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Beyond the unique continuation: 
“flat solutions" for reactive slow diffusions 

and the infinite well and Hardy potential for Schrödinger 
equation 
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Souvenirs

Bruxelles, September, 11-30, 1975, International  meeting  on nonlinear monotone operators, 
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In my home, Madrid, December 1981

First France-Spain Colloquium on Nonlinear Partial Differential Equations, 
Madrid, December 14 -18, 1981. 
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J. I. Díaz and L. Véron. Compacité du support des solutions d'équations quasilinéaires 
elliptiques ou paraboliques. C.R.Acad. Sc. París, t.297, Série I, 149-152, 1983
J. I. Díaz and  L. Véron. Local vanishing properties of solutions of elliptic and 
parabolic quasilinear equations. Trans. of Am. Math. Soc., Vol 290, Nº 2, 787-814, 
1985.

Nonlinear Evolution Equations,  Visegrad (Hungary)  
(organized by D.G.Aronson, R.Kersner, V.P.Maslov and  
O.A.Oleinik), May, 1988.

Many other meetings: Oxford (1982), 
Paris (1985), … 
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One month at Tours:  Professeur  de  première  classe,  Université   de   Tours,   
December, 1990.

Unpublished manuscript
Asymptotic behaviour for problems with a continuum of 
stationary solutions. 

Frédéric (13), Fabian (10) and Ophélie (8)
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The Second World Congress of Nonlinear Analysis, 
Athens, July, 10-17, 1996

Journées “Analyse non linéaire”, 60º anniversaire 
Philippe Bénilan, October 20-26, 2000: Les 
Moussières, Jura, France

Jim Serrin honorary doctorate from
the University François-Rabelais 
at Tours in 2005
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Initial Training Network FIRST (2009-2013)
Workshop on Quasilinear PDEs, Tours, June 04-06, 2012

Laurent and Hung
Many other pictures,...

……… for their 75 birthday

Conference in honor of Marie-Françoise and Laurent Véron
Haifa, March 1-5, 2010 

Unable to travel there by a transitory illness



Plan:
1. Introduction: a change of mentality concerning the Unique

Continuation Principle.
2. Stable flat solutions of slow diffusion with absorption and forcing

terms.
3. Flat solutions for the Schrödinger equation with a nonnegative very

singular potential.

My main subject today: 
"flat solutions" of linear and non-linear PDEs 

[u flat (on a part of the boundary) if u and its normal derivative vanish on 
this part of the boundary]
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0. Plan of the lecture
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1. Introduction: a change of  mentality concerning the Unique Continuation Principle.



The unique continuation principle (UCP) comes in several different forms:
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2 . Stable flat solutions of slow diffusion with absorption and forcing terms
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J. I. D., J. Hernández and Y. Ilyasov, Advances in Nonlinear Analysis (2020)

J. I. D., J. Hernández, and Y. Ilyasov, Chinese Ann. Math. (2017).

P. Drabek and P. Takáč, Convergence to travelling waves in 
Fisher's population genetics model with a non-Lipschitzian
reaction term. J. Math. Biol. 75 (2017), no. 4, 929–972

Th. Cazenave, M. Escobedo, M.A. Pozio, Some stability properties for minimal solutions of −Δu=λg(u), Port. 
Math. (N.S.) 59 (2002), no. 4, 373–391.

https://mathscinet.ams.org/mathscinet/search/author.html?mrauthid=141655
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3.  On the confinement  for Schroedinger equation

28H. Brezis and M. Marcus (1997), …, L.Orsina and A. C. Ponce (2018).
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Curiously, in this important survey the first work dealing with the infinite square well is not attributed to 
Gamow but to N.F. Mott 
[book of 1930 ]  [1977 Nobel Prize].

Teaching Mechanics, on 2012 (and papers Bégout-Díaz on the Nonlinear Schrödinger Eq.), 
I realized some ambiguities which were the starting point of an important part of my
research in the last 6 years.

Survey: 
Belloni-Robinett, The infinite well and Dirac delta function potentials as pedagogical, mathematical and 
physical models in quantum mechanics, Physics Reports (2014)

Mandatory as one of the first examples in any book
of Quantuum Mechanics.  
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J. I. Díaz, On the ambiguous treatment of the Schrödinger equation for the infinite potential well and an 
alternative via flat solutions: the one-dimensional case. Interfaces and Free Boundaries, 17 (2015). 

J. I. Díaz, On the ambiguous treatment of the Schrödinger equation for the infinite potential well and an 
alternative via singular potentials: the multi-dimensional case, SeMA-Journal (2017).
J.I. Díaz, Correction SeMA-Journal (2018).

J. I. Díaz, D. Gómez – Castro, J.M. Rakotoson and R. Temam,Discrete and Continuous Dynamical
Systems(2018).

J. I. Díaz, D. Gómez-Castro, and J.-M. Rakotoson. Differential Equations and Applications, (2018), .

J. I. Díaz, D. Gómez-Castro, and J. L. Vázquez (fractional Schrödinger eq.)  Nonlinear Analysis, (2018). 

J. I. Díaz, D. Gómez-Castro, and J. L. Vázquez (Infinite order on the boundary). In preparation 2020.
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Case N=1 and Hardy potentials (first method of  proof)
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Remark. Different view point (semilinear problem with a singular elliptic operator)
C. Bandle and M. A. Pozio, Sublinear elliptic problems with a Hardy potential.
Nonlinear Anal. 119 (2015), 149–166.
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Case N>1 and Hardy potentials (second method of proof)
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Thanks for
your attention
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