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STRANGE NON-LOCAL OPERATORS HOMOGENIZING THE
POISSON EQUATION WITH DYNAMICAL UNILATERAL
BOUNDARY CONDITIONS: ASYMMETRIC PARTICLES

OF CRITICAL SIZE

JESUS ILDEFONSO DIAZ, TATIANA A. SHAPOSHNIKOVA,
ALEXANDER V. PODOLSKIY

ABSTRACT. We study the homogenization of a nonlinear problem given by the
Poisson equation, in a domain with arbitrarily shaped perforations (or parti-
cles) and with a dynamic unilateral boundary condition (of Signorini type),
with a large coefficient, on the boundary of these perforations (or particles).
This problem arises in the study of chemical reactions of zero order. The con-
sideration of a possible asymmetry in the perforations (or particles) is funda-
mental for considering some applications in nanotechnology, where symmetry
conditions are too restrictive. It is important also to consider perforations (or
particles) constituted by small different parts and then with several connected
components. We are specially concerned with the so-called critical case in
which the relation between the coefficient in the boundary condition, the pe-
riod of the basic structure, and the size of the holes (or particles) leads to the
appearance of an unexpected new term in the effective homogenized equation.
Because of the dynamic nature of the boundary condition this “strange term”
becomes now a non-local in time and non-linear operator. We prove a conver-
gence theorem and find several properties of the “strange operator” showing
that there is a kind of regularization through the homogenization process.

1. INTRODUCTION

This article studies the asymptotic behavior, as ¢ — 0, of the solution u. to a
problem given by the Poisson equation in a domain 2. which we can understand
as either to be given as an initial bounded regular domain Q of R™, n > 3 which is
perforated by many periodical cavities of an arbitrary shape, or that €. is the part
of Q which is exterior to a periodical distribution of many particles G, of arbitrary
shape. On the boundary S. of these perforations, or of the particles G, we impose
a dynamic unilateral boundary condition (of Signorini type) and we obtain the
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formulation
—Agu, = f(l',t), (.%',t) € QZ?

ue >0, e V0. +du. >0, (x,t)€ ST,
u (€77 0ue + dyue) =0, (x,t) € ST, (1.1)
ue(w,t) =0, (x,t) €T,
ue(x,0) =0, x€S8..

Here, we assume to be given a time 7' > 0 and which leads to define the sets Q7 =
Q. x (0,T), ST =S. x(0,T), T = 9Q x (0,T). Function f(x,t) is a datum of the
problem and we are assuming an identically zero initial datum (u.(z,0) = 0 for = €
Se) just for simplicity in the formulation (see Remark below for a more general
case). Our main interest concerns the so-called “critical case”, corresponding to
the situation in which G, is the set of translations of a cell perforation (or particle)
a:Go where the homothety is of the order

ac = Coe", 7= nL Co > 0. (1.2)

—9’
(notice that the big parameter e~7 appears in the boundary condition in order
to get some relevant problems: for a general exposition see [13]). Although the
detailed presentation on the geometric aspects of the domains and notations will
be presented in the next Section, we point out that the consideration of a possible
asymmetry in the perforations (or particles) is fundamental in order to consider
some applications in nanotechnology (see, e.g., [28] 6]) were symmetry conditions
are too restrictive. For instance, in the case of a reactive flow through particu-
late filters of fixed bed at nanosccale it is inevitable to produce particles that have
symmetry defects and therefore the mathematical treatment must be justified as-
suming that the particles are asymmetric. As a matter of facts, it is also important
to consider perforations (or particles) constituted by small different parts and then
with several connected components. Several positive properties that only take place
at the nanometer scale correspond faithfully to the case of homogenization at the
critical scale (see, for instance, [13 Section 4.9.4]).

One of the many applications in which such formulation arises is in Chemical
Engineering. In that framework u. represents the concentration of some chemi-
cal substance which is distributed in a permanent flow of some Newtonian fluid.
This explains the use of a linear elliptic equation in the exterior of the granular
chemical particles: here the Poisson equation is a simplification of the stationary
Navier-Stokes equation (see, e.g. [8, 22] [26] and its references) and with a dynamic
chemical reaction on the boundary S. of the particles G¢ (since the concentration
on S, decreases with the time). An usual kinetics reaction is given by the so-called
reactions of order p € [0, +00)

Opte +e 7 (Orus + Ao(ue)) =0 on Sg,

with o(ue) = uP. Since u. represents a concentration then we can assume that
ue > 0. The case of reactions of order p € [1,+00) corresponds to the case in
which we assume o(u) Lipschitz continuous and increasing in u (in this setting
it is natural to assume that wu. is a bounded function). The case of reactions of
order p € (0,+1) leads to the more general assumption of o(u) Holder continuous
and the important case of the so-called zero-order reactions corresponds to the
discontinuous function o(u) = 1 if u > 0 and o(0) = 0. It is easy to see (see
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Remark that the solutions of the zero-order reactions satisfy, with a slight
modification, the unilateral formulation )

For the purely stationary problem the “critical case” is characterized by the
appearance of a new non-local term in the effective equation as ¢ — 0. We send the
reader to the monograph [I3] where many references on the pioneering papers are
given. In the literature, this term is usually called as “strange” (see [7]) because
nothing similar happens when the exponent v in is different. For the case of
“big particles” of arbitrary shape the effective diffusion operator depends crucially
of the shape of the particle and the “effectiveness” of the chemical reaction can be
optimized by a suitable choice of the shape of the particles (see, e.g., [16] and its
references).

We also point out that dynamic Signorini boundary conditions also appear while
studying different physical and chemical processes, see, e.g. [21, 2, [4 [5, [3]. The
homogenization of problems with unilateral (dynamical or stationary) boundary
conditions attracted the attention of many researchers: here, we refer to [I8] 29, 1]
9, 20, 15} 12, 27, 11} 10, B31].

Here we obtain the homogenized problem containing a non-local “strange” be-

cause the size a. is critical, and we prove the convergence of the original problem’s
solution to the solution of the elliptic homogenized one in which the time plays the
role of a parameter.
Theorem 1.1. Let n >3, a. = Coe”, v = 5. Assume f € H'(0,T;L*(Q)). Let
ue be the strong solution of the problem , and let P.u. be a suitable extension
of us to the whole domain 2. Then P.u. — uo weakly in L?(0,T; H(Q)) and
up € L?(0,T; HX(Q)) is characterized as the unique weak solution to the problem

—Agug + C§ *Hug] = f(z,t), z€Q, t€(0,T),

1.3
uw =0, x€dQ, te(0,T), (13)

where the “strange operator” Hug| is defined by the expression ({.1) below.

The detailed expression of the non-local in time (and non-linear) strange operator
HJ[] is rather technical as to be detailed here but we will devote a subsection to get a
series of properties which explains that there is a kind of regularization through the
homogenization process. Indeed, the non-linear operator H|-] is bounded, monotone
and Lipschitz continuous (see Theorem [4.1)), in contrast with the unilateral nature
of the original problem. In addition, it allows to get solutions ug changing sign
on 2 when the datum f(¢, ) is negative in some part of Q7 (something which is
impossible for the original solutions u. on the boundary ST of so many particles,
when € — 0): see Remark

The study of dynamical boundary conditions under the assumption of particles
of critical size was already initiated with the series of papers [14] [I5] 18| 20} [31].
What distinguishes this article from the previous ones is that here we address the
homogenization of the problem with the dynamic Signorini boundary condition
in the critical case for arbitrarily shaped particles or perforations. In the case of
symmetric particles the “strange operator” Hlug] is given in terms of the solution
of a quite simple unilateral problem (see Remark [5.1]and [18]). The main difficulty
of the asymmetric case, as it arises in many applications of nanotechnology, is that
the particles G, have arbitrary shape and then the corrections functions which are
used in the proof of the “method of oscillating test functions” must depend of the
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exact nonlinear term arising in the boundary condition. That was carried out in
the case of o(u) Holder continuous in the paper [I7] but, in contrast to the case
of the purely stationary problem, the extension to the case in which ¢ is a general
maximal monotone operator (as it is the case of the Signorini boundary conditions)
made in [I1] does not work when the particles are not symmetric and the boundary
conditions are dynamic. So, this paper covers such an important lack.

The organization of this paper is the following: Section 2 is devoted to present
the geometric aspects of the domains, some useful notations and the derivation of
suitable a priori estimates on the solutions implying the weak convergence in some
functional space. Two important auxiliary problems are introduced in Section 3:
they play a fundamental role for the definition of the “strange operator” H|-] which
is carried out in Section 4. Finally, the proof of Theorem [I.1] the comparison with
the results for symmetric particles and other remarks are presented in Section 5.

2. STATEMENT OF THE PROBLEM AND A PRIORI ESTIMATES OF SOLUTIONS

Let ©Q be a bounded domain in R™, n > 3, with Lipschitz boundary 0. In
the cube Y = (—1/2,1/2)", we consider a subdomain Gy, Gy C Y, which, for
simplicity, is star-shaped with respect to a ball Tg C G of radius p with the center
at the origin. Our treatment remains valid if Gy consists of a finite number of
disjoint connected components satisfying the same geometric property. Let 0B =
{x:67'x € B}, § > 0. For € > 0, we define

Q. = {z € Q:p(x,00) > 2}

Denote by Z™ the set of all vectors j = (j1,...,Jn) with integer coordinates j;,
1=1,...,n. We consider a set

Ge = Ujer. (a:Go + £j) = Ujer.GL,

where Y. = {j € Z”|G7§ CYJ =eY +¢5,Gin 6275 # ()}. Our assumption on the
size of the inclusions is

a. = Cpe”, with v = - T_l 5 and Cy > 0. (2.1)

It is easy to see that |Y.| = de~", with d a positive constant. Note that G C

Téas C Tg/4 C Y7, where T/ is a ball in R" of radius r with the center at P/ = ¢j

(the center of the cell Y7), C is a positive constant independent of . We introduce
sets

Q. =Q\G., S.=0G., 00.=S.U09,
QT =0, x(0,T), SI'=5.x(0,T), T'T=00x(0,T).
We define
K.={ve H(Q.,00):v>0ae 2€S.}

As usual, we denote by H!(Q.,99Q) the completion with respect to the norm in
H'(9.) of the set of infinitely differentiable functions in ., vanishing in a neigh-
borhood of 0€2. We also introduce the convex closed set

K. ={veL*0,T; H(2.,09)) : v(-,t) € K. for a.e. t € [0,T]}.
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Given f € HY(0,T;L?(Q)) we say that u. € K. is a strong solution to (1.1 if
Oyue € L*(0,T; L2(S.)), us(x,0) = 0 and we have

e 7 /OT/S 8tu€(¢—u5)dsdt+/0T/Q VuV(p — u.)dadt
z/OT/st(cb—ue)dxdt

for all ¢ € K.. Notice that (2.2)) is a variational formulation of the unilateral
problem with the Signorini dynamic boundary conditions.

(2.2)

Theorem 2.1. For any € > 0 problem (1.1) has a unique strong solution u..
Moreover u. satisfies the following estimates

el L2 0.0:m0 @2)) + €7 P lluelloqo.zzsyy < Kllflr2@ry, (2.3)
e 2 0uel L2 0,102 (5. )) + I Vuell ooz @y < K flaroriz @),

where K > 0 is a constant independent of € and f.

Proof. We use the penalty method (see, e.g., [24]). Given a parameter § > 0, the

penalized problem associated to the original problem (|L.1]) has the form

_Alug = f(.l?,t), (Z‘,t) € Qg7
e 10l + O,ul + 775 Hul)” =0, (x,t) € ST,

2.4
ul(z,t) =0, (z,t)eT7, 24
ul(x,0) =0, =z€S.,
where uT = sup(0,u(x,t)), u~ = v — uT. Note that function o(u) = u™ is a

monotone Lipschitz continuous function that satisfies
[um —v7 | <|u—w|, Yu,veR

We say that a function ¢ € C([0,T]; L?(S.)) is a strong solution to the problem
@4) if v € L*(0,T; HY(Qe,00)), ol € L*(0,T;L?(S.)), and it satisfies the

integral identity
_7/ / 3tu vdsdt —|—/ / Vu‘va dx dt

5 / / ~vds dt (2.5)

= / fudzdt,
QT

for arbitrary functions v € L2(0,T; H' (€, 052)), and the initial condition u?(z,0) =
0 holds for a.e. z € S..

By applying the results from [20], we conclude that for any 6 > 0 the problem
has a unique strong solution and the following estimates hold

12l 22 0,151 (0. 00) + €772 e[0T [ullz2(s.) < KN fllL2@r),

57V/2||(u5)7”LZ(O,T;LZ(SE)) < K\f”fHL?(QT)a (2.6)

e 20| L20,7512(5.)) + max IVulllz2(0.) < Kl flla o2 )
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From , we derive that there exists a subsequence such that
ul — u.  weakly in L2(0,T; H (Q., 09)),
Oyl — dyu.  weakly in L2(0,T; L*(S.)),
ul — u.  weakly in L*(0,T; L*(Q.)),
(W)™ =0 in L2(0,T; L*(S.)),
as 6 — 0. Then by the compactness result of [5, Theorem 2.1] we conclude that
u = u.  in C([0,T]; L*(S.)),

as 0 — 0. Next, we show that ue is a solution to the variational mequahty .
Indeed, we take v = ¢ — ud, where ¢ € K., as a test function in and obtain

/ / (’9tu —u dsdt+/ / Vu‘SV —u)dmdt
+5_7(5_1/ / (u®)~ (¢ —ul) dsdt
0 Js.

T
= / f(¢—ul)dzdt.
0 JQ.

Applying the inequality
. s
[Vuel|2gry < glg% Vgl zz(qr),

we obtain

T T
lim / / VulV(p —ud)dedt < / / Vu:V(¢ — ue) de dt.
§—0 Jq Q. 0 Q

Then, using
s
l[ue (2, T)||72(s.) < lim [ud(, T)||Z2(s.)

we obtain

e 7 %in})/ / 8tu fu Ydsdt < e~ 7/ / Orus (@ o) dsdt.
—

Taking into account that ¢ € IC., we conclude that

/()T/Ss(ug)( ¢ —ul)dsdt = // )" ¢dsdt — //| )" |2dsdt <0.

Combining the derived inequalities, we obtain that u. satisfies . Finally, the
estimates (2.6)) imply (2.3)). This concludes the proof. O

We recall that by [25], there exists a linear extension operator P. : H!(Q.,0) —
H}(9), such that
IV(Peu)llz2 () < Kl VullL2 @), [|Peullmy o) < Kllullr .,
where constant K > 0 is independent of e. Then, the estimate from Theorem [2]]
implies
| Pevel 220,753 (02)) < K-
Therefore, for some subsequence (still denoted with the subindex ), we have as

e—0
Pou. — ug  weakly in L?(0,T; H} (Q)), (2.7)
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for some ug € L?(0,T; H}(Q)).

3. ADAPTATION OF GLOBAL TEST FUNCTIONS

3.1. First auxiliary problem: a different unilateral problem in the macro-
scopic variables. Let ¢(z,t) = 1 (z)n(t), where ¢ € C=(Q), n € C*([0,T]). For
every j € T, we consider the auxiliary elliptic problem with the dynamic unilateral
boundary condition given by

Agwl y(2,8) =0, weT!,\GL te(07T),
wl, < ¢(PLt), xe€dGL te(0,T),
duwl y < eTOUS(PL ) —ul ), @ €dCL te(0,T),
(wl g = (P ) (0wl , — e 0(@(PL,t) —wl ) =0, (31)
r €90GL, t€(0,7),

z,t) =0, z€dl!,, te(0,T),
»(2,0) = ¢(PL,0), xe€dGL.

J
we

o
J
€

w

)

Notice that the above unilateral boundary condition has a different nature to the
one in the original problem (|1.1). To define the notion of solution, we introduce
the convex closed sets:

Kj.={ge H(T!,,\ GL,oT!

Y9 < #(P?,t) a.e. on OGL},

Kj-={g€ L0, T; H'(T?,,\ GL,0T! ,)) : g € K for ae. t € [0,T]}.
We say that a function wg’(b G K.« is a strong solution to the problem (3.1)), if

atwgy(b € L*(0,T; L*(0GY)), w! 4(x,0) = ¢(PZ,0) for a.e. x € IGL and if it satisfies
the variational inequality

T
/ / _Vw!l V(v —wl ) drdt
o Jri,\cl
> 5—7/ Oy (p(P,t) —wl ) (v —wl ,)dsdt,
0 JoGgi

for an arbitrary function v € KC;..
Notice that the inequality (3.2)) is equivalent to the two following relations: the
first one is

T .
/0 /Tj = V! V(v —¢j)drdt
e/4 €

T
> e / 0GP, ) — wl ) (v — (P, 1)) dsdt,
o Jogi
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WhereUEKj,ev¢j,a(x t)—(JS( j )wje( ) d’]a EC’0 ( 5/4) sz( )El $€Té~a£,

C>1,4.=0z€T!,\ TQJCG , V.| < £ The second relation is

// Vol V(w! , — ¢;.)drdt
TJ/4\GJ

—c w/o . D(S(PL 1) —w! )(w! , — $(PI, 1)) dsdt.
Indeed, to show this equivalency, we start by pointing out that by subtracting from

(3.3) the equality (3.4, we obtain (3.2]). Thus, to get the reverse implication, we
3.2

set v = ¢;. € K. in (3.2) and obtain

/ / V! V(gje —w! ) drdt
TJ/4\GJ ’

2o [T O 9P s
0 oGL ’ ’

(3.4)

(3.5)

Then, if we take v = Zwid) — ¢j.e, since on IGI, we have v = 2wg,¢ —¢(PI,t) <
20(PI,t) — ¢(PI,t) = ¢(PI,t), then v € K; - is an admissible test function. Setting
v as a test function in (3.2)), we obtain

T . .
/ / _Vuwl V(w!l ,— dje)dvdt >
o J1I, \GE ’ ’
e/4 €
T ) )
2o [ aelpi -l
o Joci

From and , we derive equality . Then, taking in v = h+wg7¢ —
®j.e, where h € K; ., we obtain . Thus, we have proved the equivalence of the
two formulations.

Using the penalty method we will prove the following result.

Theorem 3.1. Let ¢(x,t) = ¥(z)n(t), where ¢p € C®(Q) and n € CL([0,T)).
Then, the problem (3.1)) has a unique solution that satisfies the estimates

(3.6)
¢>)(w§,¢ — ¢(P?,t))ds dLt.

- J 2 n 2
||V L2(0 T: LQ(T] 4\GJ)) + € K I[{)lan Hw€,¢||L2(BG§) S KE H¢||L2(0,T;C(ﬁ)) 9
Kent2 (37)
H 6 L2(0,T; L2(TJ \G])) — H(b”L?(O T;C( Q))a
and the estimate
€ ’YHatws ¢)||L2 OT LQ(QGJ)) < K€n||¢||L2 OTC(Q)) (38)

Proof. We consider the penalty problem associated with the auxiliary problem
Aw]‘s 0, ze€ Tg/4 \GI, te(0,T),
s‘vﬁtw + dw? ¢ — e 0:¢(PI 1)
ot ‘”(a‘»(PJ t)—wlf)” =0, xe€dGi, te(0,T), (3.9)
wl(w,t) =0, xedl?,, te(0,T),
wl(@,0) = ¢(PL,0), € IGL.
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We say that a function wii € L*(0,T; HY( E/4\G] 8T§/4))OC’([ T); LQ(QGg)) is a

strong solution of the penalized problem if 8tw§f; € L?(0,T; L*(0GY)
#(P?,0) on G, and it satisfies the integral identity

T .
/ / ij’ sVodrdt+e77 / 3twg";v dsdt
17 4\GJ o Jog? ’

75775*1/ / ($(PLt) —wld)"vdsdt (3.10)
o Jogl ’

T
= 5*7/ Op(P? t)v ds dt,
0o Joci

S— ~
g
0%
>
—
8
o
=
Il

for all arbitrary functions v € L?(0, T Hl(Tj \ G, 8Tg/4))

This problem was investigated in [I7, Theorem 5.1]. It was proved that there
exists a unique solution and it satisfies the estimates

2
C([0,T);L2(8GL))

+ 07T ((PL t) — wl)

< Ke" e o122 0,7

o + w2

L2(0,T;HY(T? 4\Gg,aT m)

B HL?(o,T;L%aGZ))

_ 3,6 112 w

£ 7||5tws,¢||Lz(o,T;Lz(aGg))+maX“v ¢||L2 77,,\G1)
-1 _— i

+5 3 ’Yr[g%f](“(QS(ngt)_ ) HLZ(BGJ

s

< Ke™(max |¢]? + max [|0:6]| 720 1))-
QT Q

From these estimates, we have that there exists a subsequence (still denoted as the
original one) such that, as § — 0, we have

whd — wg .+ weakly in L*(0,T; H'(T? \ GL, 0T D))
(')tw - 8tw ¢ Wweakly in L*(0,T; L*(0GY)),
<¢<Pﬂ t)—wh%)” =0 in L*(0,T; L*(9GY)),

g‘; —w! , weakly in L*(0,T; L*(9GY)),
36

wyy, wg’d) weakly in L?(0,T; L2(T5j/4 \GE))

Then, by the compactness result of [5, Theorem 2.1], we conclude that
wii — wg@ in C([0, T); L*(0GY)),

as 0 — 0. From the above convergences we conclude that the limit function wg &
satisfies the analogous estimates as wg‘;

Now we show that wé ¢ 18 the strong solution to the problem . Indeed, using
the convergence of (qS(Pj t) — wg ‘;) to zero, it is easy to see that w; ¢ €EKje.

Next, we take v — w” ¢, where v € K. as a test function in the integral identity
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s .
for wl,, we obtain

e~ Oy (wl, — ¢(PL 1) (v — wly) ds dt
o Jog? ’ ’

T
—|—/ / VwJJV(U — g‘;) dx dt
o J17, L\GL ’

o1 . . .
=0 7/0 /{9G§_(¢(Pg,t)wg7¢) (v—w §7¢)dsdt>(]

From the above convergences we derive that
T ‘ ‘ | |
s—v/o | OO(PL ) — wl )(O(PL 1) —wl )dsdt

677 . .
- —||¢<P5,T> —wd @ T e

i
S ) ‘} H(b( ) g;d’(x’T)”i?(BGg)
T . .
= lime™" / D(S(P, 1) — w? ) (G(PI, 1) — w?) ds dt.
§—0 0 a8GY ’ b

From this and the above convergences we conclude that

T
lim e™7 / Oy (w? "; (P? 1)) (v — wg";) dsdt
0o JocGi '

6—0

T
= lim (5*7/ anat(wg:‘; (P2, 1)) (p(P?,t) — g )dsdt
0 J

6—0

T S ‘ ‘
- J»
4 /O I = 9P )0~ 6(P 1)) ds )
T ) . A '
< g*v/o [, 2wy = S(PLONG(PL 1) — wl ) dsc
e / Op(wl , — d(PL,1)) (v — (P2, 1)) ds dt
0o Jaci

T
_ 6,7/ Oh(w! , — (P16 (0 —wl ) dsdt.
o JoGi ’ ’

Thus, we have proved that

lim 5*7/0 - 0t(wg"; —¢(P, 1)) (v — wgi) dsdt

6—0 )

. (3.11)
< 5*7/ Or(w! , — ¢(PL 1)) (v —w! ) dsdt.
o Jogi ’ ’

The above convergences also imply that

2

IV L2(0,T;L2(T? \G1))’

¢||L2 (0,T;L2(T?, \GJ)) - lm V2 ”5”
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From this inequality we deduce that

T
lim/ / VwMV(v— W) da dt < / / _ V! V(v—w!,)dzdt.
§—0 TJ/4\GJ Yoo 0 Tg/4\GZ =9 =9

Combining the above results we derive that wg’ » satisfies
g—v/ O(w! , — (P ) (v —w! ) dsdt
0 JoGgi

T
—i—/ / _ Vu! ¢V(v—wj c/))dgcdtzo,
0 Tg/4\cg © ©

for any arbitrary function v € ;.. Hence, wg ¢ 1s a strong solution of the problem
(3-1). The uniqueness of the strong solution is consequence of the monotonicity of
the associate operator (as in [I7]). O

The next theorem gives a pointwise estimate for wg &
Theorem 3.2. The solution to the problem (3.1)) satisfies the estimate

sup w! ;| < 2max |(x,1)]. (3.12)
(77, \G)x(0.T) Qr

Proof. We denote hg:‘;(x,t) = ¢(PIt) — wgi It is easy to see that h;‘; satisfies
the problem
AR, =0, zeT! NG e (0,7),
e V00 + 0,k + 671 —V(W) =0, z€dGl te(0,T),
h;‘;(%t) =¢(Pl,t), ze aTg/4, € (0,7),
h10 (2,00 =0, z€dGi.

(3.13)

Ke define K = maxQ—T|¢)(x,t)|. Then take v = (K — hg:é) € L*0,T; HY(T /4\
Gy, GTEj / 4)) as a test function in the integral identity for problem (3.13]),

T -
P 5N — e 6
O A I e (C S L T
c/4

+6” 57// (L)~ (K — 1)~ dsdt = 0.
oGl ’

7 5 6 5 '
Suppose now that h] <0, then K —hly > 0. So, (hly)~ (K —hl})~ = 0on 0GL.

Thus, from (3.14), we deduce that (K — hi:‘;)_ =0forz € Tg/4 \Eé, t € (0,7).
Hence

(3.14)

0> K+ ¢ > —2K.
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Similarly, taking v = (K + h2%)~ € L*(0,T; H (T, \ GL 017 ) as a test
function in the integral identity for problem (3.13)), we obtain

T -
6\ — € j,6
/ /T VO ) Pt S+ 1) (D
/4

// (L)~ (K + h1%)~ dsdt = 0.
8GJ

All of the terms in are non-negative, thus, we conclude that K + hg’fs >0
and so wg‘; < ¢(P,t)+ K <2K.

Using standard arguments of the penalty method, one can show that wgi —
wj ¢ weakly in L3(0,T; Hl(Tg/4 \Eé)) as 6 = 0. Now, consider a function g €
L2(0,T; Hl(TEJ/4 \Eé)) such that ¢ > 0 and multiply by it in both sides of the
inequality w& 6~ 2K < 0. Then, we integrate the obtained expression over (Tg /4 \

CTQ) x (0,T) and obtain

/ / w’ —2K)gdzdt <0.
TJ/4\G9 &

Using the weak convergence, we pass to the limit as § — 0 in the above inequality

and derive
/ / Ls 2K )gdxdt <0,
T]/4\G]

where ¢ is an arbitrary non-negative function as before. Taking g = (wg o 2K)T,

(3.15)

we obtain
/ / ? s —2K)+\ dx dt <0.
TJ/4\GJ
Thus, we conclude that w —2K <0 for a.e. z € Q t e ( T). Analogously, we
can get the opposite estnnate and then we arrive to O

Remark 3.3. From the penalty method we have the weak convergence of wgi to
wj ¢ in L(0, T'Hl(Tj/4 \ G)). Nevertheless, we can show that the above con-
vergence is in fact strong. Indeed, the penalty method also implies that atw e

8tw;7¢ weakly in L?(0,T; L?(0GYZ)). As mentioned before we have w&q5 — wi,qb
in C([0,T); L?(0GY)) as § — 0. From the integral equality for problem (3.9)), we
obtain

// = Vwl V(¢ — w!) de dt
TJ/4 J

+/ [ 20— SPLOYw — wl) dsds

T
—orte [0 (o)~ k) (v - uld) dsd
0 z
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— 5—l.—v T J 4 — ) — i w’ )
w0 /tJ/<9c:g((¢(PE’t) )T — (P, 1) — ) ) (4 — wld) dsdt

for an arbitrary function ¢ € K; . (i.e. (p(P?,t) — 1)~ =0 on OGZ). The function
A = —(C — X\)~ is monotone non-decreasing, hence, the right-hand side of the
derived expression is non-negative. Thus, we have the same inequality as for
the w?,. From here, we obtain

IV

L2(0TL2(TJ A\GD)
j,6 T j,6 * j,6
< / / - Vwl Vi drdt + 5_7/ CO(wly — o(PL1) () —wly) dsdt
T, ,\G? 0 JoG!

For the second integral on the right-hand side of the inequality, we use (3.11]), and
passing to the limit as § — 0, we obtain

; Js -
él—{n IV ¢’HL2 (0,T5L2(T?,,\G1))

T ) T )
g/ / wa;d)dexdtJre’”/ 0wl , — (PI ) —w! ) dsdt
T, ,\GI o Jogi

Taking ¢ = wg 0 e obtain

hm | Vw!

2 2(d J < H We 43” 2 2(pi NI
L2(0,15L2(T?,\G1)) L2(0,T5L2(T ,\G1))
Using this estimate and the properties of the weak convergence, we derive

lim || V! =V
5—0

L2(0,T;L2(T! \GD)) 5¢”L2(0TL2(TJ \GD)

Thus, wg‘; converges to w;d) strongly in L?(0, T Hl(Tg/4 \ Gé)) as § — 0.

3.2. Second auxiliary problem: a different unilateral exterior problem
on the cell variables. To define the notion of a strong solution to the exterior
Signorini problem, we denote by 91 the set of functions w € C*°(R™\ Gy) such that
w(y) = 0 for y € R™" \ T3 for some ball T}, such that Gy C Th. We denote by M

the closure of 9 with respect to the norm [[wlla = [|Vl[ 2 go\a75)-
Given ¢ € H(0,T; H'(Q)) let us consider the exterior problem with dynamic

Signorini boundary condition
Ayw¢(x,y,t) :Oa Y ER”\Gi(b te (O7T)7
wy < ¢(x,t), y € IGo, t€(0,T),
8Vw¢, < Co(at(b — 8tw¢), Y € 6G0, te ((),T)7

(wp — ) (Oywy — Co(9rdp — Dywy)) =0,y € 0Go, t € (0,T),

1U¢(l’,y,0) :¢(I,O), yeaGOa

we(z,y,t) =0, |y| = oo,

(3.16)

where now z € Q is a parameter.
For z € Q and t € [0, 7], we define the closed convex sets

Ky(z)={veM:v<¢forae yedGp},
Kg(z) = {v e L*(0,T; M) : v € Ky(z) for a.e. t € [0,T]}.
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By a strong solution to the problem (3.16)), we mean a function wg(z, -, -) € Kg(x)
such that wg € C([0,T); L*(Gy)), dywy € L2*(0,T; L%(0Go)) and wy(z,y,0) =
¢(z,0) for a.e. v € Q, and wy satisfies the variational inequality

T T
/ / Vwy V(v —wy) dy dt > C’o/ O — wy) (v —wy) dsdt, (3.17)
0 n\Go 0 JaGy

for any arbitrary test function v € Ky(z), for a.e. x € Q.
We define now the function

w¢(m7y7t) = (ﬁ(l‘,t)li(y) _w¢(xay7t)7 (318)
where £(y) is the solution to the Gy — capacity problem in the cell variables
Ay =0, yeR"\ Gy,
k(y) =1, y € IGo, (3.19)
K(y) =0, |yl — oo.

Clearly, the function wg(x,y,t) is a solution to the unilateral problem in the cell
variables

Ayig(x,y,t) =0, y€R"\ Gy, t€(0,T),
Wy >0, Oy + CoOby > ¢(x,t)0uk(y), y € Gy, t € (0,T),
Wy (0 Wy + CoOythy — Pz, t)0,k(y)) =0, y € dGy, te (0,T), (3.20)
wg(z,y,0) =0, y e G,
we =0,  |y| = +o0.

This reformulation of the auxiliary function wg reduces the conditions imposed on
the function ¢ as the problem (3.20) doesn’t contain d;¢. Thus, here and in the
theorems below, we consider ¢ € L2(0,T; L%(£2)) unless otherwise stated explicitly.

Theorem 3.4. Problem (3.20) has a unique strong solution and, for a.e. x € €,

the following estimates hold
||11)¢(£U, * ')HC’([O,T];LQ(aGo)) + ||11)¢(.’E, * ')HC’([O,T];M) < KHQS(CLV ')||L2(0,T)7 (3 21)
||atw¢($= " ‘)HL2(0,T;L2(8G0)) < K||¢(z, ')HLZ(O,T)- -

Proof. Given § > 0, let us consider, again, the auxiliary penalty formulation in the
cell variables

Ay (z,y,t) =0, yeR"\ Ty, te(0,T),
D0 + Codydy + 67 (@)™ = ¢k, y € DGy, t € (0,T),
@g(w»yﬂ) =0, y € IGo,

12)2,—>0, ly| = oo,

(3.22)

where x € Q is taken as a parameter. It is well known (see [20, 24]) that the
problem (3.22)) has a unique strong solution, and that for a.e. x € €, the following
estimates hold

0%, -, )l o.ryr2060) + 105 (@, le.mm < Klé(@,)llrzo.1),
||5tu7f;($, S Mlzz 0,2 060)) < Kllo(x, )l z20.1)-
Also, it is easy to obtain that
1(@3)™ (@, )lz20,1522(060)) < KV, ) L2(0,7)- (3.24)

(3.23)
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From estimates (3.23)), (3.24), we conclude that, for some subsequence, as 6 — 0
we have
Wy — 1y weakly in L?(0, Ty M),

Oy, — Oyiby  weakly in L*(0, T; L*(9G)), (3.25)
Wl — g weakly in L?(0,T; L?(9Gy)).
Then, by the compactness result of [5, Theorem 2.1], we conclude that
Wy — 1wy in C([0,T]; L*(9Gy)),
as § — 0. The integral identity for problem takes the form

T
/ / VoV (¢ — b)) dy dt + co/ Oy (1h — wh)dsydt
n\Go 0 JoGy

+6" / /8(;0 (Y — w¢)dsydt (3.26)
- / oa,t) [ Bnly)(p — of)ds,dt,
0 9Go

where ¢ € L?(0,T; M), v > 0 on 9Gy for a.e. t € [0,T], z € Q is a parameter. We
rewrite it in the form

T T
/ / ViV () — ) dydt + Co / Byl (4 — 03)ds, dt
0 n\Go 0 JoGy

T
- / b(z,t) Oy k(y) (W — wh)dsydt (3.27)
0Go

=6 //BGD )7) () — b)) dsydt > 0,

where we have used that ¢ > 0 on 0Gg a.e. t € [0,T] and that the real function
A — A7 is a Lipschitz and monotone function. Now, we are going to pass to the
limit as  — 0 in the inequality (3.27). Taking into account that

g, )Lz 0,7:m) < (}i_ff(l) Hwi(% S M2 0,mm) 5

we conclude that

lim / / Vi — w¢) dydt < / / VgV (1 —g)dydt. (3.28)
5—0 n\GU "\G()
From the convergences , we have

Co }i_r)r%) e 8,5 (¥ — w¢)dsydt
=yl ( i (- T2 )
= Colim / [ oyt — 103Dl

. ) (3.29)
< o Ortd s, dt = 5o, (, DlE(06,))
0 0Go 2

T
= C()/ aﬂf]¢(¢ — 1?1¢)dsydt
0 8G0
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From (3.29)-(3.31) we conclude that

T T
/ / Ve V(1) —0y) dy dt + Co / Oy (Y — bg) ds dt
0 JR™NGo 0 J8Go (3.30)
T
> / 6@,t) | Oum(y)(w — bos)dsydt,
0 0Go

where ¢ € L?(0,T; M) and ¢ > 0 for a.e. y € dGy, t € [0, T]. The inequality (3.30)
is a variational formulation of the problem (3.20), hence, @, is a solution.
Then, estimates (3.21)) are a consequence of (3.23)), (3.24) and the weak conver-

gences (|3.25)). (]
Remark 3.5. Notice that we can transform the inequality (3.27) into

012

||U735(33» g ')H%?(O,T;M) + D3 w¢($7 ',T)||%2(aco)

T T
< / / Vwi Vipdydt + Co / D ipds,dt
0 "\Go 0 JOGo

T
—/ o(z,t) Ouk(y) (¢ — wg)dsydt.
0 0Go

Using Hardy’s inequality, we have u?f; (2, -, T) is uniformly bounded in § in H* (T3, \
Go), where Ry > 0 is large enough to have Gy C TI%O. From the embedding theorem,
we have that there exists a subsequence (for which we preserve the notation of the
original) such that wg(x, -, T) converges to we(x, -, T) in L?(0Gy) as § — 0. Passing
to the limit as § — 0, we obtain

C
. ~5 2 0,28 2
%g%(”qu(%',')HL2(0,T;M) + 7”w¢(xv"T)”L2(8GO))
T T
< / / Vi Vibdydt + Co / Bt gi) dsy dt
0 n\Go 0 JaGy

T
- / ¢(z,t) Ovk(y) (Y — y) dsy dt.
0 Gy
Taking ¢ = W4 as a test function in this inequality, we derive
. ~5 A
lim 16032, -, )12 0,0y < 6 (2, )1 20,500
Hence, we actually have the strong convergence uﬁg — 1y in L2(0,T5; M), as § — 0.

Theorem 3.6. Let ¢1, ¢ € L?(0,T; L?(Q2)). Then, for a.e. x € §2, we have

”(UA)¢1 - 12)¢2)(:17, *y ')||C([0,T];L2((9Gg)) + ||(1Z/¢1 - 1Z)¢2)(1‘, Y ')||L2(O,T;M)
< K|[(¢1 = ¢2) (=, )l L2(0,1)-

In addition, we have the following estimate for the time derivative of the functions

(3.31)

[(Ostdg, — Optdg, ) (s s )l L2(0,7502(0G0)) < K (D1 — @2) (@, )lL20,m),  (3.32)
for a.e. x € Q.
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Proof. Let 0 = g, — g,. We use again the penalized problem (3.22). If we define
00 = wgl — 11322 then, according to (3.25)), we have
% — & weakly in L%(0,T; M),
% — 9,0 weakly in L2(0,T; L2(0GY)), (3.33)
2® — o weakly in L2(0,T; L*(8Gy)).

For the solution of the function %

obtained in [20],

, we have some estimates similar to the estimates

(9% (x, -, MNeqorr2060)) + 6 (x, -, Nz20,7:Mm)
< K|[(¢1 — d2)(x, )l 20,1, (3.34)
10¢8° (2, . )| 22 0,1322(0G0)) < Kll(d1 — ¢2) (2, )| 120,17,

where the constant K does not depend on 0 neither on ¢;, i = 1,2. Then, using

the convergence (3.33), we conclude that the estimates (3.31)), (3.32)) follow from
(13.34)). O

Theorem 3.7. Consider a test function of the form ¢(x,t) = Y(x)n(t), with ¢ (z) €
C>(Q) and n € CY([0,T]). Then, for a.e. t € [0,T] and x € Q, we have

K maxgr |o(x,t)|

|12J¢(£E, y7t)| < |y|n_2 fOT Y€ R™ \Gioa (335)
K maxgr |o(x,t)| _
[Vywe(2,y,1)| < T , Jory e R\ Gy, (3.36)

where the positive constant K is independent of ¢, x € Q and t € [0,T)].

Proof. Once again, we consider the solution 11)(‘; of the associate penalized problem
(3.22)). Then we have the point-wise estimates (see [20])

K maxgr |p(x, )]

@4 (z,y,)] < = , Yy eR™\ Gy, (3.37)
K maxr |p(x, )] _
IV (x,y,t)| < | jn,l , VyeR"\ T, (3.38)

where K is independent of ¢, §, © € Q and t € [0, T].

By Remark ﬁ we know the strong convergence of 7113) to we in L*(0,T; M).
Thus, we can extract a subsequence converging almost everywhere. Passing to the
limit in for this subsequence we obtain the first statement of this theorem.
Using the same arguments, we can take a subsequence converging almost every-
where for the gradient of wg and this proves the second part of the statement. [I

Theorem 3.8. Let ¢ as in Theorem@ and let Wy be the solution to the problem
(3.20). Then, for a.e. x1,x5 € Q

[dg (21,7, -) = g (22, 5 L2010 < KllP(21, ) = G2, )22 0,1y (3:39)

Proof. We use the following estimate for the solution of the penalized problem
(3.22) proved in [20]

||’tf)3>($1, ) — 153)(962, Sz < Kl|o(w1,-) — o2, )| 22 0,1)-
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From here and the weak convergence ([3.33)), we derive
||1D¢($17 " ) - ’UA)d;(l‘Q, ) ')||L2(O,T;M) <

< }i_{% @) (21, -, ) = (@2, 20,7500 < KllG(z1,7) = ¢(2,)|lz2 0,7y O

3.3. Asymptotic similarity between the two types of auxiliary functions

after a suitable substitution. We use a natural substitution to define the func-

tion ﬁj s(@,t) = we(P?, x_PEJ ,t). Then we are in conditions to get some asymp-

totic estlmates on the dlfference of the two types of auxiliary functions. We define
E,d)(a: t) = w5,¢(33 t) —w! ¢(1‘ t). Then, we have the following result.

Theorem 3.9. Let ¢(z,t) = (x)n(t), with ¢ € lCOO(Q) and n € C*([0,T)). Then
we have the following estimate for the function v;d) expressing the difference of the
two auziliary functions

Coswp o fuggl < sup i ). (3.40)
(T2, \G{)x(0,T) aT?,, x(0,T)

Proof. Given ¢ > 0, we consider the solutions to the penalized problems (3.9)), and

(3-22)) and we define

vl (@, t) = @00 (2, 1) — wl (x, 1),

,
where

~3,6 _ j - st ~§ _ ~5
w5,¢(x t) wgi)(P a 7t), wqﬁ(mayvt) - k(y)¢($,t) - w¢($,y,t),

€

where uig(ac,y,t) was defined similarly to (3.18)). From Remark we conclude
that w3’¢ converges to w! ¢ in L?(0,T; Hl(Tj/4 \G)) as § — 0. From Remark

we have w’ ¢—>w ¢m LQ(OTHl(T]M\GJ)) as 6 — 0. Therefore, v’ ¢—>v€¢

in L2(0,T; Hl(T‘g/4 \ GZ)). Hence, we can obtain a sub-sequence (that we denote

as the original one) that converges almost everywhere. Moreover, concerning the
J:0

function v g We have the estimate
j,6 ~j.5
sup ol < supaigl,
(T, \G2)x(0,T) aT!,,x(0,T)
(see. [20]). From here, we derive the estimate (3.40). O

Theorem 3.10. Let ¢ = (z)n(t), v € C=(Q), n € C*([0,T]). The following
global estimates hold

e~ Z tIer[l(?>iI(’] [lv E¢HL2(3GJ +]€ZT ||VU€¢”L2 (0.sL2(19, \GT)) S < Ke? néaqub (z,t),

Z H ¢||L2 OTLZ(T] \Gj)) — K€ IICI;;:X(ZS ('r t)
JEY,

(3.41)

Proof. Recall that ¢; . (z,t) = ¢(P?,t);.(x), where 1) . € C§°( 5/4) with ¢ . (z) =
LifweTl, ,C>1and ¢;. =0,ifz € T€/4\T2C%, and that Vi, .| < K.
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Taking into account the definition of the ﬁg) » and using that wg o~ %je €H 1(ng ) 2\
Gl 6T5/4) we obtain

/ / vl V(w! , — ¢;c) du dt
TJ 4\GJ
= —/ 0yw? ($(PL,t) —w! ;) dsdt
o JocGi ’ ’
> [ o) - @ )6 - wl ) dsds
0o Joci
T . _ ‘ ‘
= 5_7/ O(p(PLt) —wl ) (wl 4 — ¢(P,t))dsdt.
o Joci
Additionally, we have (see (3.4))
/ / ij sV(Wl s — ¢jc)drdt
TJ/4\GJ
=7 / O(¢(Pt) —wl ) (w! , — ¢(PI,t))ds dt.
0o Joag! ’ ’

Subtracting one expression from the other, we obtain

/ / V! 1 VWl — bje)dudt
TJ 4\GJ

>e 7 - 8,5(11)2’(1s — @g@)(wgw — ¢(P?,t))ds dt

T
_ 5—7/0 |00l (6(PL1) —wl ) st

From here, we derive

/ /J J\Vve(j)|2dxdt+/ /J JVU8¢ (w! , — ¢jc)dxdt
T/4\G T/4\G
> /0 » o (B(P ) —w! ) dst.

Next, we transform this inequality into
/ / |Vv€¢\2dxdt—|—5 ”/ Opvl vl 4 dsdt
o Jr, \GL o JoGi o
< / / VOV, — ¢.c) dadt (3.42)
0 T§/4\G§

T . -
+ Eiry /0 3Gj atvé’¢(ﬁg7¢ - ('ZS(Pajv t)) dS dt = I
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Now, we need to estimate the right-hand side of the inequality, i.e. Z.. Using

Green’s formula, we obtain

T T
IE = / / . 8yvg,¢1ﬂg7¢ dS dt + / . 8yvg’¢(1ﬂi7¢ - ¢(Pg7 t)) dS dt
0 JorT;, o Joaci

T
e / aw (@, — $(P, 1)) ds dt
0 8GJ

T
= (O] + e 0] W) (W, — G(P2,t))dsdt
aG2 ’ ’ ’

T T
+/ /j ayvg,d,@f:’(bdsdtg/ /j 8yvg)¢{ﬁg,¢dsdt.
o Jors, o Jori,

Here, we used that if ﬁgvdj < ¢(P?,t), then

e10WL 4+ 0y, — e 0p(PL,t) = 0.
Additionally, on dGZ x (0,T), we have

e 0!, + Ol , —e0p(PIt) 0.

Subtracting from the equality (3.44) the inequality (3.45)), for (x,t) € GL x (0

we obtain the inequality
5*78tvg7¢ + ayvg,d) > 0.

From ([3.42) and (3.43)), we deduce

2 B 2
/ /’1“3/4\G]|vv ol dedt+ S— ||vE pica T)||L2(8G£)

/ /8TJ 81} ¢w6¢dsdt

e/4

T
— J 7 Jo~J
_/ /j . VUE,¢VwE7¢dxdt—/ / ; v, g, ,dsdt.
0 Ts/4\Ts/8 0 8TE/B

Applying Theorems [3.4] and we obtain
[l (2, 1)] < Ke® max [¢(a, 1)),
: o

(3.43)

(3.47)

(3.48)

where K is a constant independent of € and ¢. From here, for any zo € 0T E] /S,t €

(0,T), we deduce the estimate

5zﬂg,¢(x0’ = T2l 1|/ s v (@ )da]
5/16
B -1
|T:/016| |/ zq Vid8| < Kemax ‘d)(x t)|
£/16
Consequently,

T
|/ / Ol 4wl 4 ds dt| < K" max |¢(x, ).
aT? R QT
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From the estimate
K maxgr [¢(z,1)]

ly[*—*

|vyw¢(xa y7t)‘ S

)
we obtain

V! ,(x,t)| < K max|¢(z,t)|e,
, na.

ifze ng/4\Tg/8,t € [0,T]. Thus, we have

T
|/ / vag,d)ng_’d)dxdﬂ
0 JT \T! g

I :
< */ / __ |Vl ¢|2 dx dt + Ke" " max |¢(x, t)|*.
2 0 Tg/4\G-§ ’ QT

From this and (3.47)), we conclude that

2 . J— < n+2 2.
Lo, ety S T e )

-7 J
L

+IVe?

2 .
L2(8G?)
Using Friedrichs inequality, we obtain the second estimate in (3.41]). O

4. DEFINITION AND PROPERTIES OF THE STRANGE NON-LOCAL OPERATOR H|]

We are now in a position to define the important nonlinear nonlocal operator
H : L*(0,T; L*(Q)) — L2(0,T; L?(R2)) which arises in the main Theorem We
start by defining the operator on a class of smoother functions ¢ € H(0,T; H*(f)),
but, by density, we can extend it to the general space L?(0,T; L?(2)). We define

Higlw,0) = [ Doyl )ds,, (4.1)

where wy is the solution to the problem (3.16).
It is easy to rewrite H[¢] in an equivalent form

H[‘ﬂ(xv t) = ¢($, t)/\Go - oe 8l,’lfj¢,(.%‘, Y, t)dsy7 (42)

where g is the solution to problem (3.20) and where it appears the important
notion of the capacity of the model set G

AG, = 0yk(y)ds, = Cap(Go).
90Go
Theorem 4.1. Assume ¢ € L?(0,T; L*(?)). Then
[H [ L2(0,7522(0)) < Klldllr20,1;02(0))- (4.3)

Also we have Lipschitz continuity with respect to ¢: for ¢1,¢o € L?(0,T; L?(Q2)),
we have

| H[p1] — Hlpo]ll 2 0,122(0)) < K1 — d2ll2(0,152(02))- (4.4)

In addition, we have the following monotone time-dependence on ¢: given ¢1, s €
L?(0,T; L*(Q)), we have

[ (1611 - 11661~ a0 (1.5
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Proof. Given § > 0 we consider the penalized version of the operator H|[¢] as the
one given by

H;[)(z,t) = ¢p(z,t) gy — - Oy yds,y, (4.6)

0

where wg is the solution to the penalized problem . The properties of the
operator Hs[¢] were studied in the previous paper [20] and it was shown there
that it satisfies properties —. Thus, the estimates , are a direct
consequence of , (3.31)), respectively, and the monotonicity property can be
derived also by using the integral identity satisfied by 11)(‘;1 —wgz. Hence, to prove the
theorem, we only need to show the convergence of Hs[¢] to H[¢], in L?(0,T; L*()).
To do that, we first point out that, by using the definition of k, we can rewrite
in the form

Hylo)(2.0) = 6le,t\c, — | Vil Vidy, (4.7)
R”\GO
Then, for an arbitrary function ¢ € L%(0,T; L?(f2)), we have
T T T
/ Hs[¢]v(t)dzdt = Mg, / Y dx dt— / / / V04V, (k) dy da dt.
0 JQ 0 JQ 0 JQJR"\Go
Using that 1]}3) — 1by, weakly in L?(0,T; M), as § — 0, we conclude

%i_%/ /Hé [ dz dt = //H | dz dt, (4.8)

for all arbitrary functions ¢ € L?(0,T;L?(f2)). Hence, Hs[¢] — H|[¢] weakly in
L?(0,T; L?(2)) and thus

| H D)l 22(0,7:22(02)) < %1_% I Hs[9]ll 20,1522 ()) < KllDlL2(0,1:22(02))- (4.9)

[H[¢1] — Hlgo]llL2(0,102(0)) < lim [|Hs[p1] — Hs[d2]l| 20,7522 ()
§—0 (4.10)

< Kl[¢1 — ¢2llz20,1522())
and we obtain
T
0< lim / / (Hsln] — Hyld]) (61 — b2) durdt
5—0 0 Q (4 11)
- .
= / /Q(H[%] — H¢])(¢1 — ¢2) da dt.
0

O

Theorem 4.2. For a.e. x1, x5 € 0, we have the estimate

[H[¢)(x1,) = H[g](z2, ) r20,m) < E{ll¢(a1,) = (@2, )lzzomy}- (412)
Proof. We consider again Hs[¢]. Using Theorem we have

Hs[9](w1,t) — Hs[¢] (w2, 1)

= (90 —0en ey [ V1,00 e, .) V(o) dy

Taking the square of this identity, integrating it in ¢, from 0 to 7', and applying
Theorem we arrive exactly to the estimate (4.12)). O
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Remark 4.3. To bring a connection with some previous works (specially with
[18]), we now consider Gp to be given by the unit ball, Go = {|z| < 1}. Notice
that this is a small abuse of notation since Gy € Y, but this is not any problem
since for any small € > 0 we have Gg C Tg /4 C Ysj . Hence, we are under the same
conditions as above. Given ¢ € L?(0,T). We define the function H, as the unique
solution to the unilateral problem

H(; + Banb > Bn¢7 H¢ > Oa te (O7T)a

Hy(Hy +B,Hy —Bn¢) =0, te(0,7T),

H,(0) =0,

where B,, = (n — 2)Cy*. We reformulate this problem as a variational inequality.

We search for a function Hy € H'(0,T) such that Hs > 0 on (0,7) and satisfying
the integral inequality

T
/ (H!, + By Hy — Bo) (v — Hy)dt > 0,
0

for arbitrary function v € L?(0,T), v > 0 a.e. t € (0, 7). It is well-known (see, e.g.,
[24]) that this problem has a unique solution. Moreover, it satisfies

1 Hpllz20,7) < Pl L2(0,7) 5
|Hy, — Hy,ll20.1) < lé1 — b2ll220,7) 5

T
~/O (Hdn - H¢2)(¢1 - ¢2)dt > 0.

Now we compare these conclusions with the ones given in Theorem Then, if
we consider ¢ € L?(0,T; L?(Q)), we can understand x € € as a parameter in the
problem for Hy and thus Hy(x,t) is the unique solution to the problem

8,5H¢ + BnH¢ Z Bn¢($,t), H¢ Z O7
(8tH¢+Bn(H¢—¢(x,t))H¢ =0, H¢(.’E,O) =0,
Now, we can use spherical symmetry properties to search for the solution of

(3.19) in the form x(r), where r is the radial coordinate. We get that x(r) = r2=m.
Hence, 0,k = d%ﬁ;(r) = const on 0Gy. Further, we can search for the function g,
solving the problem (3.20)), in the form Wy = r2""Hy(x,t). A direct computation
shows that wg satis. The last conclusion is a consequence of that Hy
satisfies (£.13). Actually, we have H[¢] = (n — 2)|0Go|(¢(x,t) — Hy). We also
notice that, in this case, Ag, = (n — 2)|0Gy| .

(4.13)

5. PROOF OF THE MAIN RESULT
Before proving Theorem it is useful to make some remarks.

Remark 5.1. As in Remark [£.3] if we consider the case in which Gy is a unit ball,
Go = {|z| < 1}, then the homogenized problem corresponding to problem is
—Agug + Ap(ug — Hyy) = f,  (2,1) € QT
OiHyy + BoHyy > Buug,  (2,t) € QT
Hyy >0, Hyy (0, Hyy + Bn(Hyy —u0)) =0, (z,t) € Q7
H, (x,0) =0, z€q,
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up =0, (z,t) €900 x(0,T),

where the constants are given by A, = (n — 2)06’720.)”, wn, = |0Gy| and B,, =
(n —2)Cy " respectively (see [I8]). By using the relation between Hy and H|[¢] of
Remark we obtain exactly problem ([.3).

Remark 5.2. As in the case in which the particles are radially symmetric, it is
possible to prove that for suitable source negative function f(t,x), the solution of
the homogenized problem may become negative in some parts of the domain (2,
even if for each ¢, the approximate solution u. is non-negative on the many points of
the boundary of the particles contained in €. See [I8], for a detailed proof for the
radial symmetric case. This unexpected property also holds in the asymmetric case
but, as it is natural, with some additional difficulties. For instance, the boundedness
of the solution ug (when the datum f(¢,z) is assumed to be bounded, or in some
LP(QT) with p large enough, requires to get, previously, some L>-estimates on
atw; s This can be justified by working with Lipschitz solutions of the auxiliary
unilateral problems as, for instance, in [23]. The rest of details are very similar to
the symmetric case.

Proof of Theorem[I.1l Let ¢(x,t) = ¥(z)n(t), where ¢ € C§°(Q), n € C*([0,T)).
To adapt any test function of the limit equation to the heterogeneous original
problem we introduce our last auxiliary function

wl (@, ) = (6(PL, 1) — ¢(x,t))kd(2),
W&Qﬁ(xat) = 1fz€Tg/4\Géa tE (OvT)7 ] € TEv (51)
0, ifxeR"\Ujer, T, t€(0,7),

where x7(z) is the unique solution to the problem
Akl =0,z €T, \ G, Kkl=12€0G, ki=0 z¢ ot (5.2)

Notice that the function v = ¢(z,t) — We 4(x,t) is a good test function since
v € K.. Indeed, if z € GZ, then

v(a,t) = ¢z, t) — wl y(x,t) + $(PL,t) — (a,t) = ¢(PL,t) —w! y(x,1) > 0. (5.3)

Therefore, we can take the function v as a test function in the integral inequality
of the original problem

/ / Opv(v — ) dsdt+/ / VoV (v —u)dedt >

(5.4)
/ / fv—ue) dxdt——”v(x O)HLz(S
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Thus, we obtain

Y / /w (P2, 1) — Oyl (2, 0)) (B(PI, 1) — w (2, 8) — u2) ds dt

JjeEY,

/ / VoV (p(x,t) — We g(2,t) — ue) da dt

‘Z/ A oy VULV 000.0) =l + R (O(PL) = 6(0.) = ) do
c/4

fX [ TR0 - s )T

jex.Jo Jri NGt
+ &L(G(P,t) — ¢(x,t)) — u.) dz dt

> /0 /Q F () = W — us) dadt.

(5.5)
Here, we have used that v(x,0) = 0 for z € S.. Moreover, we have

/ / Yl V(6(a,t) = wl , + w1 (2)(S(PL,t) — ¢(w,1) — uc) dwdt
T7/4\G7

JEY e
:—Z/ 0G78w5¢¢( )—wg@—ue)dsdt
JEY:
—Z/ / x,t) — u:) dsdt.
JjeEY, aTsj/4

Combining all of the integrals over GY, j € Y., we obtain

Z/ /an e (0yp(P: t)—3&0;@5)—3ng,¢)((¢(P€j,t)—wg@)_us)dsdt.

JEY.

Using that wﬁ ¢ 1s a solution to the problem (13.1)), we conclude that

Z/ / 5 TV0($(PIt) — wl ) — Dyw! ,)ucdsdt < 0. (5.8)
oG ’ ’

JEY.

Taking into account (| @-@, we derive from ) that

//wsv <) dzdt — Z/ /W (¢ — uc)dsdt

JEYe
3 [ / [\ VAR — o )V 0tr)
+ kLGP, t) — pla,t)) — ue) da dt

(5.9)

T
> / f(p—We gy —ue)dxdt.
o Ja.
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If we define the function
Wi(2), weTI,\GLjeT.,
KE(Z‘) = 17 T € Gg7 .7 S Tsa (510)
0, z€R"\Ujer. T,

we have that k. — 0 weakly in Hg () and that k. — 0 strongly in L?(Q). Using
this and the estimate |¢(P?,t) — ¢(x,t)| < Ke for x € Tg/4, we derive that the sum

of the integrals over Tg 4 \Cz in (5.9)) converges to zero as € — 0.
Using Theorem and results from [I4] (see also the “from the surface to the

volume integrals” [I3], Theorem 4.5]), we obtain the limit of the integrals over the
“big” balls

T
. j B
2141)% Z /0 ATg/4 ayw5,¢(¢ ’LLE) dsdt

JjeTe

i, |

o — PJ

~ lim E:/ / yws(P, "2 (6 — ul)dsdt (5.11)
e—0 g a,
jer. 7o JOTZ,, €

T
— ¢y / H{6) (@, £)(6 — uo) da .
0 Jo
Thus, from ([5.5))- , we conclude that ug satisfies

VoV (¢ — ) dr dt + Cr—? H[¢](z,t)(¢ — ug) dz dt
er ot (5.12)
> J(¢ — o) dxdt

QT

for any smooth test function ¢(x,t) = ¥(z)n(t), ¥ € C§ (), n € C1([0,T)).

Taking into account that the linear span of functions {¢(x)n(t) : ¢ € C§°(Q), n €
C1([0,T])} is dense in the space L2(0,T; H}(Q2)), we derive that inequality
is valid for an arbitrary function ¢ € L?(0,T; H}(Q)). Then we take ¢ = ug & A0,
where A > 0 and 6 € L2(0,T; H}(Q)), as a test function in the inequality
and pass to the limit as A\ — 0. Notice that Hlug & \0] — H]ug] in L2(QT) as
A — 0. Combining the two limit inequalities, we conclude that ug satisfies

/Vuovada;dt+cg—2 H[uo]adxdtz/ fOdz dt

T

QT

for any 6 € L2(0,T; Hi(9)). Hence, ug satisfies the problem (1.3). The uniqueness
of solutions of problem (|1.3) is a trivial consequence of the monotonicity properties
of the operator Hug] (see the fourth step of the proof of [I7, Theorem 3.2]). O

Remark 5.3. The case of non-zero initial datum in the original problem, u.(x,0) =
u®(z) for & € S. can be also treated with the arguments of this paper. In fact, that
was detailed in [I8] for the case of symmetric particles. The important modification
is that now the “strange operator” also depends on u° (since u’ appears in the
definition of H[ug]). We leave the details to the interested reader.
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Remark 5.4. Remark that the solutions of the zero-order reactions satisfy, with
a slight modification, the unilateral formulation (1.1]). Indeed, the boundary con-
ditions are now

Dyue + e (Oyue + Ao(ue)) 30 on ST,

with o(s) the maximal monotone graph of R? given by

0 if s <0,
o(s)=4¢10,1] ifs=0,
1 if s > 0.

We recall that in this case, automatically u. > 0 on ST since u. represents
a concentration. Then, we obtain that, if og(s) is the maximal monotone graph
corresponding to the Signorini type boundary conditions, then

e + &7 (Oue + Mos(uz) +1) 20 on ST,

and thus we arrive that if u. satisfies the zero-order reaction on S then u. satis-
fies also the non-homogeneous unilateral boundary conditions similar to the ones
considered in this paper

ue >0, e V0 + Oue > —e 7N, (x,t) € ST,
U (€70 + Opue — e IN) =0, (x,t) € SL.

It is easy to see that the arguments of this paper can be adapted to the case in
which there is a non-homogeneous boundary data g(z) = —e~7 A (see, for instance,
the exposition made in [I3, Section 4.7.1] for the symmetric case and stationary
boundary conditions). We leave the details to the interested reader.

Remark 5.5. In the case n = 2 the critical case must be written in a different way
(see, the general exposition made in [I3] Section 4.7.2]). In fact, it can be shown
(see [19]) that in that case it is possible to prove an universal homogenized non-
local problem when the particles G, have different geometrical shapes but having
the same perimeter on their boundary.
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