
ДОКЛАДЫ РОССИЙСКОЙ АКАДЕМИИ НАУК. МАТЕМАТИКА, ИНФОРМАТИКА, ПРОЦЕССЫ УПРАВЛЕНИЯ,
, том , с.

МАТЕМАТИКА
УДК 517.956.225

APERIODICAL ISOPERIMETRIC PLANAR
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UNIVERSAL NON-LOCAL STRANGE TERM FOR A

DYNAMICAL UNILATERAL BOUNDARY CONDITION
c○ г. J. I. Dı́az, T. A. Shaposhnikova, A.V. Podolskiy

We study the asymptotic behavior of the solution to the diffusion equation in a planar domain,
perforated by tiny sets of different shapes with a constant perimeter and a uniformly bounded diameter,
when the diameter of a basic cell, ε, goes to 0. This makes the structure of the heterogeneous domain
aperiodical. On the boundary of the removed sets (or the exterior to a set of particles, as it arises
in chemical engineering), we consider the dynamic unilateral Signorini boundary condition containing
a large-growth parameter β(ε). We derive and justify the homogenized model when the problem’s
parameters take the «critical values». In that case, the homogenized is universal (in the sense that it
does not depend on the shape of the perforations or particles) and contains a «strange term» given
by a non-linear, non-local in time, monotone operator H that is defined as the solution to an obstacle
problem for an ODE operator. The solution of the limit problem can take negative values even if, for
any ε, in the original problem, the solution is non-negative on the boundary of the perforations or
particles.

1. INTRODUCTION

The present paper continues the studies started in [5], [7] for dimensions n ⩾ 3 to the case of a
domain Ω ⊂ R2. Here, we consider the homogenization problem for the Poisson equation in a pla-
nar domain that is obtained by the removal of tiny particles of different geometrical shapes with a
constant perimeter and a uniformly bounded diameter on the boundary of which the dynamic uni-
lateral Signorini condition is imposed. It contains a term that depends on the diameter of the basic
cell, ε > 0. The homogenization of the problems with the Signorini conditions of the form uε ⩾ 0,
∂νuε + α(ε)σ(uε) ⩾ 0, uε(∂νuε + α(ε)σ(uε)) = 0, (where σ(u) is a function of the problem’s solution)
specified on the boundary of the perforations was studied in many works [3], [4], [8]. In the paper [8],
it was proved that for the «critical» values of the problem’s parameters, the so-called «strange term»
(see, e.g. [2]) appears in the homogenized model. It has the form AH(u+

0 ) − Bu−
0 , where H(u) is

the solution to some functional equation in the case when the perforations or particles are balls, and
in the general case H(u) is defined as a solution to some exterior boundary value problem and it is
a new non-linear term in the effective equation, moreover, it depends only on the positive part of a
solution to the homogenized problem. In contrast to the aforementioned papers, in the present paper
(where we assume σ ≡ 0 for simplicity), the «strange term» is a non-local in time non-linear monotone
operator defined as a solution to an obstacle problem with an ordinary differential operator, moreover,
it is applied not only to the positive part of a solution u0, but also to the negative part u−

0 . Note
that the paper [3] studies the homogenization problem in the exterior of the periodically distributed
particles of the critical size with the classic Signorini boundary conditions, i.e. with the conditions of
the form uε ⩾ 0, (A(x/ε)∇uε, ν) ⩾ 0, uε(A(x/ε)∇uε, ν) = 0, for an elliptic operator in the divergence
form with rapidly oscillating coefficients. It was shown that the term of the form µu−

0 appears in the
homogenized problem, for some measure µ which is not well identified.
The paper [18] is devoted to the homogenization of boundary value problems in domains perforated
along (n− 1) – dimensional manifold without the condition of periodicity of the location of particles
removed from the domain. In the above work, the non-critical values of the problem’s parameters are
studied.
We also draw the difference between the results of the present paper and the case of «big» particles that
have a radius of order ε. The paper [11] studied the homogenization problem for the elliptic operator
with the rapidly oscillating coefficients specified in the exterior of the particles of the size of order ε
and the classic Signorini boundary conditions. It was shown that the solution to the homogenization
problem is always non-negative. Using the results from [12] and [13], it is easy to show that for a
domain perforated by sets of the size of the order that equals the period of the structure the solution
of the homogenized problem will also be a non-negative function. Moreover, when the big particles
have the same shape, the limit problem depends strongly on the shape and so the effectiveness can be
optimized by choosing some suitable shapes against others: see, e.g [15].

1



2

Figure 1. The perforated domain Ωε and the set of perforations Gε.

2. PROBLEM STATEMENT AND SOLUTION ESTIMATES

Let Ω be a bounded domain on the plane R2 with a smooth boundary ∂Ω, Y = (−1/2, 1/2)2 and
A1, A2, . . ., are different domains with Lipschitz boundary lying in the ball T 0

1/4 of the radius 1/4 with
the center in the coordinates origin. Suppose that for an arbitrary index i = 1, 2, . . . the set Ai is
diffeomorphic to a ball and |∂Ai| = l, where l = const > 0 is independent of i. It is also possible
to consider the inclusions composed of a finite number of sets diffeomorphic to a ball with the total
boundary length equals to l.
For a set B and a positive number δ, we denote δB = {x : δ−1x ∈ B}. Let ε > 0 be a small parameter
and Ω̃ε = {x ∈ Ω : ρ(x, ∂Ω) > 2ε}.
Assume that

lim
ε→0

β(ε)aεε
−2 = C2

1 , (1)

and

lim
ε→0

1

β(ε)aε ln(
aε
ε
)
= −C2

2 , (2)

where C1, C2 ̸= 0. For example, the conditions (1) and (2) are satisfied if aε = ε exp(−α2

ε2
), β(ε) =

ε exp(α
2

ε2
), α ̸= 0.

We define

Gjε = aεG
j + εj, Gε =

⋃
j∈Υε

Gjε,

where Gj coincides with one of the sets Ai, i = 1, 2, . . . ,, Υε = {j ∈ Z2 : Gjε ⊂ Y jε = εY +εj,Gjε∩ Ω̃ε ̸=
∅}, |Υε| ∼= dε−2, d = const > 0.
We point out that the choice of Gj as one of the isoperimetrical sets Ai can be made randomly,
nevertheless, our treatment is different from the important study made in [16].
Note that

Gjε ⊂ T jaε ⊂ T jε/4 ⊂ Y jε ,

where T jr is a ball of radius r with the center in the point P jε = εj.
Define the sets

Ωε = Ω \Gε, Sε = ∂Gε, ∂Ωε = Sε
⋃
∂Ω,

QTε = Ωε × (0, T ), T > 0, STε = Sε × (0, T ), ΓT = ∂Ω× (0, T ).
(3)

Note that Ωε is a perforated domain that has a non-periodic structure in general. Figure 1 depicts an
example of such a domain.
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We consider in QTε the initial boundary value problem with the dynamic Signorini conditions specified
on the boundary of the inclusions

−∆xuε = f(x, t), (x, t) ∈ QTε ,
uε ⩾ 0, (x, t) ∈ STε ,
β(ε)∂tuε + ∂νuε ⩾ 0, (x, t) ∈ STε
uε(β(ε)∂tuε + ∂νuε) = 0, (x, t) ∈ STε ,
uε(x, t) = 0, (x, t) ∈ ΓT ,
uε(x, 0) = 0, x ∈ Sε,

(4)

where f ∈ H1(0, T ;L2(Ω)), ν is outward normal vector to the boundary STε .
ByH1(Ωε, ∂Ω), we denote the closure inH1(Ωε) of the set of the infinitely differentiable functions in Ωε
vanishing near the boundary ∂Ω. The spaces L2(0, T ;H1(Ωε, ∂Ω)), L2(0, T ;L2(Sε)), H1(0, T ;L2(Ω))
that are used below, are defined by standard means (see. [19], [20]).
We introduce the convex closed sets

Kε = {v ∈ H1(Ωε, ∂Ω) : v ⩾ 0 for a.e.x ∈ Sε},

Kε = {v ∈ L2(0, T ;H1(Ωε, ∂Ω)) : v(., t) ∈ Kε for a.e. t ∈ (0, T )}.

We say that the function uε ∈ Kε such that ∂tuε ∈ L2(0, T ;L2(Sε)) and uε(x, 0) = 0 is a strong
solution to the problem (4) if for an arbitrary function v ∈ Kε it satisfies the inequality

β(ε)

T∫
0

∫
Sε

∂tuε(v − uε)dsdt+

∫
QT

ε

∇uε∇(v − uε)dxdt ⩾
∫
QT

ε

f(v − uε)dxdt. (5)

Theorem 1. There exists a unique strong solution uε(x, t) to the problem (4) and it satisfies the
estimates

∥uε∥L2(0,T ;H1(Ωε)) +
√
β(ε)∥uε∥C([0,T ];L2(Sε)) ⩽ K∥f∥L2(0,T ;L2(Ω)), (6)

and √
β(ε)∥∂tuε∥L2(0,T ;L2(Sε)) + ∥∇uε,δ∥C([0,T ];L2(Ωε)) ⩽ K∥f∥H1(0,T ;L2(Ω)), (7)

Proof. It closely follows some ideas in [5] and [6]. We consider an auxiliary problem with a penalty
term 

−∆uε,δ = f(x, t), (x, t) ∈ QTε ,
β(ε)∂tuε,δ + ∂νuε,δ + β(ε)δ−1(uε,δ)

− = 0, (x, t) ∈ STε ,
uε,δ(x, t) = 0, (x, t) ∈ ΓT ,
uε,δ(x, 0) = 0, x ∈ Sε,

(8)

where δ = const > 0 is a parameter, u+ = sup(0, u), u− = u− u+. Note that the function σ(u) = u−

is monotone.
We say that a function uε,δ ∈ L2(0, T ;H1(Ωε, ∂Ω)) is a strong solution to the problem (8), if ∂tuε,δ ∈
L2(0, T ;L2(Sε)), uε,δ(x, 0) = 0 as x ∈ Sε, and if it satisfies the integral identity

β(ε)

T∫
0

∫
Sε

∂tuε,δvdsdt+

T∫
0

∫
Ωε

∇uε,δ∇vdxdt+

+δ−1β(ε)

T∫
0

∫
Sε

(uε,δ)
−vdsdt =

∫
QT

ε

fvdxdt, (9)

where v is an arbitrary function from L2(0, T ;H1(Ωε, ∂Ω)). The results of the paper [6] imply that
the problem (8) has a unique solution and the following estimates hold

∥uε,δ∥L2(0,T ;H1(Ωε)) +
√
β(ε) ess sup

t∈[0,T ]

∥uε,δ∥L2(Sε) ⩽ K∥f∥L2(0,T ;L2(Ω)), (10)√
β(ε)∥(uε,δ)−∥L2(0,T ;L2(Sε)) ⩽ K

√
δ∥f∥L2(0,T ;L2(Ω)), (11)√

β(ε)∥∂tuε,δ∥L2(0,T ;L2(Sε)) + ess sup
t∈[0,T ]

∥∇uε,δ∥L2(Ωε) ⩽ K∥f∥H1(0,T ;L2(Ω)), (12)

where the constant K is independent of ε and δ.
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From the estimates (10)-(12), we conclude that there exists a subsequence (we preserve the notation
of the original sequence for it) such that, as δ → 0,

uε,δ ⇀ uε weakly in L2(0, T ;H1(Ωε, ∂Ω)),

uε,δ → uε strongly in C([0, T ];L2(Sε)),

∂tuε,δ ⇀ ∂tuε weakly in L2(0, T ;L2(Sε)),

(uε,δ)
− → 0 strongly in L2(0, T ;L2(Sε)).

(13)

Now, we show that uε is a solution to (4). Taking into account that (uε,δ)
− → 0 in L2(0, T ;L2(Sε))

as δ → 0, we get uε ⩾ 0 for a.e. x ∈ Sε and t ∈ [0, T ], i.e. uε ∈ Kε.
Let v ∈ Kε. From the integral identity (9), we derive

β(ε)

T∫
0

∫
Sε

∂tuε,δ(v − uε,δ)dsdt+

T∫
0

∫
Ωε

∇uε,δ∇(v − uε,δ)dsdt+

+δ−1β(ε)

T∫
0

∫
Sε

(uε,δ)
−(v − uε,δ)dsdt =

∫
QT

ε

f(v − uε,δ)dxdt.

(14)

According to (13), as δ → 0, we have

lim
δ→0

β(ε)

T∫
0

∫
Sε

∂tuε,δ(v − uε,δ)dsdt = β(ε)

T∫
0

∫
Sε

∂tuε(v − uε)dsdt, (15)

lim
δ→0

T∫
0

∫
Ωε

∇uε,δ∇(v − uε,δ)dxdt ⩽

T∫
0

∫
Ωε

∇uε∇(v − uε)dxdt. (16)

It is easy to see that

T∫
0

∫
Sε

(uε,δ)
−(v − uε,δ)dsdt =

T∫
0

∫
Sε

(uε,δ)
−vdsdt−

T∫
0

∫
Sε

|(uε,δ)−|2dsdt ⩽ 0.

Therefore, uε ∈ Kε satisfies the inequality (5) for an arbitrary function v ∈ Kε.
Now, we prove that a solution to the problem (4) is unique. Suppose that there are two solutions
u1,ε u2,ε ∈ Kε, and both satisfy the variational inequality (5). Taking v = u2,ε in the inequality for
u1,ε, and v = u1,ε in inequality for u2,ε, we sum the obtained inequalities and get

β(ε)

T∫
0

∫
Sε

∂t(u1,ε − u2,ε)(u1,ε − u2,ε)dsdt+

+

T∫
0

∫
Ωε

|∇(u1,ε − u2,ε)|2dxdt ⩽ 0,

(17)

which implies that u1,ε = u2,ε a.e. in QTε .

It is well known (see [10]) that there exists a linear extension operator Pε : H1(Ωε, ∂Ω) → H1
0 (Ω) such

that
∥(Pεu)∥L2(Ωε) ⩽ K∥∇u∥L2(Ωε), ∥Pεu∥H1

0 (Ω) ⩽ K∥u∥H1(Ωε,∂Ω),

where K > 0 is a constant independent of ε. The estimates (6), (7) imply

∥Pεuε∥L2(0,T ;H1
0 (Ω)) ⩽ K, (18)

hence, for some subsequence (we preserve the original sequence notation for it), as ε→ 0, we have

Pεuε ⇀ u0 weakly in L2(0, T ;H1
0 (Ω)). (19)
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3. STATEMENT OF THE MAIN RESULT AND TEST FUNCTION CONSTRUCTION

Theorem 2. Let aε, β(ε) satisfy conditions (1), (2) and let uε be a solution to the problem (4). Then,
u0 is the unique weak solution to the problem

−∆u0 + 2πC2
1C

2
2 (u0 −Hu0) = f(x, t), (x, t) ∈ QT = Ω× (, T ),

u(x, t) = 0, (x, t) ∈ ∂Ω× (0, T ),
Hu0 ⩾ 0, ∂tHu0 + LHu0 ⩾ Lu0,

Hu0

(
∂tHu0 + L(Hu0 − u0)

)
= 0, (x, t) ∈ QT ,

Hu0(x, 0) = 0, x ∈ Ω,

(20)

where L =
2πC2

2
l
, l = |∂Aj |, j = 1, 2, . . ..

Remark 1. To construct the «strange term» Hu0 (that does not appear in the case of big perforations
or particles) in the homogenized problem (20), we need to solve the variational inequality for an ordinary
differential operator 

d
dt
Hϕ + LHϕ ⩾ Lϕ, Hϕ ⩾ 0,

Hϕ(
d
dt
Hϕ + LHϕ − Lϕ) = 0, t ∈ (0, T ),

Hϕ(0) = 0.
(21)

The papers [5] and [7] studied that problem and the properties of the operator H : L2(0, T ) → L2(0, T ),
H(ϕ) = Hϕ, where ϕ ∈ L2(0, T ), Hϕ is the solution to the problem (21).
It is known (see. [5], [7]) that for every ϕ ∈ L2(0, T ) there exists a unique function Hϕ ∈ H1(0, T )
satisfying the variational inequality

T∫
0

H
′
ϕ(v −Hϕ)dt+ L

T∫
0

Hϕ(v −Hϕ)dt ⩾ L
T∫

0

ϕ(v −Hϕ)dt, (22)

where v is an arbitrary function from the space L2(0, T ) such that v ⩾ 0. Also, Hϕ(0) = 0, Hϕ(t) ⩾ 0
for every t ∈ (0, T ). The inequality (22) is the variational formulation of the problem (21).
We present the properties of the operator H, that were studied in the paper [7], in the following
theorem.
Theorem 3. Let the operator H : L2(0, T ) → L2(0, T ), that maps a function ϕ into the solution of
the problem (21) Hϕ. Then, H is Lipschitz continuous and monotone. In other words, for arbitrary
functions ϕ and ψ from L2(0, T ) and related to them solutions of the problem (21), Hϕ and Hψ, we
have the inequalities

∥Hϕ −Hψ∥L2(0,T ) ⩽ ∥ϕ− ψ∥L2(0,T ),

T∫
0

(Hϕ −Hψ)(ϕ− ψ)dt ⩾ 0. (23)

Remark 2. Taking into account the properties of the operator H given in Theorem 3, the homogenized
problem (20) has a unique solution u0 ∈ L2(0, T ;H1

0 (Ω)) understood in the sense of the integral identity

T∫
0

∫
Ω

∇u0∇vdxdt+ 2πC2
1C

2
2

T∫
0

∫
Ω

(u0 −H(u0))vdxdt =

T∫
0

∫
Ω

fvdxdt, (24)

where v is an arbitrary function from L2(0, T ;H1
0 (Ω)). The proof is the same that is in the Proposition

2 of [5].
Let Hj

ϕ,ε(t), (j ∈ Υε ) be a solution on (0, T ) to the problem
d
dt
Hj
ϕ,ε + LHj

ϕ,ε ⩾ Lϕ(P jε , t), Hj
ϕ,ε ⩾ 0,

Hj
ϕ,ε

(
d
dt
Hj
ϕ,ε + LHj

ϕ,ε − Lϕ(P jε , t)
)
= 0,

Hj
ϕ,ε(0) = 0,

(25)

where ϕ(x, t) = ψ(x)η(t), ψ ∈ C∞
0 (Ω), η ∈ C1([0, T ]) are arbitrary, x ∈ Ω is a parameter in the

problem (25).
To construct the test function, we need to define two auxiliary capacity type problems

∆qjε = 0, x ∈ T jε/4 \G
j
ε; q

j
ε = 1, x ∈ ∂Gjε; q

j
ε = 0, x ∈ ∂T jε/4, (26)

and
∆wjε = 0, x ∈ T jε/4 \ T

j
aε ; w

j
ε = 1, x ∈ ∂T jaε ; w

j
ε = 0, x ∈ ∂T jε/4. (27)
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Define the function

qε =


qjε, x ∈ T jε/4 \G

j
ε, j ∈ Υε,

1, x ∈ Gjε, j ∈ Υε,

0, x ∈ Rn \
⋃
j∈Υε

T jε/4,

(28)

and

wε =


wjε, x ∈ T jε/4 \ T

j
aε , j ∈ Υε,

1, x ∈ T jaε , j ∈ Υε,

0, x ∈ Rn \
⋃
j∈Υε

T jε/4.

(29)

Note that the solution to the problem (27) is given by

wjε(x) =
ln
(

4r
ε

)
ln
(

4aε
ε

) ,
where we denote r = |x|.
The following result is special for dimension n = 2 and it is the key point of several arguments which
will be used later.
Theorem 4. Let n = 2. The following inequality is true,

∥wε − qε∥H1(Ω) ⩽ Kε, (30)

where the constant K here and below doesn’t depend on ε.
The proof of this theorem is given in [14]. It is easy to see that wε ⇀ 0 and qε ⇀ 0 weakly in H1

0 (Ω)
as ε → 0. Notice that in the random framework used in the paper [16], it is assumed that wε = qε.
So, in this sense, our approach is more general since only the perimeter must be the same.
We introduce an auxiliary function

Wε,ϕ(x, t) =

{
qjε(x)(ϕ(x, t)−Hj

ϕ,ε(t)), x ∈ T jε/4 \G
j
ε, j ∈ Υε,

0, x ∈ Rn \
⋃
j∈Υε

T jε/4.
(31)

Taking into account properties of the functions wε, qε and Hj
ϕ,ε, we get PεWε,ϕ ⇀ 0 weakly in H1(QT )

as ε→ 0.
During the proof of the Theorem 2 below, we will use the «oscillating test function»

v = ϕ(x, t)−Wε,ϕ(x, t) (32)

in the variational inequality given by (4). Note that v ∈ Kε. Indeed, for x ∈ ∂Gjε, t ∈ [0, T ], we have

v(x, t) = ϕ(x, t)− ϕ(x, t) +Hj
ϕ,ε(t) = Hj

ϕ,ε(t) ⩾ 0.

4. PROOF OF THE THEOREM 2

Proof. As uε satisfies the variational inequality (5), then uε also satisfies integral inequality of the
following form

T∫
0

∫
Ωε

∇v∇(v − uε)dxdt+ β(ε)

T∫
0

∫
Sε

∂tv(v − uε)dsdt ⩾ (33)

⩾

T∫
0

∫
Ωε

f(v − uε)dxdt−
1

2
β(ε)∥v(x, 0)∥2L2(Sε)

,

where v is an arbitrary function from Kε such that ∂tv ∈ L2(0, T ;L2(Sε)).
In this inequality, we take v as the function given by (32). Taking into account that v(x, 0) = Hj

ϕ,ε(0) =
0, we derive

T∫
0

∫
Ωε

∇(ϕ−Wε,ϕ)∇(ϕ−Wε,ϕ − uε)dxdt+

+β(ε)
∑
j∈Υε

T∫
0

∫
∂G

j
ε

∂tH
j
ϕ,ε(t)(H

j
ϕ,ε − uε)dsdt ⩾

⩾

T∫
0

∫
Ωε

f(ϕ−Wε,ϕ − uε)dxdt.

(34)
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Using that Wε,ϕ ⇀ 0 weakly in H1(QT ) as ε→ 0, we have

lim
ε→0

T∫
0

∫
Ωε

f(ϕ−Wε,ϕ − uε)dx =

T∫
0

∫
Ω

f(ϕ− u0)dxdt. (35)

Analogously,

lim
ε→0

T∫
0

∫
Ωε

∇ϕ∇(ϕ−Wε,ϕ − uε)dxdt =

T∫
0

∫
Ω

∇ϕ∇(ϕ− u0)dxdt. (36)

Using the definition of Wε,ϕ and Theorem 4, we get

T∫
0

∫
Ωε

∇Wε,ϕ∇(ϕ−Wε,ϕ − uε)dxdt =

=
∑
j∈Υε

T∫
0

∫
T

j
ε/4

\Gj
ε

(ϕ(x, t)−Hj
ϕ,ε(t))∇q

j
ε∇(ϕ(x, t)−Wε,ϕ − uε)dxdt+

+
∑
j∈Υε

T∫
0

∫
T

j
ε/4

\Gj
ε

qjε∇ϕ∇(ϕ−Wε,ϕ − uε)dxdt =

∑
j∈Υε

T∫
0

∫
T

j
ε/4

\Gj
ε

∇qjε∇((ϕ(P jε , t)−Hj
ϕ,ε(t))(ϕ−Wε,ϕ − uε))dxdt+ κε = (37)

=
∑
j∈Υε

T∫
0

∫
T

j
ε/4

\Gj
ε

∇(qjε − wjε)∇((ϕ(P jε , t)−Hj
ϕ,ε)(ϕ−Wε,ϕ − uε))dxdt+

+
∑
j∈Υε

T∫
0

∫
T

j
ε/4

\Gj
ε

∇wjε∇((ϕ(P jε , t)−Hj
ϕ,ε(t))(ϕ−Wε,ϕ − uε))dxdt+ κε =

=
∑
j∈Υε

T∫
0

∫
T

j
ε/4

\T j
aε

∇wjε∇((ϕ(P jε , t)−Hj
ϕ,ε(t))(ϕ−Wε,ϕ − uε))dxdt+ θε ≡

≡ Jε + θε,

where θε → 0 as ε→ 0,

Jε ≡
∑
j∈Υε

T∫
0

∫
T

j
ε/4

\T j
aε

∇wjε∇((ϕ(P jε , t)−Hj
ϕ,ε(t))(ϕ−Wε,ϕ − uε))dxdt.

By using that ∂νwjε
∣∣∣
∂T

j
ε/4

= 4

ε ln

(
4aε
ε

) , ∂νwjε
∣∣∣
∂T

j
aε

= − 1

aε ln

(
4aε
ε

) , we have

Jε =
4

ε ln
(

4aε
ε

) ∑
j∈Υε

T∫
0

∫
∂T

j
ε/4

(ϕ(P jε , t)−Hj
ϕ,ε(t))(ϕ(x, t)− uε)dsdt−

− 1

aε ln
(

4aε
ε

) ∑
j∈Υε

T∫
0

∫
∂T

j
aε

(ϕ(P jε , x)−Hj
ϕ,ε(t))(H

j
ϕ,ε − uε)dsdt.
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Next, we use the estimate derived in [14].

∣∣∣ ∑
j∈Υε

T∫
0

∫
∂G

j
ε

(ϕ(P jε , t)−Hj
ϕ,ε(t))(ϕ(x, t)− uε)dsdt−

− l

2π

∑
j∈Υε

T∫
0

∫
∂T

j
aε

(ϕ(P jε , t)−Hj
ϕ,ε(t))(ϕ(x, t)− uε)dsdt

∣∣∣ ⩽ Kaεε
−1.

(38)

Due to conditions (1) and (2), the right-hand side of the estimate (38) converges to zero as ε→ 0.
From the estimate (38), we derive

− 1

aε ln
(

4aε
ε

) ∑
j∈Υε

T∫
0

∫
∂T

j
aε

(ϕ(P jε , t)−Hj
ϕ,ε)(H

j
ϕ,ε(t)− uε)dsdt =

=
{
− β(ε)

β(ε)aε ln
(

4aε
ε

) ∑
j∈Υε

T∫
0

∫
∂T

j
aε

(ϕ(P jε , t)−Hj
ϕ,ε)(H

j
ϕ,ε(t)− uε)dsdt+

+
2πβ(ε)

lβ(ε)aε ln
(

4aε
ε

) ∑
j∈Υε

T∫
0

∫
∂G

j
ε

(ϕ(P jε , t)−Hj
ϕ,ε)(H

j
ϕ,ε(t)− uε)dsdt

}
−

− 2πβ(ε)

lβ(ε)aε ln
(

4aε
ε

) ∑
j∈Υε

T∫
0

∫
∂G

j
ε

(ϕ(P jε , t)−Hj
ϕ,ε)(H

j
ϕ,ε(t)− uε)dsdt ≡

≡ B1,ε +B2,ε.

(39)

According to (38), we have lim
ε→0

B1,ε = 0. Considering (2), we derive

lim
ε→0

B2,ε =

= lim
ε→0

2πC2
2β(ε)

l

∑
j∈Υε

T∫
0

∫
∂G

j
ε

(ϕ(P jε , t)−Hj
ϕ,ε)(H

j
ϕ,ε(t)− uε)dsdt) = 0.

(40)

Taking into account (39), (40) and (34), we collect the integrals over Sε, and get

β(ε)
∑
j∈Υε

T∫
0

∫
∂G

j
ε

∂tH
j
ϕ,ε(t)(H

j
ϕ,ε − uε)dsdt+

+
2πC2

2β(ε)

l

∑
j∈Υε

T∫
0

∫
∂G

j
ε

(Hj
ϕ,ε − ϕ(P jε , t))(H

j
ϕ,ε(t)− uε)dsdt) = (41)

= β(ε)
∑
j∈Υε

T∫
0

∫
∂G

j
ε

(
∂tH

j
ϕ,ε +

2πC2
2

l
(Hj

ϕ,ε − ϕ(P jε , t))(H
j
ϕ,ε − uε)dsdt ⩽ 0.

For the integrals over ∂T jε/4 we have the convergence "from length to surface averaging" (see. [5])

lim
ε→0

(
− 4

ε ln( 4aε
ε
)

) ∑
j∈Υε

T∫
0

∫
∂T

j
ε/4

(Hj
ϕ,ε − ϕ(P jε , t))(H

j
ϕ,ε − uε)dsdt =

= 2πC2
1C

2
2

T∫
0

∫
Ω

(Hϕ − ϕ)(ϕ− u0)dxdt.

(42)
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The inequality (34) and (35)-(42) imply that u0 satisfies the inequality

T∫
0

∫
Ω

∇ϕ∇(ϕ− u0)dxdt+ 2πC2
1C

2
2

T∫
0

∫
Ω

(ϕ−H(ϕ))(ϕ− u0)dxdt ⩾

⩾

T∫
0

∫
Ω

f(ϕ− u0)dxdt,

(43)

where ϕ is an arbitrary function from L2(0, T ;H1
0 (Ω)). Now, using the continuity of the operator H,

we can prove that u0 is a unique weak solution to the problem (20). Indeed, to show this, we substitute
ϕ = u0 ± λw, where w ∈ L2(0, T ;H1

0 (Ω)) is arbitrary, λ > 0, and pass to the limit as λ → 0 in the
integral inequality. Thus, we get that the function u0 exactly satisfies the integral identity (24).
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