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We consider two different questions related to some problems arising in the 
Calculus of Variations and Analytical Dynamics in which the Lagrangian 
function                          

as stationary points of the functional

Introduction

is not regular in the usual sense 

but                  is strictly convex in the sense of Weierstrass. In the first 
part, by a variant of a result by E. L. Lindelöf (1861), we study the 
number of solutions (bifurcating diagrams) of



when it is assumed that

The result applies to some singular equations of the form 

for any m>1.

In a second part, we apply the rigorous derivation of the 
Hamiltonian systems associated to such type of Lagrangians 
made by P. Pucci and J. Serrin (1994) 

with g and a continuous nondecreasing functions such that 
g(0)=a(0)=0.

in order to study the existence of solutions with compact 
support to some Hamiltonian systems of the type

http://www.dipmat.unipg.it/%7Epucci/gif/pucci.jpg
http://www.dipmat.unipg.it/%7Epucci/gif/pucci.jpg


2. Bifurcation branches of variational solutions to some singular 
elliptic equations 

Consider the nonlinear boundary value problem depending on 
a parameter

A first example of functions g and H satisfyng the concrete 
assumptions we shall ask later leads to the singular equation

for any given  p>1. 

The main idea of our study starts with the analysis of the Euler-Lagrange 
equation for



on the set  

where f(u) is related to H(u) by the condition          

Our study is closed to some classical results of the Calculus of  Variations:  
catenoids, mínimal surfaces of revolution and brachystochrones. In those cases 
the functional J corresponds to 

Brachystochrone:



M. Giaquinta and S. Hildebrandt, Calculus of Variations I, Springer-Verlag, 
Berlin, 1996,

Catenoids and mínimal surfaces of revolution

H. Brezis and L. Boccardo (2001)



In the catenoid and mínimal surfaces of revolution a simple manipulation of the 
Euler-Lagrange equation leads to the singular equation

This equation also arises in the study "líquid bridges“ (experiences in 
spatial devices under microgravity for very sharp semiconductors). 

Our results are closed to the Jacobi theory conjugated points 

(C.G.J.Jacobi, Zur Theorie der Variations-Rechnung und der Theorie der 
Differential-Gleichungen. Crelle's J. Reine Angew. Math. 17, 1837, 68-82).



Carl Gustav Jacob Jacobi 
(1804-1851)

•It seems that the study of the number of catenoids (when one of the extreme 
points is arbitrary) is due to

E.L. Lindelof (Leçons de calcul des variations. Mallet-Bachhelier, Paris, 1861) 

Ernst Leonard Lindelöf 

(1870-1946)

http://www-groups.dcs.st-and.ac.uk/%7Ehistory/PictDisplay/Lindelof.html
http://www-groups.dcs.st-and.ac.uk/%7Ehistory/PictDisplay/Lindelof.html


• We shall avoid the Legendre strict assummption (which in our case would 
lead to the assumption g′′(s)>0 ∀s∈R). 

• Instead, we shall use the same approach than in 

J.I.D., Nonlinear Partial Differential Equations and Free Boundaries. 
Research Notes in Mathematics nº106, Pitman, London, 1985,

when studying the sufficient conditions forthe occurrence of free 
boundaries for some second order quasilinear equations of a different type 
to the above singular equations.

• We shall show that in some cases there are exactly two solutions

• Our results lead to some bifurcation diagramms very similar to others arising in 
the study of some semilinear equations. 

• Here, the bifurcating parametre  de bifurcación is the second coordinate of  P₂



Consider the problem

under the structure conditions

(3)

(4)



(5)







Comte-D. (2005, JEMS)











3. Solutions with compact support of some Hamiltonian systems









Thanks for your attention
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