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up € LY(Q2) and ¢ € L1(09)




Chiba (Japan, 1999). numerical experiences by Kobayashi, Giga,...

Finite extinction time, asymptotic profile, differences with p-Laplacian

Rewaork 1. Theorem 4 could be compared with what happens in the
study of the parabelic problem associaled with the p-Laplacian operator.
Consider the Dinichlet problem for the p-Laplacian:

%:muﬂﬂlﬂ"".ﬂu} W @=(0, w8

5 wf, x)=0 om 8w (0, co)x 803
wfl, x) = 1yl x) in xef
with 1 = p < oo, The conditions on a(f) to generate a supsrsolution are
wff)=0  and  wle)=all)  ae xell (3.5)
a'{f) =0, (3.6)

and, in fact, those conditions are alsa sulficient for tha total variation Dow.
Mevertheless, in the limit cse p= |, condition (3.6) can be substituted
by the oew one given i the above tesult (which is not the case of
problem £F).

o
n{:}-w.-@jnunl:x}dx WET,

Remark 4. Tt 5 well known {see [14, 15, 22]) that if p>» 2 then thers is
finite speed of propagation (e, if suppli,) = B0, rj=c i), then the
solution of problem ({P}) satisfies that supp(u(t)] is a compact set for any
i =0), but,if 1 < p< 2 and w, 20, 4, #£0, then uit) >0 or a{t)=01in 2 for
all £=0 713, 22]. Observe that (£y) can be considered as the limit case
p=1 of problem (Pf) and the above result shows that there i8 no propa-
gation of the support of the initial datum (ot equivalenily, there is an tnf-
nile waiting time). Finite time extinction of the sohutions of (P) when
A%<, N2 was proved in [8], and, for | < p< 75, in [21] faee
s [#, 23]). The same approach also proves the finite time extinction of
solutions of (£, ) (see inequality (3.29) in the proof of Lemma 3). )

Associated eigenvalue problem: first time in the literature, discontinuous

solutions, tower solutions,...

TeeoreM 3. Let aip e LO(Q) and ler uit, x) be the unigue solution of
proffem (Fp). Let d(82) be the smallest radius of @ ball containing 2, If
Tuy) = mf{s = 0z 1) = 0}, then

d(f2
(1) 2 “"J ,l!"""‘ . )
Let
ult, x) ;
wie, x) s { Ty} —1 if D=t T,
0 It T¥().

Then, there exiss an iereasing sequence £, - T (u,) and g solution v* % 0 of
the stationary problem

) 11
o[l
p=1 aw G023

such that

lim wit,)=1*  in L)

=

Sor afl 15 p= o, Moreover o is @ minimizer of @)=, v} in BV ()~
LHG).

Intelectual satisfactions, ...




1. Introduction.

This talk concerns some works (in collaboration with J.M.Rakotoson) which

started, many years ago, with an originally unpublished manuscript by H. Brezis
(personal communication of him to the author),
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Very weak solution

—

4
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—/t.ﬂﬂ@dﬁsz@di?, Y e V1(Q2),
— ) o

GD(Q) Q B
with Vi(Q) = {kr, e C2(Q), ¢ = 0 on @g}
0| < | flry@. dist (r.o0)-
. {‘.‘I&v«ﬂ - 5
_j?m i Wb (L) :

H. Brezis, T. Cazenave, Y. I;u'Iartel, A. Ramiandrisoa, Blow up for u;—Au = g(u)
revisited. Advance in Diff. Eq. 1, (1996) 73-90,

L. Veron Singularities of solutions of second order quasilinear equations, Longman,
Edinburgh Gate, Harlow,(1995) p 176-180.

X. Cabré; Y. I\.:Iariv;el, Weak eigenfﬁﬁ{:tinna for the linearization of extremal elliptic
problems , J. Funct. Anal. 156, (1998), 30-56.

P. Quittner, P. Snulglet,. 5uperf-é.ﬁea-r P&.Tﬁhﬂf?:C.P;‘GHEmS, Birkhéuser Basel (2007).
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On the differentiability of very weak solutions with
right-hand side data integrable with respect to
the distance to the boundary

1.1 Diaz **, J.M. Rakotoson ®

More recently

(u, Lp)o — (Vu, 0)o + (9(,u, Vu), ), = ulp), Ve € CHQ).

J.I. Diaz, J.M. Rakotoson On very weak solutions of semilinear elliptic equations
with right hand side data integrable with respect to the distance to the boundary, To

appear.



2. On the differentiability for the linear case.

Lu = Z Oi(a;j(x)0ju) + Z b (a)Ozu + colx)u

2, 7=1

a;; € CVYQ), v e CVY(Q), co € L>(Q2), ¢op = 0,

Za-gj(fﬁ)&fj P> @‘5‘2 for some a > 0, VE = (gh o ;gN) c RN

'i,j



N
Then there erists a unique function v € LN->(Q) satisfying

(DGL(2)) : /-L*L*tp dr = / fodr, Yo € W2(Q, |- |n1) N H ().
Q 0

Theorem 1. Let f € LY(€2,8) and N' =

Moreover, there exists a constant c¢(§2, L) > 0 such that

"E?‘wa.x Q C(Q, L)‘f‘Ll[Qﬁ].

L. 6%) = {f : 0 — IR Lebesgue measurable / |f(x)]6(x)* dx is finite },
0

0<a<l, LNQ6Y =LY0), LY, = LYQ).

We used Lorentz’s spaces:
George G. Lorentz (St. Petersburg, Russia 1910, Austin, Texas 2006).

R. Hunt, On L(p,q) spaces, L'enseignement Math. 12, 1966 249-276




el dt
LP(Q)) = { : 2 — IR measurable |v|},, = /D [t§|tﬁ|**(f)]q? < +r::><_}

- the decreasing rearrangement of a measurable function u is given
by
wy : $2, =0, |Q|[—> R, wu.(s)=inf{te IR :|u>tl<s}

u,(0) = esssup u, u, (|€2]) = essinf u;
Q L |
- the decreasing radial rearrangement of the function wu is defined, on
the ball €2 having the same measure as €2, by

—

u:Q— IR, u(r)=ulay|z|V).

o~

1
ol =5 [ eh(5)ds  for 0, =

LP=(Q) = { : () — IR measurable |v|pp~ = sup I‘P|z i () < —b—rx}
t<||



WD | - |pg) = {v € WH(Q) 1 [Vo] € L ’Q(Q)}

W2, |- |pg) = {0 € WH(Q) : 90 € IP(Q) for (i,5) € {1, --*}2}

The above result contains the result given in

P, Quittner, P. Scnuﬁlet,‘ SHpETE-é.ﬁm-r Parabolic .P?:{?E}Et*mﬁ, Birkhauser Basel (2007).
since LP(€,8) S LY(9, 67)

We also improve the result of Cabré and Martel

f is only in LY(€2,0) then the function v is in LT (€2)



Lemma 2.
Assume L is the self adjoint uniformly elliptic operator L = —Z di(a; ;(-)0;).
1]
Then there exists a function w1 € W2P(Q) N H () and Ny > 0, ¥p €]1, +o0|
satisfying
L1 = Ay in €,
Y1 = 0.

Moreover, there are two constants ¢; > 0, ¢9 > 0 such that

c10(z) < p1(7) < eod(x) Vo e Q.

Theorem 2. Under the same assumptions as for Lemma 2, the unique gen-

eralized function v given in Theorem 1 belongs to WH(,8) for 1 < q <
2N




Theorem 3. Let v be the unique solution of (DGL(Q)) given in theorem 1.
If f € LYQ,0%) for some o € [0,1] then

Vo| € L7(Q)).
Moreover, there exists ¢(2, L) >0
‘vtr‘L N Q C(Q, L)‘f‘Ll(Qﬁa)

Theorem 4. Let v be the unique solution of the generalized Dirichlet problem
(DGL(Q)), f > 0. Then v € 1-’1"?&’9‘((2) for some q > 1 if and only if there
exists a € [0, 1] such that f € L}, §%).




Next, we want to analyze some specific case, namely when we ”symmetrize”
the equation.

Remark 2. In general, when we consider the ball $) having the same measure
Q] than €2, then the distance to the boundary d(z) = d5(x) is given by

1 1

0g :NQN“ Q27 — |z],
x € (.

if f € LY(Q,085), f=0 then f € L'(Q)

SOME RESULTS ON A BALL : [ IS REPLACED BY ITS INCREASING
REARRANGEMENT f

The aim of this section is to show that there are functions v whose data
are in L'(€), d) for which we have only the regularity Wh1(Q),



LY, 6) = || LY.,

O<a<1

a natural question concerns the global differentiability of » on the entire ()

when f € LYQ,6\LY(Q, 617).

() 1s a ball

Proposition 1. Assume that L = —A. If f € L}, 6| Lnd|) then the func-
tion v solution of (DGL(R)) is in W, (Q).

Moreover, there exists a constant ¢ > 0:

Volp < el flor o )

LY (Q. 6| Lnd|) = { f €2 — IR Lebesgue measurable such that

/\f\(ﬂ:)é(m)\Lné(m)\dm{+%}'
(1

LY(2,6%) S LY, 6| Lnd|) S LY(2,8).  for a € [0,1]




We recall the following result which can be obtained by some direct
integrations

Lemma 5.
Let f € LY(Q,0), f =0 and let forn € IN, T,,(f) = min(f,n)=f,. Then the
sequence (U, )n=0 defined on € by

1 OI_.* o
Un(z) = —— f V|24 f Fo(t)dt| do.
:\ 2 Ck_-’\-'ﬁ e | x | N 0

15 the unique solution of

— AU, (2) = fo(x) = fru(an]z|Y), 2 €Q,

U, =0 on 02,
U, =« WhiQ)., Yq< 4+o00.

Another lemma that shall explain the difference between the results when
fe LY Q) and f € L' (€, ) is the following necessary and sufficient condition.

Lemma 6.
Under the same assumptions as in Lemma 5, we have f € LY(Q) if and only

if lim U, =U isin L}().

— 400
And in this case (i.e. f € LY(Q)), the function U is the unique solution of
—AU = f in (),
N
i?\'lr - l '

UeWyi(), 1<q<



Theorem 5.
Let h € L'(,68), h = 0. Then, the unique solution w € L*(Q) of

—Aw(z) = h(z) = h,(a, — aJz|N), in Q,
w(x) =0, xr € 05),

in the very weak sense given above belongs to U (Q)
Moreover we have
: (0)a] <
Lo)o| .
a Ity N PRI &

N T N

1
Velpne) < T lhlo)olie) < |hle@e)-

| tf]:N-'

‘w‘Ll(g) Q (€2.0)s

For this, we shall prove the following more general theorem which shows

merely that for radial solution w, one has the W -regularity.



Theorem 6. Let fy be a given non negative measurable function on the in-
terval ), with o fy(o) € LI(Q*).

Then, f € LY(Q,dq), with f(z) = folay — ayx|z[V), and the unique general-
ized function w € LI(Q) of —Aw = folan — ay|z|Y) belongs to T-f”[__fol-l(Q).

Moreover we have

1 1
L1(Q) < 14+L A7 f0(0)0|L1(ﬂ*} < 1 |f|L1[Q,5)r
q.\r N J_',\'I C};;Nr N

o

1

oL
Na,»

\VW|L1(9) < | folo)o|ria.) < |f|L1{Q,5)~

As a complement for the Theorem 4, we can make precise the necessary
and sufficient condition for radial solution as in the above theorem. This will
allow us to construct easily some examples for the applications.



Lemma 7. Let ¢ € [1, N'[. Then the function w given in Theorem 6 is in
T-»-T-"'Tﬂl‘q(ﬂ) if and only if we have

f o folo ( f folt) dt) " o = fﬂ o ( f w fg(t)dt)qda is finite.

We shall end this section by few examples of applications of the above
results

Corollary 7.1.
Let Q be the unit ball of RN and q € [1

-
7

: \; ] { for v € [1,2], we consider

1
0= T
Then
fe LI(Q_,cS) and f & LI(Q).
Moreover
e if v & |1+ i? 2| then

q

. . - 7 —_— - - -"1.,
the function w given in Theorem 5 is not in W, 9(Q);

1
e if v (1,1 + —| then
i 9L
N - _-T]. ‘q N ~ - 1 _.'_I?\'IT
the function w € Wy with g € |1, min N :
a-\llr - _.'_' f —




Corollary 7.2.

4o,
Let g(o) = % =, with v > 1 we set f(o) = —g'(0), 0 €]0,q4. Then

o ‘ Ln ﬁ
(1) g € LY(]0,0]) and g ¢ L9(]0,cr)]) for all ¢ > 1.
(2) Setting h(z) = f(an —an|z[Y), = € Q, h € L, 8| Lnd|), but h is
not in L€, 0%), for any a € [0, 1].
(3) The generalized function w € LY(Q) solution of —Aw = h belongs to
Wy (Q) but not to WyU(Q) for g > 1.




3. Proof of Theorem 1

N

i'?\"r - ]_ ‘
Then there exists a unique function v € LN (Q) satisfying

(DGL(2)) - L'I'?L*{r‘"’dm N []f? dz, Yo e WAQ,|-|x1) N Hy(Q).

Theorem 1. Let f € LY(€2,8) and N' =

Moreover, there exists a constant c¢(€), L) > 0 such that

"E?‘L_whx ﬁ C(Q?L)‘f‘Ll[Qﬁ].

Proof

For k > 1, we define the usual truncation
o of o] <k,
Tk(ﬂ){ f ol < "oelR

ksign(o) otherwise,

We set fr = Ti(f) € LY, 0) N L) and f, — f in L}(Q,0). By standard

result there exists a unique function

o € WHP(Q) N Hy(Q), ¥p € [1, +ocf: Lug = fi.



Next we want to show tha.t v is a Cauchy sequence in LV (Q). Forn >
1. k>1, weset v"™ =v,—vy, f* = f,— fr. Then Lo™ = " which implies
that ¥ o€ HH(Q) N HU(Q)

/-t;”k[,*cp d:r:/f”kcpd:r. (2)
£ Q

For any E measurable in €2, there exists a function pg € W>(Q) N H(Q)
such that

L'¢r = yosign(v™). 3)
From Sobolev embedding associated to Lorentz spaces
Vsl < o(Q) | Max [0;0p]v + 95|

J.M. Rakotoson, Réarrangement relatif: un instrument d’estimation dans les
problemes aux limites, Springer-Verlag, Berlin, 2008.

We extend the Agmon-Douglis-Nirenberg theorem to Lorentz spaces and get

1
Vep|w < clxplpyv: < c|E|V.



Since Var € (2, we have

@E(f)) < el Ve,
we get )
Ol 1 \
ﬁi))' S clEN, Ve e

/ "Un — Uk
E

/ 0, — o] dr < | E| / fu — fel (@)3() da
E ()

for all £ measurable set in €).

d:.t::/fﬂ'kpgdx.
0

Using the Hardy-Littlewood inequality

1
Sup [1‘.1 N |'1.’?1 — '1'?k|**(t)j| < f’|fﬂ — fﬁc|L1(ﬂ.5l'
<[]



. LV . A
Knowine that LY > is the dual and associate space of LY! we pass to the
o
limit in relation that

/'t*;cL*’{s'l’ dr — f fkﬁ'; d:?:‘._, ‘x;,«’h-} e [_,.{__..TQ(Q? | . |N.1) W Htl, (Q)
Q Y

as k — +4o0o to derive the result.



4. Some results for the semilinear case

Next, we shall need the following definitions :

Ce(Q) = {-1: : () — IR, continuous with compact support in 0}

is a Frechet space and we shall denote by

e M () its dual space. That is the set of all measure p continuous on the Frechet space

C.(9).

¢ When we endow C.(2) with the norm

U] = Max |u(x)|, u e C.(Q),

rell

e then we shall denote by M*(Q2) the dual of (CC_(Q), |- |.x)

e For ;1 € M'(92), we denote its norm by

e =sup { < o>, ol <1, p € CQ)}.



e We shall introduce the following weighted Radon measure : for a € [0, 1],
MO, 5%) = { e M(Q) : 5% Ml(._rz.)}.
e We can define a norm on it by setting

lellese = 10%ple, € MY(Q,6%).

Property 1.

1. LY(,0%) . MY, 67).
2. Ve MY$2,5%), there exists a sequence of (fn)n C Co(Q) such that f, remains in a
bounded set of L*(Q2,0%) and f, — pu weakly in M(SY). More precisely

| Falpr@se) < [l1l]ese.



For convenience and clarity, we shall begin by the following linear equations with un-
bounded potential.

Theorem 4.
LetV € L} (Q), withV < X< A\, \; being the first eigenvalue of L or V&€ L*($2,4). Then,

v . 2N
for any f € L}, ), there exists a function u € LY >=(Q) NWH(Q,4§), 1 < ¢ < SN 1

uLpdr — / Vupdr = / fodr Yo € WHQ,| - |v1) 0
0 0

satisfying Vu € LY, 0), and /
0
H.(Q).

Moreover there are constants ¢ = ¢(Q, L, V,q) > 0 such that

L Vulpias < o flryqs),

2. |U|L‘v’cumj cl floia,s) .

3. L |Vu|q5($)d:€ < C|f|§_1(ﬂ!5j (1 + |f|f:(ﬂ,éj)

-3

If f € LY (£2,6%) for some v € [0, 1] and V' € LN (Q,6%) then

we Wi (2l ) = {v e W (@) : Vo] € Lra=(0) ]

arnd

|?u|£wﬁm g C|f|j_.1(ﬂ__5a).



As a consequence of the above Theorem 4, we may replace f by e M(£,4).

2.2 The semilinear case.

In this section, we shall add a perturbation g(z,u, Vu) to the linear operator Lu — Vu.
We shall start with the case where f € L'(£2,6). We consider a non linear map:

H1l./ g: € x IR x RY — IR which is a Caratheodory function. that is

r — glx,s,£) is a measurable Vs € R, V& € RrY

(5,€) — g(x,s,£) is continuous for a.e. .
H2./ sg(x,s,£) 2 0VE < IRY, for a.e. z, and all s € IR.

H3./ sup lg(-,5.6)|6(+) is in L; () for all t = 0.
{£sRY, |s|<t}

Theorem 6.
Under the same assumptions as for Theorem 4, and assumptions H1./ to H3./, there erists

a function u € LN'>°(Q) N Wh(Q,4), 1 < ¢ < IN -1’ satisfying g(z, v, Vu) € L1(2,9),
Vu e LYQ,6). and Yo € W2, |- |v1) N HI(Q)

/-u.chd:c—/V—ug:*—l—/-pg(:l:,-u.,v-u.)d:l::/fgpd:l:.
0 Q Q 0

Y
4




Moreover there are constants ¢ = ¢(2, L, V., q) > 0 such that

L. 1(0,8)
2. |u'|f_‘*"'r oo () R “7: C|f|£1(r} §) s
| -4
3. [ IValts@)de < cl s (1 + 17 0n)
4. If f € LY(Q,6%) for some o € [0,1] and V € LN1(Q,6%) then
we W (1 |,y ) = {v e M) Vo] & 7 (@) |
and
|?'LL|LJ N 00 é C|f|£‘_1(ﬂ?§a).

We can announce an analogous Theorem replacing f by p € M'(€2,4) and replacing H3./

by

H3,./ :|g(x,s,8)| < alz)+B|€|6(z) foraex, Vs e R, VE€ RN, B> 0and ac L'(Q,9).



Remark 5. In many applications the term involves a “natural growth” gradient of the form
g(z,u, Vu) = h(u)| V2 (27)

Although assumption H3,,./ fails for this special case we can adapt the conclusion of Theo-
rem 7 to this choice of g. In particular, we can show that

hiu) |Vul?
1+e(h(u)) 14 &|Vul*

ge(x,u, Vu) =

has a solution u. which will converge in some sense to a solution with the growth (27).

2.3, Large solutions of semi-linear equations with L'(§2,0) as data.

AT

- o m > 1,
lg(x,2,8)| = cr|[t]™ — 2 VT € IR,

—Au—+ glx,u,. Vu) = f(z) in (Q,
(LSP){ g( _ ) = f()
u(x) > +00.
r— O}
J.l. Diaz, O. A. Oleinik, Nonlinear elliptic boundary-value problem in
unbounded domains and the asymptotic behaviour of its solutions, C.R.A.S.

315, Série |, (1992), 787-792.



G. Diaz, R. Letelier, Explosive golutions of quasilinear elliptic equations: existence and uniqueness.

Nonlinear Anal., 20, (1993), no. 2, 97-125.

3. Rearrangement comparison results.

Let us assume that V' > 0 and that

g(z,s) = qlz)3(s) with § a continnous nondecreasing

real function with 4(0) = 0 and g € L,(Q), q(z) > 0 a.e. z € (.

o ~AU - V(j2))U +§(|z)3(U) = F(|z]) in Q,
SP(Q:§8,F) = R
U =10 on o).

F(x) = f(xr) =20 ae x e Q,

s~



Theorem 9. Assume that V' = 0 satisfies V. < A < Ay, Ay the first Dirichlet eigenvalue,
that g(x,u) satisfies (42) and assume (43) for some F € L'(Q). Then

/§(|I|).f3(3£(|$|))5ﬁ(1?) dx < /@"(|;1:|);3(g(|9;|))5ﬁ(3;)d...«; for any r < (0,R).  (44)

B.(0) By (0]

In particular, if q(z) =1 then

1800 < BT g, (45)

J.I. Diaz Nonlinear partial differential equations and free boundaries, Research Notes in Math., 106
Pitman, London (1985).

Thanks for your attention












Fuensanta ANDREU, F., V.CASELLES, V., J.I. DIAZ, J. M. MAZON
Some qualitative properties for the total variation flow.
J. Funct. Anal.188 (2002), 516-547.
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