UNIQUENESS AND QUALITATIVE BEHAVIOR OF SOLUTIONS TO A POROUS
MEDIUM EQUATION WITH NEWTONIAN POTENTIAL PRESSURE OF
NONLINEAR DENSITY FUNCTION
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ABsTRACT. In this paper, we would like to study nonnegative solutions of the following problem:
w, = div (uV(-A)"u")  inRY x(0,7),
u(x,0) = up(x) inRY,
with m > 1. We establish the well-posedness theory for densities ug(x) in C?(R"), y € (0, 1); or
in H(RM), s > % with compact support respectively.
Concerning the qualitative behavior of solutions, we show that the L”-estimates of solutions,

1 < p £ oo are decreasing in time. Moreover, we demonstrate that the solutions satisfy the
following universal bound

u(x, ) < (mty"w, for (x,1) € RN x (0, c0).
In addition, we investigate the asymptotic profile of # when t — co. Precisely, for any g € [1, 00)
we have
_g-1w2lN
e = WOy < €70 >0,

where W(x, 1) is the vortex patch solution. Hence, we extend the known results of the case
g = m = 1 in the literature.

We end the paper with a section devoted to the study of symmetrization solutions of the above
problem. In particular, we obtain some comparison results in a suitable sense for the sym-
metrization solutions.
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1. INTRODUCTION

Our main purpose of this paper is to study nonnegative solutions of the following equation
{ Ou = div(uVp) inRY x(0,7),

pu= (=D, (1.1)
u(x,0) = up(x) inRY,

with m > 1, and space dimension N > 2, and u is a nonnegative density function. The above
problem is a special case of a family of problems of the form

Ou =div(@"Vp,) inRNx(0,T),
pu=(=N""um, (1.2)
u(x,0) = up(x) inRY,

which can be also formulated in terms of the hyperbolic-elliptic nonlinear system

Ou+Vu'-Vp, +u™ =0 inRN x(0,7T),
-Ap, = u" inRY x (0,7) (1.3)
u(x,0) = up(x) inRV.

Let us discuss several important works dealing with special cases of the above doubly para-
metric system (1.2). We also mention here that a different (but quite related) formulation was
proposed in [5,6,7,8,9,10, 11, 12,17, 22,31, 37, 38] in which p, = (-A)~*u" with0 < s < 1.
Note that the limit case s = 0 leads to the usual degenerate parabolic porous media equation:

ou = div"vu™),

for a gas with the constitutive law between the pressure and the density given by p, = u™.
The other limit case, s = 1, corresponds to Eq (1.1), when n = 1, in which the constitutive
law between the pressure and the density is given through the Newtonian potential pressure
pu = (=A)~'u™ (long-range interactions). Notice that now the problem loses its parabolic na-
ture and becomes a hyperbolic-elliptic nonlinear system.

When m = 1, Eq (1.1) reads as
du = div (uV(-A)"u) . (1.4)

Such an equation of this type has been studied by the authors in [3, 13, 14, 27, 29, 36, 43, 44],
and the references therein. In two-dimension (N = 2), Eq (1.4) is known as a Chapman—
Rubinstein—Schatzman mean field model of superconductivity (see [16]). Note that Eq (1.4) is
directly related to the following equation

Au = div (|u|V(—A)—1u), (1.5)

which is a mean field model for the motion of vortices in a superconductor in the Ginzburg—
Landau theory, see [23, 29, 30, 43]. There, u represents the local vortex-density, and p =
(=A)~'u represents the induced magnetic field in the sample. Obviously, Eq (1.5) coincides
with Eq (1.4) when u > 0.

The well-posedness theory of Eq (1.4) for densities uy € L'(RY) N L*(RY) was established by
the authors in [3, 27, 28, 32, 36, 42, 44] and the references cited therein (see also the book by
Majda—Bertozzi, [29]). One of the most interesting properties of solutions to Eq (1.4) is the
finite speed of propagation. That is the support of u(.,?) is compact in RY and is spreading
for every t > 0 if the initial datum is compactly supported in RY. This result is known in
the literature since vector velocity field Vp is uniformly bounded for all (x,) € RY x (0, o)
according to the theory of Calder6n-Zygmund (see, e.g., [3, 27, 29, 30, 32]).

Furthermore, solutions of Eq (1.4) in RY X (0, co) satisfies the following universal bound

u(x,t) <!, for(x,t) € RN x (0, ), (1.6)
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see, e.g., [3, 27, 44]. This bound can be obtained by using the characteristic equation associated

to u:

T = =V @(0,1), Do) = x,

(1.7)

DD = —uP (@), 1), u(Do(x),0) = uo(x).
We emphasize that the universal bound plays a role of barrier in order to prove an existence of
solutions to Eq (1.4) with densities u, in the space of Radon measures (see [27, 36]).
In [3], Bertozzi et al. established the well-posedness theory of mixed sign solutions to Eq
(1.4) for densities uy € L'(RY) N L*(R"). We note that the authors considered the Newtonian
pressure p = (A) 'uinstead of p = (=A)~'u as in Eq (1.4). Thus, their spreading case (the same
our study in this paper) is corresponding to the nonpositive densities u,. Besides, they obtained
the asymptotic behavior of solution u as t — oo. Precisely, if uy € LY(RY), then the unique

solution u of Eq (1.4) satisfies
1im [lu(t) = WDl = 0.

where
”uO”L‘”(RN)

1
= mlmo,m)), R() =Ry (1 + ||Mo||L°°(RN)l)N ,
and R, depends on u,, N. Note that W(x, ) is called the vortex patch of solution. Here and
through the paper, we denote 1q by the characteristic function on Q for every set Q in RY.
On the other hand, if u(x) is strictly negative at some point in RY, then the solution is blowing-

W(x, 1)

up in a finite time 7" = sup ,
xeRN —Up X)
We would like to mention that Nieto—Poupaud—Soler [32] also studied Eq (1.4), derived from
the Vlasov—Poisson—Fokker—Planck system.
Note that this equation is also a transport equation. Such an equation of this type has been
studied by several authors in [1, 2, 15, 22, 28, 36], and the references therein, by using the
gradient flow approach. For example, using the 2-Wasserstein distance Loeper [28] obtained
a uniqueness of bounded solutions to the Vlasov—Poisson system, which can be derived to Eq

(1.4).

see [3, page 2].

Eq (1.4) with fractional potential p = (=A)"*u, s € (0, 1) reads as
Ou = div (uV(-A)""u) . (1.8)

The pioneering study of Eq (1.8) has been made by Caffarelli-Vazquez, [10]. They obtained
an existence result of nonnegative solutions, and the L*-estimate which is decreasing in time.
Moreover, the constructed solution satisfies the finite speed of propagation, and the L® — L!
decay estimate

2-2s
lu@)llz~ < Ct“N+g-2f||uollff2'“, forz >0, (1.9)
with constant C = C(N, s).
We emphasize that constant C(J, s) in (1.9) stays bounded for all s near 1. Thus, universal
bound (1.6) can be derived from (1.9) by letting s — 1. This observation is due to Serfaty—

Viazquez, [36]. Some generalizations of Eq (1.8) have been studied by the authors in [5, 17, 38]
and the references cited therein.

Concerning the nonlinear mobility cases, Carrillo et al. [13, 14], studied nonnegative solu-
tions of the following equation

du = div (u'V(-A)"'u) inRY x (0, 7),
u(x,0) = up(x) inRV.

(1.10)
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When 0 < n < 1, they proved an existence and uniqueness of solutions in the sense of vis-
cosity solutions for densities uy € L'(RY) N L*(RY) with the radial mass. In addition, the
authors proved an existence and uniqueness of radial solutions when n > 1. We want to men-
tion that the existence and uniqueness of solutions to Eq (1.10) is open for general densities
up € L'(RY) N L¥(RY).

In our knowledge, Eq (1.1) has not been studied when m > 1. Then, we would like to study
the well-posedness theory for densities 1y in C*(RY), y € (0, 1), or in H*(RY), for s > N/2
respectively. Moreover, we also study the regularity of solutions in those case.

On the other hand, we investigate the qualitative behavior of solutions to Eq (1.1) such as the
Li-estimates, g € (1, 0], the conservation of mass, the universal bound, and the asymptotic
profile of solutions via the vortex patch of solutions.

Finally, we study the symmetrization solutions and derive some comparison results in LI(R")-
norm, and in the size of support of solutions. Note that the pointwise comparison result is not
true for solutions of Eq (1.1), see [36].

Notations. Through the paper, we denote:

e constant by C, which may change from line to line. Moreover, the notation C =
C(a, p, N) means that C merely depends on a, p, N.

wy by the volume of the unit ball in R".

X = L'(RY) N L*(R"), equipped by the norm || - [lx = Il - lLigay) + Il - [lz=ga)-

14, by the characteristic function on Q c R,

Or =RV x (0, T), for T > 0.

Next, we write A < B if there exists a constant C > 0 such that A < CB. Furthermore, we write
A~ Biff A< B<A.

Main results. First of all, let us point out the definition of weak solutions to Eq (1.1).

Definition 1.1. A function u € L¥(0,T;X), T > 0 is called a weak solution of Eq (1.1) if u
satisfies

(up, —uVp, -Vo)dxdt =0, Ve e CJ(Qr).
Or

In the following, we always assume that #, € X is nonnegative. Then, our main results are as
follows.

Theorem 1.1. Let m > 1,N > 2. Suppose that uy € H*(R"), s > % Then, Eq (1.1) has a
weak solution u in L=(0,T;X) N L*(0,T; H*(RM)) for T > 0. Moreover, u has the following

properties:

e (Conservation of mass)

f u(x,t)dx = f uy(x)dx, VYre(0,7). (1.11)
RN RN
o (Li-estimate) For any 1 < g < oo, we have

(., Oll oy < lltollzoyy, V1 € (0,7T). (1.12)
e (Universal bound)

u(x,t) < (mt)"n, forae. (x,t) € Qr. (1.13)

Beside, if uy has compact support in RY, then we obtain a uniqueness of weak solutions of Eq

(1.1).
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Remark 1.1. When m = 1, the uniqueness of bounded solutions of Eq (1.1) is known in the
literature. The proofis based an energy estimate in terms of H™' inner product for a comparison
of two densities (see, e.g., [3, 32, 35, 42]). However, such argument cannot be applied to the
case of nonlinearity u™, m > 1 due to a technical problem.

In [28], Loeper obtained the uniqueness result by using the 2-Wasserstein distance in terms
of flow ©, satisfying (1.7) (see the same argument in [36]). Note that his proof is based on
the argument of the optimal transportation, and the facts that p = (—=A)"'u, and u is of the
conservation of mass. Obviously, this argument is not able to apply to p = (=A)'u™,m > 1
since the mass of u™(t) is decreasing in time according to (1.13).

Remark 1.2. One cannot expect that all bounded weak solutions of Eq (1.1) satisfy the Holder
regularity since the vortex patch of solutions, such as W, are even not continuous in Qr when
m = 1. This is in contrast to the bounded energy solutions of Eq (1.8) satisfying Holder
regularity, see [11, 12].

Next, we would like to study the y-Holder estimate of solutions to Eq (1.1) for initial data in
C’(RY), y € (0, 1). In fact, one cannot expect that all bounded weak solutions of Eq (1.1) satisfy
the Holder regularity since the vortex patch of solutions, such as W, are even not continuous
in Oy when m = 1. This is in contrast to the bounded energy solutions of Eq (1.8) satisfying
Holder regularity, see [11, 12].

Theorem 1.2. Let u, € C(y)(RN ), v € (0,1) (the space of y-Holder continuous functions with
compact support). Then, there exists a unique weak solution u of Eq (1.1) satisfying (1.11)—
(1.13). Moreover, u(x,t) € L~(0,T;Cy(RY)), T > 0.

Our next result is the asymptotic profile of u as t — oo.

Theorem 1.3. Assume hypotheses as in Theorem 1.1 (resp. Theorem 1.2). Let uy satisfy
supp(uo) C B(0,ry), ro > 1, |luollpiwyy = wn, and |lugllp~@~y = 1. Then, we have the following
asymptotic profile of u via the vortex patch solution in L1-norm, 1 < g < oo:

1

(rY - 1)a
[t®) = W@D)|| v, < Clgom, N)y—iim, for1>0, (1.14)
l’ gm
with
1 L
Wx, 1) = —22O_ " Rty = (1 + me)™ . (1.15)
(1 + mit)n

Remark 1.3. (1.14) is known when g = m = 1, see, e.g., [3, 36].

Finally, we present some estimates on the radial symmetrization solutions.
Let u, U € L'(R") be radially symmetric. We say that u is less concentrated than U, denoted
by u < U if

f u(x)dx < f U(x)dx, forallr>0. (1.16)
B(0,r) B(O,r)
Obviously, (1.16) implies that
f u.(o)do < f U.(o)do, foralls>0,
0 0
where u,, U, are the rearrangements of u, U respectively (see the definition and properties of

rearrangement in [34, 40]).
Then, we have the following result.
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Theorem 1.4. Assume hypotheses as in Theorem 1.1 (resp. Theorem 1.2). Let Uy € LY (R") be
nonnegative, such that uy < Uy. Let u be the unique bounded weak solution of Eq (1.1) as in
Theorem 1.1 (resp. Theorem 1.2). Suppose that U is the unique bounded weak solution of the
following problem

“AP = MyU (1.17)
U(x,0) = Uy(x) inR",

with My = ||U0||'L”;(1RN). Note that the existence and uniqueness of solution U to Eq (1.17) for
given densities Uy € L'(RN) N L*(RYN) is known in the literature. Then, we have

{ 0,U = div(UVP) in Qr,

u(t) < U(t), and p(t) < P(t), fort>0. (1.18)
And, for any q € [1, +o0], there holds true
Nlu@llzo@yy S NUOlagny, 1POla@ry S WPOllpayy,  fort>0. (1.19)
In addition, if
f up(x) dx:f Uy(x) dx, (1.20)
RV RV

then

|supp(U(®))| < [supp(u(®)|, for t € [0,T]. (1.21)

Remark 1.4. The isoperimetric type estimate (1.21) is very useful for non-symmetric patch of
vortices, i.e., when condition (1.20) holds since Uy, = uy,.

As a consequence of Theorem 1.4, we have the following corollary.

Corollary 1.1. Assume hypotheses as in Theorem 1.4. Suppose that Uy is radially symmetric,
and Uy, = uy, on [0, +00). Then, we have u(t) < U(t), and

|supp(U(t))| < |supp(u(t)) ,foranyt€[0,T].

The paper is organized as follows. The next section is devoted to the preliminary results.
In Section 3, we establish the well-posedness theory to a regularizing equation of Eq (1.1) for
densities uy € X. After that we derive some a priori estimates in the LI-spaces and the H*(R")-
spaces for the approximating solutions. We prove Theorems 1.1, 1.2 in Section 4. Section 5
is devoted to the study of asymptotic behavior of bounded solutions to Eq (1.1) via the vortex
patch solutions. Finally, the last section is devoted to the study of radially symmetric solutions.

2. PRELIMINARY RESULTS
At the beginning, we introduce the spaces C*(R"), and H*(R") alternatively.
Given y € (0, 1), the y-Holder continuous space is denoted by

C'RM) = {u : RY — R such that llullergyy = llullp@yy + sup M < 00}.

X#y |X -y P/
And, the homogeneous y-Holder space is denoted by C?(R"), equipped with the semi-norm

o, = SUp u(x) — u(y)|
CED TS =P

Next, the inhomogeneous Sobolev space H*(RY), s € R is defined as the space of all tempered
distributions u in S’(R") such that

1/2
llullgys ey 2= (f (1 + &Py mé)P df) :
RN
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where u(¢) = f e u(x) dx.
RN
For any 0 < 5 < N, it is known that (—~A)~*/? = T, the Riesz potential is defined by

I(f)x) = C(N, 5) fRN IO,

Jx =y

b

where C(N, s) = ”Nr/ig()%) (see, e.g., [39, Chapter 5]). It is clear that one can write 7 ((f)(x) =
2

K f(x), with K(x) = C(N, s)|x|*"V. In particular, if s = 2, then 7, is the inverse of the Laplacian

operator. Note that K(x) = zl—ﬂ log|x| when N = s = 2.

It is known that

WL s(llzogy S WfIl av — VfeE L7 (RY), (2.1)
LN+sq (RN)
provided that j\fﬁq > 1.

Next, we denote the Riesz transforms by
R:(Rj)jzl N> with Rjzéxjfl,jzl,...,N.

.....

Since R;, j = 1,..., N are the standard Calderén—Zygmund operators, then R; map L”(R") into
LP(RY), 1 < p < oo (see [39, Chapter 3]). In this paper, we often use the Li-estimate of vector
velocity Vp. Thus, we have to study the L7-estimate of operator V(—=A)~!. Then, one has

VA" Fllagy = IRT (Allayy S 121 (Olla) (VAL

N+q (RN)

forall f € L%(RN ) provided that Ig—i >leN>p = 1% That explains why we restrict our

study to N > 2. Consequently, V(=A)~! f is well-defined for all £ € L'(RY) N L*(RV).
On the other hand, one has that R maps C*(R") — C"(RM) (see [39, 29]). Precisely, we have

Ry |y VfeC®RY). 22)
Next, the following inequalities are useful for our proof below.

Lemma 2.1 (see [27]). Let s > % Then, there holds true

1A 115
11z

W%ﬂwmmzmwmmswmm@+

forall f € H(RM).

)+ 1122

We prove the following interpolation inequality via the Holder spaces.

Lemma 2.2. Leta € (0,1), and 1 < p < oo. Ifu € C*(RY)NLP(RYN), then we have u € L*(RN),
and
N/P a

llullzs < Cladle™ Null ™

where C > 0 depends on N, p, a.
Proof of Lemma 2.2. Let {0.}.-0 be a sequence of mollifiers. Then, we write

Ol = [u(x) = u % 05(x) + 1 0(X)| < |u(x) = w0+ 0(X)] + |1+ 0(X)|

< [u(x) — u(x — Y)lo:(y) dy + |lu * 0gll 1
RN

sf|mmm@@wM&m
[yl<e
< g + 1+ 0l

Thanks to Young’s inequality, we deduce from the last inequality that

-N
lu(x)| < &ulce + lullpolloclly < elulee + Ce™™ P |lullps .
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(Here, we accept the notation p’ = co whenever p = 1.)
By minimizing the last inequality with respect to a, one gets

1
(0l < Clul & Null 7™
This yields the proof of Lemma 2.2. O

It is convenient to recall the Gronwall inequality here.

Lemma 2.3 (Gronwall’s inequality, see [29]). If u,q, and ¢ > 0 are continuous on [0,1], c is
differentiable, and

q(t) < c() + f u(s)q(s) ds,
0

q(?) < c(0)exp {f M(S)dS} +f c'(s) (exp {f M(T)dT}) ds.
0 0 s

3. A REGULARIZING PROBLEM

then

To obtain an existence of weak solutions of Eq (1.1) for densities uy € X, we study the
following regularizing problem of Eq (1.1):

Ou — eAu = div(uVp,) inRY x(0,T), 3.0
u(x,0) = up(x) inRVN. '
Then, we have the following result.

Theorem 3.1. Let uy € X. Then, Eq (3.1) has a unique mild solution u, € C([0,T];X).
Moreover, for any q € [1, 0] we have
o (s Dllzaeyy < luollzawyy, V1 €(0,7T). (3.2)
And,
ellVuelFogny < luoll2ery, Ve > 0. (3.3)
As a consequence of (3.2), u. exists globally in time (T = oo).
Proof of Theorem 3.1 . For a brief notation, let us drop the dependence on the parameter € of

u., and denote u = u,. Now, we look for a mild solution u € C([0, T']; X) as a fixed point of the
map

!
T ium e ug+ f V- "R uVp,)()dr, (3.4)
0

. . . 2
where e is the semigroup corresponding to the heat kernel (47rt)‘% exp(—% .

The following estimate for ¢’ is fundamental (see [41, Proposition 1.2, Ch. 15]).
Proposition 3.1. Forevery 1 < q <r < oo, and for k € N, there holds

Nel_Ly_k
[[V¥e = u(r) < Cr 22 u(@) oy, Yt >0,

Lr(RN) -

where the constant C > 0 depends on the parameters involved.

Let Bx(0,R) c C([0, T]; X) be the closed ball with center at 0, and radius R. Then, we show
that 7~ is a contraction mapping from Bx(0, R) — Bx(0, R) for a suitable number R > 0.
By Proposition 3.1, we get

17 )(@) = T WOy = H fo V- " uVp, —vVp,) (1) dr

Lr(RN )

t
<C f (t = 0 G UV po(r) = v Py, dT
0
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t
_ﬂ(l_L)_%
<C | =7 2 72 l(u = Vpu(Ollgwny dT
0

!
L C f (t—1) 2% 72 |w(Vp, — VP ) Ol @y dt
0

=1 +L.

(3.5)

Then, we will study estimate (3.5) for r = 1 and r = oo alternatively. To do that, we need to

obtain the L*-bound for Vp,.

Lemma 3.1. There exists a constant C = C(N,m) > 0 such that for u,v € C([0, T]; X) we have

IVpu() = V(D) po@yy < C max {[lu(t)] Z';(IRN), V(@I Lm(Rm}llu(t) —v(®)llx
fort e (0,T).
Proof of Lemma (3.1). For 4; > 0, we have

Vpu(x, 1) = Vpu(x, 1) = —

N
1 u™(y,t) —v™(y,t 1 u™(y,t) —v™(y,t
L ") = 7" )ldy+—f 000 =01

WN J)x—y|<Ag lx =yl WN J)x—y|>1 lx =yl

=L+1.

By the mean value theorem, we obtain

-1 -1 1-N
1y < mmax (IR, VOIS (D) = (Ol f ="V dy
lx=yl<do

< C(N m) max {”u(t)”Loo(RN)’ ||v(t)||Loo(RN)}”u(t) - V(I)HLW(RN)AO .
And
12 < C(N m) max {”u(t)”Loo(RN)’ “v(t)”Loo(RN)}”u(t) - v(t)”L'(RN)/l(l)_N

Combining the indicated inequalities yields

VP, 1) = Vp, (e, 0] < C max {lu(OI= . VO } (16 = V@)l o

Hlue(®) = vOllp ey 2p™) -
By minimizing the right hand side of the last inequality, we get
|Vpu(x t) va(x t)' <C max {”u(t)l LM(RN)’ ||V(t)| L""(RN)}
X |lua(t) — V(t)IILM(RN)IIM(t) V(t)IILl &)
Therefore, the proof of Lemma 3.1 follows.

Remark 3.1. By letting v = 0 in (3.7), for every u € C([0, T]; X) we obtain

IV POl gty < CO Ity 4O} e for 1€ 0,T).

Now, we can treat I;. For any ¢ € [1, oo], using the interpolation inequality yields

gq-1
lue(O)l|paery < ||M(T)||LM(RN)||M(T)||L1(RN) < lulleqorx

fort € (0, 7).
Then, for u, v € Bx(0, R), it follows from Remark 3.1, and (3.9) that

t
_NL_1y_1
1 <€ [ = = Ol POl e
0

_f u (y”)(’“‘y)dy+f V00 =)
wo =l e b=l

(3.6)

3.7

(3.8)

(3.9)



10 NGUYEN ANH DAO AND JESUS ILDEFONSO DiAZ
!
_ﬂ(l_l)_l m
<C | =1 2 7 2u—=VlleqrxR" dr
0

!
< CR™|lu = Vlloqorix f (-7 22 dr. (3.10)
0

Concerning I,, by Lemma 3.1 and (3.9), we obtain
L<C fo (1= O A @l V2D = VoDl dr
< Clvlleqo.rioR™ i = Vlieqorrx Lt(f — 0 G ar
< CR"lu = Vlleqo.rio f (- oy YD g (3.11)
Combining (3.5), (3.10), and (3.11) yieldos
7@ = TGOl < CR = Mooy fo (-t (3.12)
By taking r = g = 1, and r = ¢ = oo in (3.12) alternatively, we deduce
17T )(@) = T W)Dllx < CR™|lu = Vllcqo.rix Lt(l ~7) 2 dr

< CR" VTlu = Vicqo.rx) - (3.13)
If we take T > 0 small enough such that CR™ VT < %, then it follows from (3.13) that

1
|7 (u) - T(V)”C([O,T];X) < E”” —Vleqorixy, Vi€ (0,T). (3.14)

Therefore, it remains to prove that 7~ maps Bx(0, R) into Bx(0, R) if we take R = 2C,||uy|[x. In
fact, applying (3.14) to v = 0 yields

1
N7 Wllcqorix < NT Oleqorx + §||M||C([0,T];X) : (3.15)

Observe that 7(0) = e**u,. By applying Proposition 3.1 to uy withg = r = 1,and g = r = o
respectively, we get

7 CO)YDllp @y < Colluollr @ »

and

1T O)Dl @y < Celltollzo @) -
Therefore,
T O)lleqo,r1:x) < Celluollx - (3.16)
A combination of (3.15) and (3.16) implies that

1
T @Wllcqoryx) < Celluollx + §||M||C([0,T];X) .

Since R = 2C||uollx, then |7 (Wllcqor).x) < R whenever u € Bx(0,R). As a result, 7 maps
Bx(0, R) into Bx(0, R).
In conclusion, there exists a unique mild solution u, € C ([0, T]; X) to Eq. (3.1) for some T > 0.

Next, we prove the a priori L?-estimates for solution u,. In the following, we denote p. = p,_
for short.
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For every ¢ > 1 and for t € (0, 7T), we multiply both sides of Eq (3.1) with ul™', and integrate
the resulting equation on RY. Then, we have

1d
—— | wi(x,Hydx+e(g-1) f Ul Vus(x, > dx + f uVpe - Vul™'(x,£)dx = 0. (3.17)
q dt RN RN RN

Note that

f Vpe - Vul(x,t)dx = f —Ap.ul(x,t)dx = f urta(x, 1) dx.
RV RV RN

Combining the two identities above yields
1d
—— | wi(x,ndx+e(g-1) f Ul Vuy(x, H* dx + f u"(x,0)dx < 0. (3.18)
q dt RN RN RN

This implies (3.2) for g € (1, o).
Obviously, (3.3) follows by taking g = 2 in (3.18).
Next, since (3.2) holds true for ¢ > 1, then passing to the limit as ¢ — oo yields

e (Ol oy < lutolle@ny -

Concerning the L'-estimate, for any 7 > 0 let us put
sign(r) if || > :
Xor) = { 7 e s adS,0= | x@dr.
= 0

n
Then, multiplying equation (3.1) by x,(u.(x, 7)) and integrating the indicated equation yield

if S,,(us(x,t))dx:—sf |Vus|2)('(us)(x,f)dx—f UVpe - X, (ue)Vug(x, 1) dx
dt RN RN 1 RN 1

<= f UsV pe - X (uts)Vite(x, 1) dx.
RN

Since x;(I) = 17/\/;72(12), then we get

’ 1 ’
1 (1) Vit = S () VGd) = TV ().

With this fact noted, we deduce from the last inequality that

Syuedr <=2 [ U, Depld)xnds

E RN 2 R

= Qf Apg)(,,z(ui)(x, 1) dx
2 RN

1
=3 f Ul x,e (u2)(x,£)dx < 0. (3.19)
RN

Thanks to the fact 0 < §,(I) < [, VI > 0, we deduce from (3.19) that
f Sy(us(x,1))dx < f S (o) dx < lullpr gy - (3.20)
RN RN

On the other hand, observe that S, (u.(x, 1)) — u.(x,t) as n — 0 for (x,7) € Qr.
By the dominated convergence theorem, we obtain (3.2) for g = 1.

Finally, we show the global existence of u.(¢) in time. Indeed, it follows from (3.2) that

lue(Ollx < lluo®llx, VY& >0.
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Fix £ > 0. One can repeat the above argument with initial data u.(7T") in order to get the local
existence in time of u.(¢) in [T, 2T, [2T,3T],.... As aresult, u.(f) exists globally in time.
This completes the proof of Theorem 3.1. O

Remark 3.2. As a consequence of Remark 3.1 and (3.2), we get a uniform L*-bound for Vp,
ine > 0. That is

meL L "
Voo Dty < COVs ol =% ol oy < CON, Mol V2 >0, (3.21)
where C(N,m) is as in Remark 3.1.

Remark 3.3. Note that solution u, is presented in terms of the Gaussian kernel. According to
([26, Chapter 5, page 273], see also [36, page 18]), we have

letsllcos s any < C (Itellio sy + Mellzi@sieniny) < C'lluollx

for some B € (0,1). By a bootstrap argument, we deduce that u. is a classical solution in
RN x (t1,1) for 0<t; <t < o0,

Next, we drive the priori H*(R")-estimate for u, when uy € H'(RY), s > 2 + .

Proposition 3.2. Let uy € L'(RY) N H*RN),s > 2 + % Let u, be the unique solution to Eq
(3.1). Then, there exists a constant C > 0 independent of &, such that
luz(Ollgseyy < C, Yt € (0,T).

Proof of Proposition 3.2. Let us denote A*(D) the pseudo-differential operator with symbol (1+
€2, 11 ls@yy = IAS(D) fll 2@y, and denote the commutator

[T, ul(v) =uT (v) =T (uv).
For more details on the commutator see, for instance, Kato—Ponce [24].
For short, we drop the notation & on u,. Now, we apply the pseudo-differential operator A*(D)
to both sides of Eq (3.1), and take the inner product with A*(D)u in order to get
1d 2 s s s : s
Eallu(t)lle(RN) = &(AN*(D)u, A*(D)u) + (A*(D) div(uVp,), A*(D)u)

2
L2(RN)

= —&|[VA*D)[ ) + (AS(D) div(uVp,), A*(D)us) . (3.22)

From the definition of commutator, we find that
[A*(D)V, Vpl(u) = Vp - A*(D)(Vu) — A*(D)V - (uVp). (3.23)
Combining (3.22) and (3.23) yields
1d .
Eallu(t)llzx(RN) < (Vp - VA'(D)(w), A*(D)uy — {[A'(D)V, Vpl(u), A*(D)u)

=B, +B,. (3.24)

2

In fact, we shall estimate B;, j = 1,2 in terms of [[u(7)|| RN

For B, observe that
1 1 1
B, = Z(Vp, VIN(D)ul’) = {(=A)p, IN(D)uf’) = (", IN (D))
By (3.2) and Holder’s inequality, we obtain

1 1
Bl < 5" Ollm o Oy, < S0l 1Oy - (3.25)

To estimate B,, we use the commutator estimate by Kato—Ponce [24, Lemma X1].
Put 75! = AS(D)V, s € R. Then, we have

LA D)V, VpI@ )| 2 vy = 17 VEI@ O v,
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< ||V2p(t)”L°°(]RN)”TSu(l)||L2(RN) + ”u(t)”L‘”(RN)”THlVp(t)”U(RN) . (3.26)
In addition, it is not difficult to verify that
”TSM”LZ(RN) < ”AS(D)””LZ(RN) = ”M(Z)”HS(RN) , (3.27)

and
||TS+1VP||L2(RN) S IA (DY 2@y S ||M(t)||’Ln;(1RN)||M(f)||HS(RN)
< ol Dl s (3.28)
Inserting (3.28) and (3.27) into (3.26) yields
A D). VP15 v, < Co(IVPllzory + ol @ llgeery . (3.29)

where Cj, only depends on N, s.
Since s > %, then we can apply Lemma 2.1 to v = v to get

o™ (., Ollzsry
e e
[z (., Dllze

< log [l (., Dllseny + llutol Iz + lutoll72

||V2p||L°°(RN) <S ™, Dl (1 + log

< log [lu(., Oll sy + log mlluollf=" + letoll + et - (3.30)
By inserting (3.30) into (3.29), we find
[IAD)Y, VPl 2 e, < Ci (loglluC, Dlsery + Ca) le®llzsce (3.31)

where C; = C{(N, s,m), and C, = Cy(up).
By (3.31), applying the Holder inequality yields

[Bol < Cy (log l1uC.. Dll sy + Co) (@)l vy - (3.32)
A combination of (3.24), (3.25), and (3.32) leads to

d ,
E”u(l’)”2 S(RN) < Cl (log ||u(a t)”HS(RN) + CQ) ||u(t)||2 S(RNY *
By solving the ODE, we obtain
lu@llarsery < Cx(Dlluolln,, Vi€ (0, 7). (3.33)

H3(RN)’
Hence, we obtain the proof of Proposition 3.2. O

Remark 3.4. Since we only use Lemma 2.1 in the proof of Proposition 3.2, then all the H*-
estimates above are true for s > % This observation enable us to prove the H*-estimate,
s > % in the proof of Theorem 1.2 below. In addition, from (3.30) and (3.33), we observe that

||V2pg(t)||Loo(RN) + [e(Dl| sy is uniformly bounded in € > 0 for all t € (0,T).

4. WELL-POSEDNESS THEORY, AND REGULARITY OF SOLUTIONS

4.1. Proof of Theorem 1.1. To obtain an existence of solutions to Eq (1.1), we first pass to
the limit as ¢ — in Eq (3.1) with regular initial data. Thanks to Remark 3.4, we can get an
existence of solutions to Eq (1.1) for uy € H®.

e Step 1: Passing to the limit as £ — 0. Suppose that uy € CZ(R"). Letus fix s € 2+5,3+%).
It follows from the Sobolev embedding and (3.33) that

()l 2oy < C3(Dlluol S, Ve >0, (4.1)

Hs®N)
forallz € [0,T], witha=s5—-2— % €(0,1).
Next, observe that

” div(u - VPS)(I)”LD%RN) = ”V”‘8 " Vpe - ”Tl(t)”Lw(RN)
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(Z)HL""(]RN)

1
< Nt ot ()l ey + el e,

Cy(T) 1
< luolIllaeol I e, + uaoll g -

Combining the two inequality yields
101Dl =gy = leAus(r) + div(u - Vp)Olls@yy < €, Ye>0,Yr€(0,7),

where C = C(T, ug, m, N) > 0.

As a consequence, and by the diagonal argument, there exists a subsequence of {u.} (still de-
noted as {u.}) such that u, converges to u in C(B_R x [0,T]), for R, T > 0.

Now, we show that p.(x, 1) — p, := (=A)~'u"(x, t) in distributions sense. That is

f peb(x, 1) dxdt — pu(x,t)dxdt, Ny e CZ(Qr) 4.2)
Or Or

ase — 0.
Observe that

(Pe — P (x, ) dxdt = | (=A)'[u — u"(x, 1) dxdt
Or Or

- f (=AU — um (=AY Py(x, £) dxdt (4.3)
Or

To get (4.2), it is enough to show that the term in (4.3) converges to 0 as € — 0.
Fix test function ¥ € C°(Qr). By applying the Riesz potential estimate, one has

I 1Ol oy S IO 4

L% )
provided that ¢ > 7. In fact, we shall take g € ( N 1,N) by technical problem.
Thus, we deduce that
I g, < nmm%N dt = CW). (4.4)
LN+q (RN)
By the same analogue, we also obtain
HLWK%UW) i = MO gy S ol
LN+ (RN) LN+ (RN)
provided that ¢’ > s~ &= ¢ € (%5, N). Remind that ¢’ = =t
Then,
I [u1(2) S T lluoll™,, , Ve>0. (4.5)
|| ||Lq 0r) LNZ—;’](RN)

As a consequence, {7[u]]},., is uniformly bounded in LY(Qr). Hence, there exists a sub-
sequence of {7 [u]']}.., (not labeled) such that 7[u'] converges weakly to u* in L7 (Qy) as
e — 0.

It remains to show that u* = 7,;[u™]. In fact, it follows from (3.2) that «' converges weakly to
W"in LY (Qr)ase — 0 (up to a subsequence).

For every test function ¢ € C;°(Qr) one has from the convolution property that

f I [u'lg(x, t) dxdt = f u, I[¢](x,1)dxdt. (4.6)
Or Or

Passing to the limit as € — 0 in (4.6) yields

f u d(x, 1) dxdt = f u"I1[pl(x,1)dxdt = f I [u")o(x, t) dxdt,
Or Or Or
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which implies u* = 7[«™] in distributions sense. Thus, we conclude that 7[u]'] — 7,[¢"] in
distributions sense as € — 0, likewise (4.3) follows.

Next, from (3.21) we find that ||V p,||~g,) 1s uniformly bounded in € > 0. As a result, for any
r € (1,), Vp, converges weakly to Vp, in L"(Bg X (0, T)) for R, T > 0 (up to a subsequence).
It is enough for us to pass to the limit as € — 0 in Eq (3.1). Indeed, we write the equation
satisfied by u, in distributions sense:

(—tepr — U A + uVp, - Vo)dxdt =0, VYo e CY(Qr). 4.7
Or

For convenience, we summarize the above limiting results here. For any R, T > 0, we have

{ ue — uin C(Bg x [0, T]), (4.8)

Vp. = Vp, weakly in LY(Bg x (0, T)), for g > 1.
With the help of (4.8), we find easily that
(—ugp; — euAp + uVp, - Vo) dxdt — (—ugp; + uVp, - Vo) dxdt .
Oor Oor

This implies that u is a weak solution of Eq (1.1).
Moreover, we can verify easily that u satisfies (1.12) since u, satisfies (3.2).

e Conservation of mass. We show that u conserves the mass.
Let ¢o(x) be a smooth function such that 0 < ¢y < 1; @o(x) = 0 if |x| > 2; and ¢o(x) = 1 if

|x| < 1. For R > 0 using ¢o(x/R) as a test function to Eq (1.1) yields

fN u(x, go(x/R) dx — fN uo(x)po(x/R) dx

R R
:—ff uVp,(x,7) - Voo(x/R) dxdr . 4.9)
0 JRrN

From Remark 3.2, for any # > 0 we have

! 1 ! ,
f f uVp,(x,7) - Voo(x/R) dxdt| < 1_3 f ”uOl|L1(RN)”Vpu(t)”L‘x’(]RN)||()00||L°°(RN) dr
0 JRV 0

t
< C— Uo m+1 ,
R” IIx

where C = C(N, m, ¢).
Thus, we get

lim =0.

R—oo

f f uVp,(x,7) - Vo(x/R) dxdt
0 Jr¥

With the fact noted, and by the monotone convergence theorem, one can pass to the limit as
R — o0 in (4.9) in order to obtain

f u(x,t)dx:f uo(x)dx, t>0.
RN RN

Concerning the universal bound in (1.13), and the uniqueness result, we skip the details since
their proofs will be given later on for densities uy € L2 (R").
In conclusion, we obtain the proof of Theorem 1.1 for uy € H*(RY), s > 2 + %

Remark 4.1. We obtain the L*-bound of Vp, as in (3.21). Moreover, we deduce from (3.33)
that u € L*(0,T; H*(RM)).
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e Step 2: The existence and uniqueness result for u, € H*(R"),s > % with compact
support.
Let {uohi=1 € CX(RY) be such that ug; converges to ug in L1(RY), g € [1, o0) and satisfies

leo sl oy < lluollawyy, Vg € [1,00).

Thanks to the result in Step 1, we see that there exists a weak solution u; € L*(0, T; H*(RY))
to Eq (1.1). In addition, u; satisfies (1.12) for all k > 1. This implies that sequence {u(?)};>1 is
uniformly bounded in LI(RY), for g € [1, oo].
Now, we claim that u(#) — u(¢) strongly in L
it follows from Remark 3.4 that

leOllgs@vy < C, 1€(0,T),

1OC(RN ) as k — oo (up to a subsequence). Indeed,

with C = C(T, ||uollx, luollgs@ny), s > 3‘

This implies that d,u; = div (4;Vpy) is bounded in L*(0, T; H *(Bg)), for any R > 0. Here,
we denote H™*(Q2) by the dual space of Hj(£2), for any bounded set Q C RY™. Thanks to the
compactness result by Aubin-Simon, we obtain u; € C([0, T]; L‘(BR)), and the above claim
follows.

As a consequence, u; converges strongly to u in C([0, T']; LP(Bg)) for p € [1, o) due to the L*-
boundedness of u, uin (1.12). So, u]" converges strongly to u” in C([0, T']; L”(Bg)). Repeat the
proof of (4.2), we have that

pe= (A = py= (=)W (4.10)

in distributions sense.
Next, we show that for any R, T > 0,

Vpi — Vpu, in C([0, T]; L"(Bg)) 4.11)

as k — oo up to a subsequence, for 35 < r < co.
According to the fact (-=A)p; = u]’, k > 1 we have

Oipr = (=0 0uy = A [mu™ dun] = (=) [mug ™ div (V)
= (—A)" [div@'Vpo) = (m = D"
= (-A)"! [div@Vpol = (m = D=0 [u"].

Thus,
0,Vpi = V(=8) " [div(u' V)] = (m = DV(=A)" ["]
N
= > RR; [V pi| - (m = DRI, [u"]. (4.12)
j=1

We first treat the second term in (4.12). By (1.12), applying the fundamental estimates of the
Riesz transform and the Riesz potential yields

(AT O e TG
S [ Ol vy < Mol o >0, (4.13)
provided that r > -
Thus, we deduce that
sup 'RII 2m (I)H S olleﬂ,NN(RN) (4.14)

>0
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For the first term in (4.12), we apply the estimate of the Riesz transforms twice in order to get

N N
D RR Vel 0 < D[R [ ed @)

j=1 L'(RN) J=1
< || Vo], vy < IV PRl [Ju (2)

Note that the last inequality follows from (1.12) and the L*-bound of Vp, in Remark 4.1.
Therefore,

L' (RN)

m
L’(RN) s ||u0||Lmr(RN> .

sup
>0

Z RR Vo] O % ol @.15)
L'(RN)

From (4.14) and (4.15), we see that {9,V p},., is uniformly bounded in L*(0, T'; L"(Bg)) for all
R, T > 0.

On the other hand, we observe that
V22|, oy = V2T 10 g, = IRRIGIO
< [ @], v, < Mol - (4.16)

This implies that {V2 pk}k>1 is uniformly bounded in L*(0, T'; L"(Bg)) for all R, T > 0.

Thanks to Aubin—Simon’s result, {VPihis) 1s compact in C([0, T]; L"(Bg)) for R,T > 0. As
a result, there exists a subsequence of {Vp;},., (not labeled) such that Vp, converges to P in
C([0,T]; L' (Bg)). With the result noted, (4.11) follows immediately from (4.10) with P = Vp,
in distributions sense.

After that, we mimic the proof of (4.7) to show that u is a weak solution to Eq (1.1).

Now, we prove universal bound (1.13).

4.1.1. Universal bound. Put ¥(x,t) = —Vp,(x,t). Then, we study the ordinary differential
equation

d .

d—t(D,(x) = W D(x),1), Du(x),_, = x. 4.17)
Note that @,(x) is a vector field corresponding to density u(x, f). Since u satisfies (1.12), and
Vp, satisfies (3.21), then it is not difficult to verify that for any 7" > 0,
V(x, 1)
1+ |x|

Thanks to the DiPerna—Lions theorem (see [21, Theorem III.2]), Eq (4.17) has a unique flow
®,(x) € C([0, T]; M(RY)). Along the characteristic flow ®@,, we find that

du(®,(x),1)
dt B

ve LY0,T; W' RY)),  div(¥) = u™ € LY(0, T; L (RY)),

loc

e L'(0,T;X).

—u" N D), 1). (4.18)
Solving the ODE yields
up(x)

1

[1 + mtuf(x)]"

u(®,(x), 1) = < (mp)n. (4.19)

If we can show that ®,(x) is continuous, and 1 — 1 onto on R, then the inverse ®;'(x) is
continuous. So, we get

uo(®;' (x))
[1 + mtuf) (D] l(x))]%

u(x,t) =

2

which implies (1.13).
In fact, we show below that if uy has compact support in R", then ®,(x) is continuous, and 1 — 1
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onto on RY. Thus, we obtain (1.13) for u, with compact support. The case where u, € X is not
compactly supported can be done by using the smoothing effect to .
Then, we have the following lemma.

Lemma4.1. Let ug € Lﬁ"(RN ), and let ®,(x) satisfy (4.17). Then, ®,(x) is continuous and with a
continuous inverse mapping ®; ' (x). Moreover, there exist constants C;, C;., j=1,2depending
on N,m, T, uy such that

(647 _Cot
Cilxy = 0l < @) = (0| < Cilxy — 0, fort€(0,7T).

Proof of Lemma 4.1. Tt is known that support of u(f) is spreading and compact in R" for every
t > 0. Precisely, if supp(uy) € B(0, ry) for some ry > 0, then

supp(u(., 1)) € B(0, (1)), (4.20)

for ¢ > 0, where (£) = ro (1 + mllugllZ. v )™

The proof of (4.20) can be found in [36, Theorem 7.1] (see also [3, Theorem 3.1 ]) for the
case m = 1. This proof is still true for the case m > 1 since we only need to estimate velocity
¥ = —=V(=A)~'w" and utilize universal bound (1.13). So, we skip the detail and refer to the
reader. As a result, one has

supp(u(.,1)) € B(0,n(T)), Vte(0,T).
Next, let us fix 7 > 0. For any ¢ € (0, T) and for x;, x, € RY, x; # x,, we set
(1) = |@,(x1) ~ ®,(x2)]
From the fact

DO,(x) = x+ f V(x, s)ds, 4.21)
0

we observe that if x; # x,, then there exists a time 7o > 0 such that /() > O for all ¢ € (0, 79).

By (4.20), we have that
D) -y D) -y
_ "y, 1) d
wa (|<Dt<x1) W @) y|N) Wby '
D)=y Dlw)-y
B,00) o [®,00)

1
7@, 0), 1) = 7@, ), )] = —

N
{1723 s
< Lo®RN) f
Wy {yl<r(T)}

= — D (A + A, + A,

A] = f
| Dy (x1)—y|<2L(2)

where
Q) -y @) -y
D, (x1) = IV [ D(x2) = yIN
A - f On) =y D) -y
D, (x2)—-y|<21(F) |D,(x1) = yIV | D(x2) — ¥V
D)(x) -y _ Dy(x2) -y

A3 = f
1y (e )= 2000, o)y 20 | P (x1) = VIV 1Dy(x2) — yIN
We first estimate A;. From the triangle inequality, we have

|D(x2) =y < |D(x1) — Y| + [P, (x1) — Dy(x2)| < 3U(2)

whenever |®,(x;) — y| < 2[(t).
Therefore,

dy dy
A< f —_—+ f ——— < C(N)I(z).
|©, (x1)—y|<21(F) |D,(x1) — yI¥! D, (x2)—y|<31(D) |D,(x2) = yIN!

9

b
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By the same analogue as in the proof of A, we also obtain
A, < C(N)I(@).

It remains to study Aj. Since |®,(x;) — y|, |®,;(x2) — y| > 2[(¢), then it follows from the mean
value theorem that

Q(x) -y D) -y
|D,(x1) =¥V [ D(x2) — yIV

Assume without loss of generality that

Q(x) -y  Pi(x) -y CIN)I(@)
@ (1) = yIV 1D, (2) = IV T 1@ (x1) — YN

By (4.21), (3.21), and the fact |y| < r(T'), we deduce from the triangle inequality that

< C(N) max{'q)t(xl) — 00| [0,(x) - <I>t<x2)|}

|D,(x1) —yIN 7 D(xp) — YV

|D,(x1) = ¥l < 1@, (x| + Iyl < |xi| + oy + H(T) < RY(T),

forall t € (0, T), with R*(T) := |x;| + C(N, m)T ||uo|ly + r(T).
Then,
dy

2i0<id, eyt [Pe(xr) = yIN
< CIO[InR*(T) - n ()],

A; < C(N)I(®)

Combining the above estimates of A, j = 1,2, 3 yields
|\7((Dt(x1), 1) — W D,(x,), t)| < Cl(t) + CI®)[InR*(T) — Inl(r)], forte(0,T)
With the last inequality noted, we deduce from (4.17) that

_CIM[In(eR*(TY) — In ()] < I'(r) < CIH)[ In(eR*(T)) - In (1)),
1(0) = [x1 — x .

It is clear that y(r) = In(¢) satisfies the ordinary differential inequalities

~C[In(eR*(T) = y(1)] < ¥'(1) < C[In(eR*(T) = y(1)], 42
y(0) = Infx; — x| '
Solving (4.22), we obtain
Cllxr = wl™ < U(t) < Cilxy — 0, forre (0,7), (4.23)
where constants C, C;.,j = 1,2 depend on T, N, m, uy, x;.
Hence, we get the proof of Lemma 4.1. O

Thanks to Lemma 4.1, we obtain the universal bound (1.13) for u, € H*(R") with compact sup-
port. As mentioned above, (1.13) holds for the constructed solutions to Eq (1.1) with densities
uy € H*(R") by the smoothing effect.

Next, we prove the uniqueness result of weak solutions to Eq (1.1) for uy € H*(R") with
compact support.
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4.1.2. Uniqueness. Let u;, j = 1,2 be the two solutions of Eq (1.1), and let CD{ (x) be the two
flows corresponding to u;. It suffices to show that the two flows coincide.
Fix T > 0. Forany 0 <t < T, we set

1
) =— | |®x) - ®}x)|dx,
Q7] Jao,

where Qr := B(0,r(T)), and r(T) is defined as in (4.20).
We remind that supp(u;(.,1)) € Qr, j = 1,2 for all t € [0,T]. Now, we want to show that
o(t) =0forall r € [0, T].

Remind that t
@{(x):x+fﬁ,(®{(x),r)dr, j=1.2.
0
Then,
1 !
8(1) < — f f |#1(@1(x), 7) = 1 (D2(x), 7) | drdx
17| |Ja, Jo
1 !
+— f f |[P1(@2(x), 7) = $o(@(x), 7)| d7dx| := Ty + T (4.24)
Q7] [Ja, Jo

We first study T;. It is known that vector velocity V(—=A)~![w](x) satisfies the log-Lipschitz
property (see, e.g., [3, 27, 28]). Precisely, we have

V(=A)"' wWl(x) = V(=A) ' wl()| < Calwlixh(x - y),  Vx,y e RV, (4.25)

where

_ | s(I=1Ins) ifs<1,
h(s)‘{ 1 ifs> 1.

m

Note that 4 is a concave function. Applying (4.25) to w = uf' yields
[F1(D1(x), 7) = T1(D2(x), 7)| < Cll" (@)l h (|0} (x) - D2(x))
< Clluolly 1 (|0} (x) - X)) . (4.26)

With the last inequality noted, we deduce from the Fubini theorem, and the Jensen inequality
that

! 1 !
T, < Clluol f — f h(@X(x) - ©2(x)) dxdr < Clluolly f h(5(7))dT . (4.27)
o 1971 Ja, 0

Concerning T,, observe that

1 P2 -
%@%mn:——j‘—iﬁ;%ﬁmn@

wn Jpv [@F(x) —y
1 D2(x) - DX up(2) 92 (2)
= oy Ju 00 — @0 Tr g T )
1 07 (x) — 7 (2) ' (2) dz

WN RN |q>12(X) - (D?(Z)lN (1 —+ ml/tgl(Z)t)l_%

and

1 D (x) —
2 Ml m
_ QI - D) ug@) det (

wy Jpv [@F(x) = O (2N 1 + muf ()t

0P, (2)
0z

)dz
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_ L o) - 9(2) uy'(2) i
v Je 1970) = ©L O (1 4 )™
Thanks to the Fubini theorem, we get
1
e [VI(CD,Z(x), 1) — Po(@F(x), )| dx
"(2) dzd
<mmmfyfm@%)®@>K@%>®%MQM@ZS
+ muo )t
||u0||Loo(RN) 5 . ) ,
< Ol fg fg |K(@2(x) — @] (2)) — K(D(x) — OX(2)| dxdz. (4.28)

Next, let us set

= |} (2) - DX (2)] .
Then, we rewrite the integral in (4.28) into the sum of J; + J, + J3, with

1
= [K(@2(x) - 0!(2)) - K(®2(x) — 02(2)| dxdz,
Q7| Qr J@(x)-d/ (z)|<2d

1
peo [ [K(@2(0) ~ @}()) ~ K(@}(x) - ©2)] dixs.
Q7| Jo, |2 (x)-D2(2)|<2d

We first study J;. Since |®?(x) — ®!(z)| < 2d, then it is obvious that
d < |®?(x) — DX(z)| < 3d.

Therefore,
|K(DF(x) — ] (2)) — K(P}(x) — D} (2))|
1 1
< CN 3 ) N1 + > 3 N—l] .
|02(x) - @} (2)| |@2(x) — D2(2)
This implies that

C 1
J, < =N f f ~dxdz
1971 Ja, Jio20-0) )1<2a |02(x) - @/ (2)|

1
dxdz
|-QT| f f;[)z(x) D2 (2)|<3d |CI)2(x) ®2(Z)|N :

Cw 2d 3d
< m (f mriN Ldr +f rN—_]riN_ldr) dz
T 0

Crvig f |0 (2) — }(2)| dz = Cwo(2).

Similarly as in the proof of J;, we also obtain

Jo < Cno(t).

Finally, we treat Js;. Since supp(u;(.,7)) C Qr, j = 1,2 for all t € [0, T], then there exists a

radius Ro(T) > O such that

|02(x) — @ (2)| + |@7(x) — ©X(2)| < Ro(T)

BT f f [K(@}(0) - @}(2)) = K(®X(x) - D}(2)| dxdz.
Q] Qr J|02(x)-0?(2)|22d, |0 (x)- D] (2)|=2d
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for all x,z € Q7. '
On the other hand, since |(Dt2(x) - @/ (z)| > 2d for j = 1,2, then it follows from the mean value
theorem that

|0l(2) - @X(2)| |@}(2) - PA(2)|
0200 - @) |02 - @2(2)|" |

|K(07(x) - @/ (2)) - K(®](x) - D} (2)| < Cy max{

Thus, we find that

C d
J3 < —f f Ndde
Q7| Jo, 2ds|cb,2(x)—<1>} (z)|<R0(T) |c1)t2(x) - q)zl(Z)|

C d
+ — f f ~dxdz
Q7| Jo, 2dg|c1>,2(x)—<1>,2(z)|<R0(T) |(I)t2( x) — (D,Z(Z)|

1 Ro(T) 1 4
SmLTd(ﬁd r—Na)NrN a’r)dz
1

d(InRy(T) —In2d)dz

< —
Q27| Jo,

1
=l fg h(|0} @) - 7)) dz < h50) -

Note that the last inequality was obtained by the concavity of .
By inserting the estimates of J;, j = 1,2, 3 into (4.28), we obtain

1
‘m fg [#1(@2(x), 1) = o @2(x), )| dx| < Clltol o H(S(0)) - (4.29)
Combining (4.29), (4.27), and (4.24) yields
o) < Cf n(r)), 6(0) =0, (4.30)
0

where C = C(T, ||luollx, m, N).
Thanks to the fact

S dr
—— =400, fors>0,
foh(T)

we deduce from (4.30) that 6(r) = O for all ¢ € [0, T']. So, we obtain the uniqueness result.
This puts an end to the proof of Theorem 1.1.

4.2. Proof of Theorem 1.2. To obtain the result, we just repeat the proof of Theorem 1.1 for
the relative estimates in terms of C?”(R")-norm.

e C7(RV)-estimate. To establish the C”(R")-estimate of uy, it suffices to control et (Dllcrwy) bY
means of |[u|lcywv) for all kK > 1. For brief, we drop the dependence on k of u;. Acting V to
both sides of (4.17) yields

d
ZV() = VD0, ) VD).
By integrating both sides of the above equation on (0, 7), we get

VO,(x) =1y - f VA D, (x), T)VD.(x) dT, (4.31)
0
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where Iy is the identity matrix of order N.
Therefore, we deduce that

!
[V, < CAV) = fo [VADC), 7| oy IV Pl ey

Applying Gronwall’s inequality (see Lemma 2.3) yields

t
VO, v, < CVYexp { fo [VHP@), 0| o e, dT} . (4.32)

Note that Vi{(x, 1) = =V>(=A)'u"(x, 1) = —RR[u"](x, ).
Since R; map C"(RY) — C"(R¥) forall j = 1,..., N (see Section 2), then we obtain
[VA®), D)y S [RIE@C), D]y vy S 1@, D]y, - (4.33)
On the other hand, it follows from the mean value theorem, (1.12), and (4.19) that
| (@i (x, 1), 1) = u™(Dy(y, 1), 1)

Dl = sp
ug (x) _ ug ()
L+mtug (x) L+mtug (y)
= sup
X#£Y |X - yl)’
< C(T7 m)||u0||T;(1RN)|MO|C7(RN)’ Yt e (05 T) . (434)
Combining (4.34) and (4.33) yields

|V‘7((D[()’ t)|cy(RN) < C(T7 m, N’ 7)'|u0||T;(1RN)|u0|CV(RN), Vt € (0’ T) . (435)

By the interpolation inequality in Lemma 2.2, the L”-boundedness of R, p > 1, and (4.35), we
obtain

N/q
Y+N/q

A
e |V‘7(q)l‘()a t) C?(RN)

LIRN)

[VH@C), )| oy S [[VH@), 1)
_N/q

< (|| - RRI" (@), r)]llL[,(RN))ﬁ (o= e ol ey ) ™

Y N/q
/ -1 /
S (@D )™ (ol ey tolorey) ™

Y
)7+N/q

Niq
-1 +N/
< (a0l )™ (o7 vy ttolcrzmy) ™ (4.36)

forallt € (0,7), and for g > 1.
A combination of (4.32) and (4.36) implies that

VOO oy € V1€ (0, T), (4.37)

where C = C(uy, T, N,m, vy, q).
Next, we try to obtain a priori estimate of |VCDI(.)| R in terms of |ug|cywv).
Taking the semi-norm |.|cygn) to both sides of (4.31), we obtain

VO], < fo VH(@-(), )V, dr

< fo (|V\7(<DT(.),T)|Cy||V(DT(.)||Lw+||V\7(CI)T(.),T)||LM|V<DT(.)|CY)dT.

Thanks to (4.36) and (4.37), it follows from the last inequality that

!
[VO,()|,, < Ci + fo |V @), 7)||, . [VD- ()| dT. Vi€ (0.T),
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where constant C; > 0 depends on the parameters, and u, as in (4.37).
Again, by applying the Gronwall inequality, and by (4.35), we arrive

[VO,()],, < Crexp { f [ VA @.(), 7)| Cyd'r} <GC. (4.38)
0

In summary, |V®,(.)||,, and ||[V#(®,(.), 1)|| ., are controlled by [lugll,: + luolcr-
Thanks to Lemma 4.1, we find that

(D_l
u(x, 1) = U ( ! (x)) -
[1 + mtug’((D,‘l(x))]m
This implies that
lullevery < C, Yte(0,T), (4.39)

where constant C merely depends on uy, T, and the parameters involved.

Since u; verifies (4.39) for all k > 1, then u(t) — u(t) in L*(0, T; C*(RY)) as k — oo according
to the Arzela—Ascoli theorem (up to a subsequence). By repeating the proof of passing to the
limit as k — oo as in Theorem 1.1, one obtains u € L*(0, T;C*(R")) is a unique weak solution
to Eq (1.1). Hence, we complete the proof of Theorem 1.2.

Remark 4.2. We emphasize that (4.39) is used to obtain the compactness result for solutions
uy in the proof of Theorem 1.1.

5. ASYMPTOTIC BEHAVIOR OF SOLUTIONS

In this section, we investigate the asymptotic behavior of solutions to Eq (1.1) via the vortex
patch of solution when t — oo, and we give the proof of Theorem 1.3. Our proof is similar to
the one in [3, Theorem 3.1], but with a slight difference concerning the nonlinearity of u”(x, 1),
m > 1. Note that the nonlinear term does not conserve the mass for + > 0. This fact plays a
crucial role in ”frozen in time estimate of the velocity at the boundary”, see the proof of [3,
Theorem 3.1].

Proof of Theorem 1.3. As mentioned above, we just present some points in the proof having
slight differences according to the appearance of nonlinear term u”. We first prove Theorem
1.3 for densities uy € C!(RV) to be sure that vector field @,(x) = ®(x, 1) is differentiable in time.
After that, the case uy € H*(R") (resp. uy € C*(R")) with compact support can be obtained by
using the smoothing effect to u as in [3, Theorem 3.1].

Now, let us set

hOIB(O R(1))
W(x, 1) = —————, ho = |[uoll=@m),
(1 + mhg't)n

and

R =(1+ mhgr)ﬁ . 7(0) = R@)(1 + E®)¥, 50

E@t) = Eo(l +mhgt) " Ep=r -1

Since we assume that ||ug|[ gy, = 1 in Theorem 1.3, then we necessarily have
ho=1, R()=(1+mi)n

in the following.
e Change of variables. We define the solution U(y, 7) of the renormalized flow associated to a
solution u(x, t) as follows:
X
Ry

y r=1In [(1 +mt)”l’], Uy, 1) = (1 + m)"u(x, 1), (5.2)
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as well as the corresponding change for pressure and velocity:
P(.7) = (=0)'U"(.7) = [ROI™ 7 (8) " (e 1) = RO p(x 1),

and
V(.7) = =VP(y,7) = [ROI™ v(x ).
By a straightforward computation, one can verify that U(y, 7) satisfies

U, = div, (U(VP " %)) AP = —U"(3,7). (5.3)
See the proof of (5.3) in the Appendix section.
Next, for every ¢ > 0, it is clear that function g(/) = L ) + 1s increasing in (0, o).
1+mimt)™

As a result, one has

1

u(x,t) < ————, VYxeRY
(1 + me)"

since Stil(?”u(f)HLw(RN) < [luollgomyy = 1.
Therefore, we deduce from (5.2) that

Uy, 1) <1, VY1) eRYx(0,00). (5.4)
In addition, we observe that

f Uy, 7)dy = RN(t)f u(R(t)y,t)dy = f ulx,t)ydx = wy, Y1>0. (5.5

R R RV
¢ Estimate of the size of the support.

Lemma 5.1 (Frozen in time estimate of the velocity at the boundary). Let u € LY (RY) be such
that

supp(u) € B(O,r), [lu@®llp@yy < wn, |lullze@yy <1
for some r > 1. Note that we necessarily have r > 1 since ||ullp1gyy < wy. Then, the velocity
field

S - y

) = =V o) - 5
satisfies

)y <=2V (N 1), b= (5.6)

for some constant C = C(N).
Remark 5.1. Since we shall apply Lemma 5.1 to u = U™(y, 1), which does not conserve the
mass whenever m > 1, then we must extend [3, Lemma 3.1] to the case |||l gy < po for some
o > 0. Fortunately, the proof of [3, Lemma 3.1] still works very well on this case. Compare to

the linear case yu = U(x, t), which conserves the mass ||uol| 1y for all t > 0. That allows us to
“frozen in time estimate of the velocity at the boundary”.

Proof of Lemma 5.1. The proof is similar to the one of [3, Lemma 3.1] with a different scale.
For convenience, we give the proof here.
Let y € RY be such that |y| = . Thanks to the fact

~V(=N)"p0n») =

2=

we can rewrite
V() = V(=A)" 10, — 1] 3.
Since supp(u) C B(0, r) and ||u|[;~gny) < 1, then it is clear that

10, — 1 >0, and ||13(0’,) —/J”LI(RN) = |B(O, r)| —wy.
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Next, for every z € B(0, r), we find easily that
=z =P -2y z+lzP <2hF -2y-z2=2(y-2)-y.

Then,
= 1 - Z) '
) y=— [ SR 0w
WN JB0,r) ly — 2l
1 _
2 Yon ly = 2™ (Ao — 1) @) dz.
WN JB0,n)
1 _
2 oo Qr* ™ (g — 1) ) dz
WN JB0,n
)1-N 2-N
= w—N (|B(0, '”)| - ||/l||L1(B(0,r)))
Y1-N,2-N
> 2 (|BO.9)] - wy) = 2"V (P - 1). (5.7)
Wy
This yields the proof of Lemma 5.1. O

Now, we are ready to apply Lemma 5.1 to u = U™(y, 7). Thus, it suffices to verify that
U™ (y, 1) satisfies the conditions in this lemma. In fact, it follows from (5.4) and (5.5) that

U™ ()l zomry < ||U(T)||TW(RN) <1, (5.8)
and
U@l = 1@, < IU@ U@Ly, < oy (59
for all T > 0.
Next, we define Q. = supp(U(., 7)) and L(7) = sup ||, and put V|(y,7) = VP(y,7) + 5.
xX€Q;

From Eq. (5.3), we observe that V, satisfies the characteristic equation:

d S
d_tq)T(x) = V(D (x),7), DP(x)_, =x.

Fix a time 7 > 0 and choose xg so that ®,(xy) € €., and |D.(xg)| = L(7).

Applying Lemma 5.1 to Vi yields
1d d 5
~—L*(1) = Do(x0) - =D (x0) = D(x0) - Vi(D-(x0), 7)
2dt dr

< 2N ()P (1 (x)l¥ = 1) = 2V N @) (V@) - 1)
Thus, we obtain p
LY@ < -N2' (LY@ -1). (5.10)

Thanks to (5.10) and Lemma 5.1, we can repeat the proof of [3, Lemma 3.2] for U, but with a
different scale according to (5.8)-(5.9). Then, we obtain

supp(U(1)) € B0, (1)), V>0,
where 7 satisfies the ODE:
%?N(T) =-N2"V (@) - 1), FO) =ro. (5.11)
Note that supp(U(0)) = supp(ug) C B(0, rp).
By (5.10), going back to the original variable this translates into:
()

RS (' = 1) +mn™5 = E@). (5.12)
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Now, it suffices to prove (1.14). Observe that u(x, t) < W(x, t) in B(0, R(t)), and u(x, t) > W(x, 1)
outside B(0, R(¢)). Using moreover the fact that both W(x, f) and u(x, t) have mass wy we easily

find that
”Mﬂ—W@mmm=Jn [WQﬁ—uuﬁhh+j‘ u(x, ) dx

[x|<R(2) |x|>R(t)
= 2f u(x, ) dx = 2f u(x,tdx. (5.13)
Ix|>R(1) R(O<Ixl<r(1)
Note that
dx V(1)
u(x, ) dx < f — =w (— — 1) = wyE(). (5.19)
jl;(t)<|x|<r(t) R<l<rn (1 + mt)t/m N RN(1) N

The last equality follows from (5.12).
Combining (5.14) and (5.13) yields

@) = W@)||,1 v, < 208E@),  fore>0.

Hence, we obtain (1.14) for g = 1.
For g € (1, ), it follows from the interpolation inequality and universal bound (1.13) that

q=1 1
) = Wy, < ) = WO J6) = WOy o

< C(q)(m)”~ ™ QwyE(1))7

g-1+N21-N

< C(g,m, N)(rf)V - 1)51‘_7, fort > 0.
This completes the proof of Theorem 1.3. O
As a consequence, we have the following asymptotic of U(y, 7).
Corollary 5.1. Let U(y, 1) be defined as in (5.2). Then, U(y, ) converges to U*(y) := 1<y in

Li-norm, 1 < g < oo when T — o0. Specifically, we have

N

1/q
,
[U@) = U e, < CN, @) (e(; ZlNT) . Vr>0. (5.15)

Proof of Corollary 5.1. Observe that U(y, 1) < U*(y) in B(0, 1) from (5.4), and U(y,7) > U*(y)
outside B(0, 1). Moreover, since U* and U(., 7) have the same mass wy for all T > 0, then

pon = [ 100-voolay+ [ vemay
[yl<1 [yl>1

= 2f Uy, 7)dy.
yl=1

With the last equation noted, and by the definition of U in (5.2), we observe that

U@ -U.

|Ww—mwmz{flwm@=M%> u(yR(1), 1) dy
yI>1 =1
= Zf u(x,t)dx = f u(x,t)dx
[x|>R(1) R(H)<|x|<r(r)
< 2wyE(D).

The last inequality follows from (5.14). Remind that 7 = In(1 + mf)!/™.
Then, we deduce that

o
<2wy———, VY71 >0.

enZI’NT ’

lv@ -,

LI(RN)



28 NGUYEN ANH DAO AND JESUS ILDEFONSO DIAZ

Finally, the estimate for ||U (r) — U.
W)

Loy, €N be done similarly as in the proof of ||u(t) -

L) above. Then, we leave its details to the reader. O

6. ESTIMATES VIA SYMMETRIZATION

In this part, we study the symmetrization of solutions to Eq (1.1). Here, we will prove that,
even if the problem concerns an hyperbolic/elliptic system it is possible to compare, in a suit-
able sense, the solutions of the problem corresponding to an initial datum u, with supersolutions
corresponding to a radially symmetric initial datum U, with equimesurable level sets with re-
spect to uy. This kind of symmetrization process is well-known in the context of parabolic and
elliptic problems but, as far as we know, this one has not been developed for hyperbolic/elliptic
systems. Our depart point is the paper [20] (see also [19]) concerning a related system arising
in chemotaxis.

Now, let T > 0, and let u : Or — [0, o0) be a measurable function. For ¢t € [0,T], we set
u(®) : RN = [0, ), u(t)(x) = u(t, x). Then, we will write u.(t, s) = u(f).(s) for t € [0, T] and
s € [0, c0).

Ifu, U € L*(0, T; L'(R")) are nonnegative, then the concentration mass comparison u(t) < U(t)
can be equivalently formulated as

k(t,s) < K(t,s), foranyt € [0,T],s >0,
where

)

k(t,s) = f u(t,o)ydo, K(,s)= f U.(t,o)do .
0 0
For the proof of Theorem 1.4 we will start by proving some similar results for the case of Eq
(3.1), but with U, solution of the problem

0,U = eAU +div(UVP) inRM x(0,7),
—AP= MU, 6.1)
U(x,0) = Uy(x) in RV .

Here, we remind that My = ||Up||1~wn).
Theorem 6.1. Letm > 1, N > 2. Let uy, Uy € Lﬁ"(RN ) be nonnegative such that
lletoll oy < NUollpoomny s Mutollrwny < WNUollpi gy - (6.2)

Let u, (resp. U,) be the unique nonnegative bounded weak solution of Eq (3.1) (resp. Eq (6.1)).
Then, for any t € [0, T], there holds

f 5 [k(t, s) — K(t, 5)]* ds < etC(‘g)f O [ko(s) — Ko(s)]5 ds, (6.3)
. 0
with
. ey
Cle)=My+—, CT=—"—.
€ 2Nwy,

Furthermore, if uy < Uy, then for any t > 0, we have u.(t) < U(t), and p.(t) < P.(t) for all
e>0.

Proof of Theorem 6.1. Let us put
u(t,0) = meas {x € Q,u(t, x) > 6}.
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The proof is just an adaptation and generalization of the proof of [20, Proposition 3.2] (see also
[19, Theorem 2 and Proposition A.1]). At the beginning, we assume that initial data uo and Uy
are regular enough. Specifically, we can pick uy, Uy € CL(RY). Then, we have

/.1(1,9) a t * a t
f u(t, o) do = f u( ’x)dx, fora.e. 1€ (0, 7).
0 {u(t)>06}

ot ot

Thus, it is possible to extend the computations in [19, Lemma 4] to the case of the spatial
domain Q = RY. These computations lead, in case of u solution of problem (3.1), to the
following auxiliary problem

% - sd(s)g%‘ - ( OW’H) (u(t, o))" dO’) % <0 ae.in(0,T) x (0, +00),
k(t,0) = 0, k(1, +00) = [, uodx t€(0,7T),
k0, 5) = ko(s) = [ ug(0).dor 5§20,
with k € L2((0,T) X (0,+00)) N H'(0,T : W, (0, +00)) N L*0,T : W, %(0, +0)), for some
g > N,and d(s) = Nzwismllv_').

Since
0 < [u(t,0).]" < My 'u(t, o). forae. (t,0) € [0, T] x (0, +o0),
then we get as in [20, Proposition 3.1] that

ok 0’k \, Ok
— - — - M k— < e :
o ed(s) 952 M k(’)s <0 forae. (t,0)€[0,T] X% (0, +c0)

Next, let us set z(t, 5) = fos p(t, o). do. Then, it satisfies
—d(s)g—ii <k ae. in(0,7)Xx(0,+00),

oz (6.4)
72(t,0) = 0, lim 8—(t, s)=0, te(,7).
s—oo0 0F

Repeating the proof as in [19, Lemma 6], we get

% — &d(s K _ Myr'K% =0 a.e.in (0,T) x (0, +00),

0s?

K(t,0) =0, K(t, +0) = f Up(x)dx t€(0,T),

R

K(0, 5) = Ko(s) = f Usondoe s3>0,
0

On the other hand, if we set Z(z, s) = fos P(t,0). do, then we see that

{ ~d(s)%% = K a.e.in (0,T) x (0, +o0), ©5)

0z
Z(t,0) =0, lim a(r, s)=0 te(0,7).

Now, we modify the comparison result in [20, Proposition 3.2] (see also [19, Proposition A1]).
By defining w = k — K, and by (6.2), we get

B ed(s)2% — MP~'(KZE ~ K%Y <0 ae.in (0,T) x (0, +c0),
w(t,0) =0, w(t, +00) <0 te(0,7),
w(0, 5) = ko(s) — Ko(s) s> 0.
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Multiplying the differential inequality by s*™~D/Ny_ integrating by parts over (6, L), with 0 <

6 <1 < L, and using the fact from Theorem 3.1 that

— = u, < ||upll;omny < My,
55 = lletol| oo rvy 0

we find that

ld 2(N-1
Ed_t s(N)le ds+sN2

L
- ok 0
< M(’)"_l f sz% : {|w+|2% + w+—6m;+ K} ds + eR(t,6,L)
B

2
L1 ow,

ds

L L
- - 0
< Mgf swlmrl2 ds + Mg’_lf swar aWJrde + &gR(t,6, L),
P P

where
0 0
R0, = 42200 w0, + | o0, wie,
as as
satisfies R(¢, 6, L) < C’ for some constant C’ > 0, and

R(t,6,L) > 0asd > 0and L —> .
Thanks to the Cauchy inequality, we have

L
M81—1f GN-D/N 5W+de<—gN2(w )Z/Nf (6w+
s os

C (t
+_f SZ(N—I)/N(er)ZdS’
€ Js
Z(m 1

W Then, for ¢ € (0, T) one has

with C =

d L 2(N ) E L 2(N )
— lw, > ds < M{ + lw,|>ds + eR(1,6,L) .
dt E Ky

Then, letting 6 — O and L — oo, by Gronwall’s inequality we conclude that

00 (o9
2N-1) c 2(N-1
f 5 w1, 9 ds < (55 f $5 (0, ) ds,
0 0

which proves estimate (6.3).
Thus, if ug is less concentrated than U, then we find that w, (0, s) = 0 on (0, +c0). It follows
from the last inequality that for any ¢ > O there holds

wi(t,s) =0 fors e (0,+00).

Hence, we obtain

u(t) < Uyt), fort>0. (6.6)
Using (6.4) and (6.5), by the theory of rearrangement (see [40]), we deduce that
pe(t) < P.(t), fort>0. (6.7)

Thus, we get the proof of Theorem 6.1 for regular initial data uy, Uy € C!(R").

Finally, if ug, Uy € LY(RY), then by using the smoothing effect to initial data ug, Uy, one can
obtain (6.6) and (6.7).

It is well-known that due to a result by Hardy—Littlewood—Po6lya (see, e.g., Talenti [40]) the
above comparison in mass concentration implies L?-estimate (1.19) for g € (1, 00).

This puts an end to the proof of Theorem 6.1. O

Now, it suffices to give the proof of Theorem 1.4.
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Proof of Theorem 1.4. At the beginning, we show that (6.6) and (6.7) hold for (u, U) and (p, P)
respectively. Remind that u, U are the unique solutions of the two equations (1.1), (6.1) with
densities uy, Uy respectively.

It suffices to show that (6.6) holds true for (u, U); and (6.7) is true for (p, P).

Thanks to the uniqueness result, and by the same argument as in the proof of Theorem 1.1, we
observe that solution u.(f) (resp. U.(t)) of Eq (3.1) (resp. Eq (6.1)) converges weakly to u(?)
(resp. U(?)) in LY(RM), 1 < g < o0 as € — 0 (up to a subsequence if necessary).

Next, u.(t) (resp. Ug(t)) is uniformly bounded in X with respect to & for all # > 0. As a con-
sequence, the restriction of {u.(7)},., (resp. {Us(1)},.,) to Q is equi-integrable for any bounded
set Q in RY. Thanks to the Dunford-Pettis theorem, {u.(1)},., (resp. {U.(1)},.,) is a relatively
compact subset in L!(Q) with the weak topology. Thus, for any ball B(0, r) ¢ R", we have

f u(x, N (x)dx — u(x, y(x)dx, Yy e L*(B(0,r)),
B(0,r)

B(0,r)

f U (x, ) (x)dx — Ux,Hy(x)dx, Yy e L*(B,r)),
B(0,r) B(0,r)

ase — 0.

Therefore, it follows from (6.6) that u(z) < U(t) for all ¢ > O.

By the same argument, we also obtain from (6.7) that p(¢#) < P(¢) for all > 0. As before, the
above comparison in mass concentration implies (1.19).

To finish the proof, it remains to prove (1.21). By (1.20), and by the conservation of mass, for
any ¢ € [0, T] we have

+00 +00 +00 +00
f u(t, o), do = f uo(0r), dor = f Uo(0). do = f Ut,o).do.
0 0 0 0

Since u(t) < U(t) for t € [0, T], then for any s € [0, c0) we find that

+00 +00 S
f u(t,o).do = f u(t,o),do — f u(t,o),do
s 0 0

ZfOOU(t,O')*dO'—fsU(t,O')*dO':fmU(t,O')*dO'. (6.8)
0 0 s

For any ¢ € [0, T], let [0, R,(?)] and [0, Ry (?)] be the supports of u(¢), and U(t). respectively.

+00
Since f u(t, o), do = 0, then it follows from (6.8) that
Ry (1)

—+00
f Ut,o).do=0.
R, ()

In addition, since U(t, o). is non-increasing and nonnegative, then we deduce that R,(¢) >
Ry (1). This yields the desired result.

Thus, we complete the proof of Theorem 1.4. O

Remark 6.1. Arguing as in [18], it seems possible to get alternative estimates to the one given
in (6.3) [in L? with a weight] but now in L*(0, +00).

Remark 6.2. An iterative implicit Euler discretization method was used to get a result similar
to Theorem 6.1 in references [25, 15] when m = 1. Note that this method does not give estimate
(6.3). Unfortunately, the proof of Lemma A.6 given in [25] is not complete (the proof of that
for any regular vectorial function the operator is accretive requires some nontrivial additional
arguments).
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7. APPENDIX

Proposition 7.1. Let s > 0 be noninteger, and let I" be a Lipschitz function on R such that
I'(0) = 0. Then, there exists a constant C = C(I') > 0 such that

TGOy < CJE | o gy ltllscey
Proof of Proposition 7.1. From the condition I'(0) = 0, we have that
Tl 2@y < I eyl 2y -

Moreover, it is known that H*(R"), s > 0 coincides with the fractional Sobolev spaces W**(R").
Thus,

IC(u)(x) = T(u)(y)I?
|x _ y|N+Zs
/ / |M(.X') - u(y)lz

< || ||i°°(R)||u”iZ(RN) + (| ”iw(R)f x— y|N+2S dxd

2 2 2 2
= ”r’HLM(R)Hu"WsZ(RN) ~ ||F/||LM(R)||M||HA(RN) .

”r(u)HHs ®RN) ~ ”r(u)llws 2RN) T ”r(u)”LZ(RN) f dXdy

Combining the two indicated inequalities yields the desired result. O
Proposition 7.2 (Proof of (5.3)).
We have

U.(y,7) = [e u(eNy, eme_ )] = U@y, 1)+ e |V, u(x, t)- e™ + du(x, )"
= Uy, 1) + RN”(t)qu(x, 0 1 + RN (1) div (uV p)
= U + R0V, u(x, 1) - R R(’””)N(t)qu Vp(x, 1) — [R¥NOu(x, n]™.
And
div, (U (VP + %)) = div, (UVP) + div, (U%)
= div, (UVP) + V,U - % +U
- VyU-(VP+ %)Jr U -y
= R () (—[R(t)]mN_le(x, 0+ %) LU-pm
= —R™ONHY u - Vp(x, 1) + RV (V- % +U - U™,
Then, it is easy to see that
U.(3,7) = div, (U (VP + %)) .
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