow

Non cohesive sediments

Sediment transport

Bedload transport

Overland flow over an erodible 
substrate

2. Modelling

s=hill slope elevation
h=water depth
a=bedload layer thickness



Model equations
Conservation of mass and momentum

Conservation of mobile sediments

Exner equation (land surface evolution)

Geometric relation between depths

Hydraulic Flow

Sediment transport

Dimensional model equations

Constitutive laws

Non-dimensionalisation

Parameters definition and estimation Dimensionless equations

Asymptotic limit Reduced model



Model equations
Conservation of mass and momentum

Conservation of mobile sediments

Exner equation

Geometric relation between depths



Constitutive Laws

Transport rate Abrasion rate

Bedload velocity

Effective stressShields stressTurbulent shear stress

Meyer-Peter and Muller Law (1948)
Critical stress



Non dimensionalisation

Parameters



Parameter estimates

Dimensionless equations



Reduced model



Downstream flow
direction

Stream slope Water flux

Bedload thickness



Linearisation of the geometry (only)

Approximate model







Nonlinear evolution equation



Integral constraint

In the special case of S’>0 we introduce the following change of variables



-Degenerate nonlinear diffusion equation suggestive of compact support 
solutions

- Source term suggestive of blow up

- The flux is discontinuous at the free boundaries 

Merely, the authors made mention to the book

(velocity of the free boundary, Darcy law, ??????)

(??????)

(no detail about its role 
in a global formulation)



3. On the mathematical analysis of the model: the stationary problem.

We consider the above problem  assuming an initial thickness perturbation u0(x)
satisfying some natural physically based hypothesis.

We replace 3/2 by a general exponent m>1.

For the sake of simplicity of the exposition we also assume symmetric the initial
data

We assume u0(x) be a bounded and non negative function with a compact and 
connected support such that
Problem: Find a continuous curve and a function

such that



Strong local formulation

No classical solution of the nonlinear partial differential equation

Degenerate parabolic equation

Two unknowns: u(x,t) and the free boundary

Global weak formulation

Usual weak formulation: extend u(x,t) by zero outside

and use the distributions sense: i.e.

and for any test function



In general, well established theory for weak solutions:



Main difficulty:

the flux, near the free boundary can not be continuous

If the above global formulation is correct (case of zero flux near the free 
boundary) then there is blow-up in finite time: contradiction with 

Oliver Heaviside (1850 –1925) 

Paul Adrien Maurice Dirac (1902 – 1984) 

Going forwards to a global formulation:

http://upload.wikimedia.org/wikipedia/commons/e/e7/Dirac_distribution_CDF.png
http://upload.wikimedia.org/wikipedia/commons/e/e7/Dirac_distribution_CDF.png


The stationary case: 

Our first commentary is that the formulation does not correspond to a standar 
constrained problem of the Calculus of Variation. Indeed, if it let an standard 
constrained problem the solution would coincide with the solution of the constrained 
minimization problem:

which is not our equation !!!



Discontinuity of the flux near the free boundary:

space of Radon measures Johann Karl August Radon (1887–1956) 

Marie Ennemond Camille Jordan (1838 –1922) 





Remark. Problems of this type arise in fluid mechanics (the Bernoulli problem), 
combustion and plasma physics.



4. The parabolic problem. 

Next, we shall show that in order to generalize the global formulation, obtained 
in the stationary case, to the parabolic case, it is not enough to consider the 
presence of the Dirac delta. In the parabolic case, the Dirac delta does not 
prevent the blow-up phenomenon. 



We  improved  Section 1.1, Chapter IV of  



Now, as in the stationary case we have that the mass constraint

is equivalent to the “zero total measure condition” (ZTMC) 



ZTMC



Idea of the proof.







5. Numerical Results

We first consider a time marching scheme in the coordinate t, of step dt. At each 
level in the time discretization, we shall employ a semi-implicit scheme in order 
to deal with the nonlinearities. An iterative (splitting) numerical scheme is 
implemented in order to impose the mass conservation constraint. In order to 
discretize with respect to the coordinate x, at each time level l dt, we will employ 
piecewise linear finite elements

in a uniform grid of step k













6. Summary and conclusions.



Some open problems:

•Uniqueness and continuous dependence in the parabolic case

•Dynamics of the free boundary 

The mathematical analysis clarifying the modelling of the problem

Thanks for your attention
Think globally and act locally
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