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Abstract. The phrase "Think globally, act locally” became prominent in the con-
text of sustainable development and environmental activism, encouraging individuals and
communities to address global challenges by taking local actions. In this paper, we offer a
mathematical framework in which such metaphor can be understood in terms of the global
homogenized formulation of some suitable control problem formulated on a domain €., a
part of a given domain €2, which is exterior to a periodic distribution of many particles.
We assume a linear heat equation on Q. x (0,7") and a Robin-type boundary condition on
the boundary of the particles. We prove the “approximate controllability” of the problem,
with a final observation, when the control is implemented only on the boundary of certain
particles. Firstly, we apply the homogenization process, proving that the solution of the
microscopic problem converges, as € — 0, to a function ug(z, t) that is the unique solution
to a suitable global state parabolic problem. We consider a microscopic optimal control
problem and prove the weak convergence of the state and the optimal control. Finally,
we prove the approximate controllability by passing to the limit in a penalty parameter
of the cost functional. This conclusion gives a certain mathematical justification for the
popular phrase used by ecologists. Moreover, it brings to light some limitations that must
be assumed on the local controls to conclude that the result is globally satisfactory.

Keywords: homogenization, perforated domain, critical case, optimal control, “strange”
term, boundary control.
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1. INTRODUCTION

The phrase ”Think globally, act locally” is widely attributed to the Scottish town
planner and social activist Patrick Geddes (1854-1932). Geddes was a pioneer in urban
planning and environmental thinking, emphasizing the interconnectedness of local and

global systems. Geddes did not use the exact phrase but promoted ideas that align with
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its meaning, particularly in his advocacy for regional planning and considering broader
ecological and social impacts while addressing local issues.

The exact wording ”Think globally, act locally” is believed to have emerged later and
popularized the environmental movement during the late 20th century, particularly in
the 1970s and 1980s (see [8]). In this paper, we offer a mathematical justification of this
sentence in the framework of Optimal Control Theory applied to heterogeneous media (a
spatial domain €2) including a set of particles with Robin boundary conditions satisfied
by the state variable v and when the control operates on the particles’ boundary where,
as a metaphor, it emphasizes the interaction between global strategies and local actions
in a complex system.

The conceptual relationship is understood here on the following basis: ”Think glob-
ally” can be understood in Optimal Control Theory as a formulation involving a global
objective, such as minimizing costs, maximizing efficiency, or achieving a desired state
for the system. In a heterogeneous medium, the global objective is obtained through the
macroscopic properties of the system, which in mathematics corresponds to the formula-
tion of a homogenized Optimal Control problem. On the other hand, "act locally” can
be understood as a formulation in which the controls are implemented on the boundary
of some particles in specific subregions. In this way, local decisions (conditions imposed
on the boundaries of certain particles) directly affect the global dynamics of the system
due to the interdependence of variables.

These conditions exemplify how local effects can be integrated into the global framework
of the system. In practice, they represent a balance between external and internal flows,
which can be subject to external controls (the "acting locally”). In summary, the phrase
connects to the idea that decisions made at the local level (on specific boundaries or
particles) have significant implications for the global behavior of the system, and optimal
control theory formalizes this interaction through the homogenized partial differential
equations on {2 and the “microscopic” action on a certain amount of boundaries of the
particles where the control (the action) is implemented.

Our aim is to give a precise mathematical formulation of this metaphor in a simple
framework, also showing that some quantitative conditions need to be assumed. For
instance, the “intensity” of the local controls should be suitably determined in terms
of the scale and the spatial dimension: otherwise, the conclusion does not support the
desired global effect.

Many mathematical formulations can be considered. Here, we merely study a simple
optimal control problem corresponding to states satisfying a linear parabolic equation.
The main formulation, we will consider, concerns an optimal control problem associated
to a state function satisfying a linear heat equation in 2., the exterior of a bounded
domain €2 of R", n > 3, containing a set of e-periodically distributed radially symmetric
particles. We assume a homogeneous Dirichlet boundary condition on 02 and, which is
more important, a Robin-type condition on the boundary of each particle. Following an

analogy with a global model proposed in climatology (the climate Energy Balance Model
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FIGURE 1. The control is implemented only on 55(2), the boundary of some

of the internal balls: the ones collected under the notation Gg).

(EBM), see [17], [3]), the states wu. represent the averaged Earth surface temperature
(here the Earth is represented by the domain €2) and the EBM equation is represented
by a linear heat equation. The “particles” represent the individuals of a population that
interfere with their exterior (here represented by a Robin type boundary condition on the
boundary of each particle). Since it is impossible to act over the entire spatial domain €.,
it is assumed that only individuals in a small portion of the domain (w such that W C Q)
can exercise some voluntary control. Thus, the set of boundaries of the internal particles is
constituted in the form 5. = S U 5P with S the set of boundaries of the controlling
particles and S the set of boundaries where no control is implemented. Although, a
detailed description will be given in the next section we can anticipate that the state in

this control problem will satisfy the following equation and auxiliary conditions

&fua(v) — Aug(v) = f(x,t), (:L"t) € 0. x (O,T) _ g“’
Oyue(v) + e Va(x)u.(v) =0, (z,t) € Ss(l) % (0,T) = Sgl)’T7
Byuc(v) + e Va(x)uc(v) = e v(x, 1), (x,t) € S x (0,T) = ST, (1)
us(v) =0, 1) € 90 x (0,T) =TT,
[ u=(v)(2,0) =0, x €,

where v € L2(ST) is the control, f € L2(0,T; L*(2)), a € C®(Q), a(z) > ao = const >
0 are known data and v is the unit outward normal vector to the related surfaces. Notice
that by some obvious change of variable that we can also consider the case of a non-zero
initial datum. Here we assume a “critical” relation between the problem’s parameters
(period of the structure e, order of the particles size, «, and order of the coefficient ~),

precisely, a = v = since otherwise the global problem we would obtain after the

_n_
n—27

homogenization process (making € N\, 0) is less relevant (see, e.g., the exposition made in
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[4]). This choice of parameters a and =y is characterized by the emergence of an “strange”
term in the effective equations (see [24, 4, 1]).

Our main goal is to prove the “approximate controllability” of the problem with a final
observation. This property can be stated in the following terms: given a “target global
state”, ur € L*(Q) (some extra regularity will be assumed in some intermediate steps),
and given J > 0, we want to show the existence of a control v &€ L2(S§2)’T) such that we

have the estimate
H’LLE(U>(-,T> - UT”%Q(QE) <. (2)

In this way, local actions (the control is placed only on the boundary of some particles)
lead to global consequences (u.(v)(z,T) “almost” reach the desired value up(z) in the
whole domain €).): something that can be understood as a closed goal to the sentence
"think globally, act locally”.

Note that while there are several results in the literature on ”approximate controllabil-
ity” in domains with periodic particles (or perforations), our formulation differs from all
of them as the controls are applied only on the boundary of certain particles (see, e.g., [2]
and its references). Furthermore, the proof techniques employed in some other studies for
simpler spatial domains either assume that the control is applied to the entire boundary
of the domain (see, e.g., Section 3.1.3 of [12]) or they rely on auxiliary results (the unique
continuation property), which is not available for the aforementioned formulation (see
Remark 2.14 of [10]).

In order to avoid those difficulties, we will use the homogenization process as a tool.
Moreover, to make constructive the proof of the existence of the wanted control, we will
follow an idea of Jacques-Louis Lions which consists in the consideration of an auxiliary
optimal control problem ([13], [10]). In our case, we first consider a time dependent target
function up € H'(0,T; HY(Q)) N C(QT), and if we denote by u.(v) the solution to the
above parabolic problem, the optimal control problem, we will consider, is completed by
taking the cost functional J; : L2(SE(2)’T) — R

05

N
=l (u(v) = ur) (-, T) 720, + € 75”“”%?(59”)' ()

0
T(0) = 2V ev) = ur) gy + =

Here, we assume the penalty term such that N € (0,+o00), and 61,05 > 0. Notice
that when 6; = 0 and 65 > 0 the cost functional is well-defined for more general target
functions ur € L?(Q2). The case 6; > 0 will considered here in order to extend to this
framework some previous results in the literature (see, e.g., [22], [21], [5] and [20]). It is
well known that there exists a unique optimal pair (u.(v.),v.) (see [12]) with the optimal

control v, € L2(S§2)’T), i.e. satisfying

J. = ‘ Je(v).
+{e) ueLi?bl*?“T) )

Our strategy will consists in several steps: firstly, we will apply the homogenization

process, proving that the extension 4. to Q, converges, as € — 0, to a function ug(z,t)



which is the unique solution of the global state problem

Ao — Aug + Ap (b1(2)X @@y 0,1) + 02(2)Xor) 1o = f + c(@)vo(z, t)xr, (2,1) € QT,

up(x,t) =0, (z,t) € T'T,
Uo(.%’,O) = 0, €T € Q7
(4)

where (=) (2)(a(z) + B.)
bilz) = a(z) + B, bo() = (a(z) + B,)> + 0,N-1B,’ (5)

and
A, B,

(z) = (a(z) + B,)?+ 6.N"1B,’ (6)

with A, = (n—2)C§ *wy, B, = (n—2)Cy ', w, the surface area of the unit sphere in R™,
n > 3 and x4 the characteristic function of the set A. Here, vy € L?(w?), w? = wx (0,7),
is the optimal control associated to a global cost functional Jy : L?(w”) — R such that
li_r}r(l) J:(ve) = Jo(vg), is defined in the following terms:

Jo(v) = /|V ug — ur)|*dodt + —/| ug — ur)(z, T)|*dx
T
9 2
b3 (z)ugdrdt ugdrdt
0 Q\w 0 w
N
—I—E/c(x)vgdxdt. (7)
T

Notice that coefficients by(z) and ¢(z) depend on 6; and that no dependence with respect
05 arises in the coefficients.

The second step of our strategy is to prove the approximate controllability of the
homogenized parabolic problem with final observation: i.e., given the target global state,
now ur € L*(2), and given § > 0, we will show the existence of a control v € L*(wx (0,T))
such that

[uo(v) (s T) = ur||2(q) < 0. (8)
We will construct such a control by taking N N\, 0 in the global formulation of the optimal
control problem for the case #; = 0 and 6, = 1.

Finally, as a third step, we will get the approximate controllability on the starting
problem, once we assume ¢ small enough. In conclusion, we must assume that the number
of individual controls must be large enough (such as the ecologist philosophy proclaims).
This conclusion gives a certain mathematical justification for the popular phrase used by
ecologists. Moreover, it brings to light some limitations that must be assumed on the local
controls to conclude that the result is globally satisfactory. For instance, the presence of
the terms in €7 in the local formulation (in the local state boundary conditions and in
the local cost functional) is of capital importance since it is not difficult to show that

without them the global optimal control limit problem is entirely different. The critical
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relation between problems parameters leads to the emergence of some “strange” terms in
the limit state problem along with the new term in the limit cost functional and here has
an important consequence.

Our main technique of proof consists in characterizing the optimal control v, in terms
of p., the solution to the related adjoint problem. We will show that this relation is given
by the expression v. = —N~1p., where N is the positive constant appearing in the local
cost functional J..

The organization of this paper is as follows: Section 2 is devoted to a more precise
presentation of the local optimal control problem and to obtain some a priori estimates
which will be used later. The detailed statement of the convergence theorem is given in
Section 3 and its proof is organized in several subsections in Section 4. Section 5 is devoted
to prove the convergence of the cost functionals. Finally, the approximate controllability

property is stated and proved in Section 6.

2. PROBLEM STATEMENT

Let © be a bounded domain in R™ (n > 3) with a smooth boundary 02. For T' > 0, we
use the notation: QT = Q x (0,7), T7 = 9Q x (0,T). We denote by Gy the ball of unit
radius in R™ centered at the origin of coordinates. For a domain B and § > 0, we define
set 0B = {6 'x € B}. For € > 0, we consider the domain

Q. = {z € Q: p(x,00) > 2},
where p(z,y) is the Euclidean distance. We set

G. = |J (a:Go+ej) = | &
JET. JET.

where Y. = {j € Z" : (a.Go+2j) % # 0}, || = de ™, d = const > 0 and where Z" is
the set of vectors in R" with the integer coordinates. Define Y7 = Y +¢j, P/ = £j, where
Y =(-1/2,1/2)". Note that Glc Y7 and the center of the ball GZ = a.G+¢j coincides
with the center of the cube Y7. We assume that a. = Coe®, Cy = const > 0,a > 1.

We consider a controllable region in the domain €2 given by some domain w such that
w C ). We assume the control to be placed only on balls with indexes associated with
w, i.e. we introduce the set T = {jeX.: Yi ¢ wh, T =7, \ Y. Based on this

indexing, we define sets related to the particles and their boundaries

¢V = \J e e= U e
jerd) jer?

S =9aM, ¥ = oG,



Now, we define the set of particles
Q. =Q\G., QT =Q.x (0,7), wl' =w x (0,7,
with the boundaries

0. = 00U S., S. =SSP US® T =00 x (0,T),

ST = 5. x(0,T), SO = 8D % (0,T),i=1,2.

£

Let v € L2(0, T; L*(S)). By u.(v) we denote an element of L2(0, T; H*(Q., 9Q)) with
Owu-(v) € L*(0,T; H'(2,09)) that is a solution to the boundary value problem

([ Dru(v) — Au(v) = f(x, t) (z,t) € QF,
dyu.(v) + ¢ a(x) (v) = (z,t) € ST,
Byue(v) + e Va(x)ue(v )_5 w(z,t), (z,t)e ST o)
u.(v) =0, x,t) eIl
u.(v)(z,0) = z € .,

where f € L*(QT), a € C*(Q), a(x) > ag = const > 0, v is the unit outward normal
vector to the related surfaces. Here, by H'(Q.,0Q), we denote the closure with respect
to the norm H'(€).) of the set of infinitely differentiable in Q. functions vanishing near
the boundary 0. As said before, we assume a ”critical” relation between the problem
parameters (period of the structure ¢, order of the particles size, a, and the order of the
coefficient, ), precisely, a = v = .

We say that a function u.(v) € L*(0,T; H'(Q., 0Q)) with dyu.(v) € L*(0,T; H (., 00))
and u.(x,0) = 0, is a weak solution to the problem (9) if it satisfies the integral identity

T
/&us )Qsdt—i—/VuE(v)Vgod:cdt
0

Qr
+e 7 / a(x)us(v)pdsdt + 77 / a(z)u.(v)pdsdt (10)
Sél),T S§2),T
= xdt + €&~ vdsdt,
/fgpd d K / wdsd
T 5T

for an arbitrary function ¢ € L*(0,T; H'(Q.,09Q)). By (-,-)q., we denote the duality
pairing between H'(€.,09Q) and H~(Q., 09).

We consider, at this step, a time dependent target function ur € H'(0,T; H}(Q)) N
C(QT), and if we denote by u.(v) the solution to the above parabolic problem, the optimal

control problem we will consider is completed by giving the general cost functional J. :
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L2(0,T: L*(S™)) = R

10 = IV ) = un) g + 2 [ (o) T) — urla, )P
Qe (11)
N
T ol gy

Here, we assume the penalty coefficient such that N € (0, +00) and 64, 6, > 0. It is

well known that there exists a unique optimal pair (u.(v.),v.) (see. [12]), such that

(v) = min_ J.(v). 12
Je(ve) UEL%&)’T)J (v) (12)

One of the goals of this paper is to find the limit as ¢ — 0 of the optimal control v. and

of the cost functional J(v.).

2.1. Characterization of the optimal control. We define the adjoint problem, asso-

ciated with the state problem (9), in the following terms:

_atpe - Aps - _elA(us - UT>7 ( )

Ovpe + 5_7a($)p5 = 9181/(“6 - UT)> ( ) U S
pe =0, ( ) < PT (13>
pe(x,T) = Ox(uc(z, T) — up(z,T)), x € Q..

7

3

We say that a function p. € L*(0,T : H'(Q.,99)) is a weak solution to the problem (13)
if Oyp. € L*(0,T; HY(Q.,00)), p-(z,T) = O3(u.(z,T) — ur(z,T)), and for an arbitrary
¢ € L*0,T; H'(Q.,09)), it satisfies the integral identity

T

—/(&ps,@gsdt—i-/Vpsvmlxdt—i—&_'y / a(x)p-pdsdt
0 Qf SO T
+e7 / a<$>p5¢d8dt261/V(u5 — up)Vodrdt. (14)
52T QT

Given u, and ur as before, it is well-know the existence and uniqueness of a weak solution
pe of (13).

Theorem 1. If the pair of functions (u.,v.) is optimal for the problem (9), (11), (12),
then v, = —N_lpgxs(g),T, where p. is the weak solution to the problem (13) and with

X g7 the characteristic function of the set S§2) r

Proof. Let v € L2(0,T; L*(St?)) arbitrary. For A > 0, we denote v} = v, + Av. We have
Jo(v2) — Jo(ve)

£

0
= 51(||V(ue(v?) = ur)|[z2gry = IV (us(ve) — ur)ll2gr))
02

5 (lue(02) (@, T) = wr(e, T) 720, = llue(ve) (2, T) = ur (@, T)72.))



2
SgQ),T
=2 [ V) — ) V) + )~ 20r)
Qf
+% /(ug(vg) — e (v)(z, T) (ue (v)) + ue(ve) — 2up)(z, T)dx

N
—i—é‘ﬂE / (2\v.v + A*0?)dsdt.

S§2),T

From here, we derive

lim Je(ve + M) = Je(ve) =0, / V0.V (us(ve) — up)dzdt
A—0 A
QT
+92/96(a7,T)(u5(va)(x,T) —ur(z,T))dz +e N / vevdsdt, (15)
Q. g7

where 0, = (u.(ve + M) — u-(v.))A ™" is the unique solution of the problem

( 9,0. — NG, =0, (2,1)

8,0. + e va(z)d. =0,  (x,t) € ST,
S 00 +ea(x). = v, (x,t)

0. =0, (

0€<x70) :07 SE‘GQE

\

Note that 6. is independent of A\. We say that a function 6. € L?(0,T; H*(Q., 0Q))
with 9,0, € L*(0,T; H*(Q,09)) and 6.(z,0) = 0 is a weak solution of this problem, if
the following integral identity holds

T

/<8t95,w)gadt+/Vengd:vdt+e”’/a(:v)@swdsdt—€”’ / vipdsdt,

0 QT ST 53T
where o € L?(0,T; H'(Q.,09)) is arbitrary. Taking as a test-function 6. in (14), and p.
as a test-function in the integral identity for 6., we subtract one from the other and get
02/95(1‘,1—')(“@(1‘,1—') —ur(x,T))dx + 6, /VQQV(UE —ur)dr =7 / vp.dsdt.
Q. QT 52T
Substituting this expression into (15), we conclude

J(v) v=¢"" / vp-dsdt + N / vv.dsdt.

SéQ)’T SéQ)’T

As v, is the optimal control, then we must have J!(v.)-v = 0 for all v € L?(0, T} LQ(ng))).
This implies that v. = —N~!p, for a.e. (z,t) € ST g
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Thus, the optimal control is characterized by the system of equations

(. — Au. = f, (z,t) € QF,
—0ipe — Ap. = _GIA( — ur), (z,t) € QF,
Oy + e Va(x)u,. (x,t) € St T,
Byue + e Va(x)u, = N p.,  (x,t) € ST
Oype + e Va(x)p. = 010, (ue — ur), (z,t) € ST YT,
u. = p. = 0, (x,t) e TT,
ue(z,0) =0, x € Qg
{ pe(2,T) = O03(u(2,T) —up(2z,T)), x€Q..

Remark 1. We also have the reverse to Theorem’s 1 statement. If the pair (u.,p.) is the

solution to (16), then v, = —N_lpsxs(zm is the optimal control for the problem (12).

2.2. Uniform in ¢ estimates for u. and v.. From the integral identities for the problem

(16), for functions p. and u., we have

T
/(9t<ug,p€>95dt = | fp.dwdt — N~ 'e™? / pldsdt — 0, / V(us — ur)Vucdzdt.
0 QT 5T QY

From here, we deduce

0, / IV (ue — ur)|?dodt +e "N~ / prdsdt + 05 ||uc(x, T) — uT(x,T)H%Q(Qe)

QT s@T

= /fpad:vdt — 0, /UT(ZU,T)(UE(:B,T) —ur(x,T))dx — 6, / VurV(u. — ur)dxdt.

Qr Qe Qr

Hence, we conclude

01|V (ue — UT)H%?(QET) + Osl|uc(x, T) — uT(:E,T)H%Q(QE) + N le™ / pldsdt

S§2),T

< /Ifllpaldl’dt+CIIVUT|Iiz(QT) + Cllur (2, 7)1 720
QT
where constant C' is independent of €.

Taking in (14) as a test function p., we get

92
-2 Hug(x T) — up(z, T)||L2 @)t Vo132 r) T € 7/a(m)pgdsdt

ST

<6, / V(u: — ur)Vp.dzdt.
QT
From here, we have
IVpellZ2iqry + & lpellzacsr
C(OUIV (ue — ur)|F2qry + Oallus (2, T) — ur(z, T)|2(q,))-

(17)

(18)

(19)

(20)



11

From (19), (20) we derive

OuIV (ue = ur) [ L2iqr) + Oalluc(e, T) = ur(z, T) 120,y + N7'e el o gor,

< C(If1Z2qry + IVurlizgry + llur(z, T)lZ2q)- (21)
Estimates (20), (21) imply
IVDellZeiory < CUI L2 qry + IVurTagry + lur (@, T)lIZ2)- (22)
Next, we will get some estimates for the time derivatives of u. and p.

0ctucl 20,01 00)) < C5  10mpe |l L2 0.1 (00 00)) < C-

Consider the Galerkin’s approximations of u. and p,

m

ul' =Y an(Oul(e), Pl =) b (Owk),
k=1 k=1

where {w¥(x)} is an orthogonal basis in H!(£).,99) and an orthonormal basis in L?*(.).
Let v € L*(0,T; H'(Q.,09)) arbitrary but such that ||v|| g1, 00) < 1 for ae. t € (0,7).

Substituting v into the equation for v, we have for a.e. t € (0,7

(Oul",v)a, = (Ol v 0. = —/Vu?Vvimd:E — 6_7/a(;1:)uglv‘imds
Se

Qe
—l—/fvimd:v—ale /pgvimds, (23)
0. e

and substituting it into the equation for p!", we get

O™ Ve, = (O, 05 e, = / Vv, da
Qe

+6_7/a(x)p?vimds -6, /V(u;” — ur) Vi, dr, (24)
Se 0.
where v = 37 i (Dwh(z) + 05, = 05, + V5 (U5 wE) 2@ = 0, k = 1,...,m.
k=1

As the functions {w’} form an orthogonal basis in H'(€., ), we have the estimate
107 |11 02.00) < [[0llE1(@000) < 1.
Note that for u* and p*, we have the same estimates as in (21), (22) for u. and p..

Using these estimations, we derive

(O, v)a. | < VUl ||z + Ce M |[ul | 2o |05l 220s0)
+O fllz2o) + € N Hpell o g 10T mll 252 (25)

and

02", v)a. | < IVPE 2o + Ce77 D2 2o 1T m 2250y + 01V (@ = ur) 202 (26)
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From Lemma 2 in [18] and [19] for any function ¢ € H'(Q.,9Q) and for v = 25 we have

the estimate
e NN Z2s.y < Kl (0. 00)-

Applying this estimate in (25), (26), we get
[0 | 20,751 (00 00)) < O, 1002 220,731 (022 00)) < C, (27)

for a constant C' which does not depend on m and ¢.

From (27), we have

HatusHL?(O,T;H—I(QE,BQ)) <, HﬁtpeHL2(07T;H—1(QE,BQ)) <C (28)
Additionally, we conclude

max [ue(z, )] 120y < C, Hax 1pe(z,8)||L2(0.) < C.

Then, if we denote by 4., p. the extensions of the functions u., p. to QT such that
u. € L*(0,T; HY(Q)) with dyu. € L*(0,T; H*(Q)) and p. € L*(0,T; H}(Q)) with d;p. €
L*(0,T; H1(2)) (see [16] for the construction of such extension operator), we get the

following estimates

@l 220,520y < Klluellrzommioe00),  1Pell2ommi@) < Kllp=llz20.r;m 9. .00)),

Ve 205220 < Kl Vuc|2om2@0)), 1 VPellz2o.mz2)) < K| Vpellz20,m02000)),

10c|| 20,7 m-10)) < K (JJuellp20mm 9..00)) + 10wl r20.7:0-1 0. 00)) -

||8t]55||L2(0,T;H*1(Q)) < K(||Pa||L2(0,T;H1(Qg,8Q)) + ||atpa||L2(0,T;H*1(QE,BQ)))-

where positive constant K doesn’t depend on €. Using these estimates and inequalities
(21), (22), (28), we get that there is a subsequence (still denoted by ¢) such that as e — 0

)

P — po weakly in LZ((), T: Hol( ),
Oyii. — Opug, weakly in L*(0,T; H1(Q)),
OiPe — Oypo, weakly in LQ(O,T; H_I(Q)).

i, — up weakly in L*(0,T; Hy(S2)
Q)
(29)

3. STATEMENT OF THE MAIN RESULT

The following homogenization theorem holds.

Theorem 2. Let n > 3, a = v = 5, f € L*(Q") and let (u.,p.) be the solution to
the system (16). Then, their extensions (., p.) to QT converge, as e — 0, to the pair of
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functions (ug, po), given in (29), which is the unique solution to the system

p

Ao — Aug + Ay (b1(2) X (@) (0,1) T b2(2) X1 ) o
= f - Nﬁlc(x)XwTPOv (xvt) S QT’
—ipo — Apo + An (01(2) X @) x (0,7 + D2(2) X7 ) D0

30
1Ay — ur) + Ans () Xy + b)), () €QT, )

uo(z,t) = po(x,t) =0, (z,t) e TT,
[ uo(z,0) =0, po(z,T) = 02(uo(x,T) — ur(z,T)), x €,
where
__a(x) o) = a@)(a(x) + Ba)
bilw) = a(x)+ B,,’ balir) = (a(z) + Bp)?+ 60.N1B,’

A,B,
B (a(x) +B,)2+60,N-'B,’

and A, = (n —2)Cy 2w, B, = C , Wy 15 the surface area of the unit sphere in R™ and

with x 4 the characteristic function of the set A.

As we will show, the pair of functions (ug(v), v)) characterizes the optimal control of the
homogenized state problem associated to a suitable cost functional. The state problem,

which is related to the system (30), is given by

Oruo(v) — Aug(v) + Ay (01(2) X (@\@)x (0,1) + b2(2) Xeor ) u0(v) =

= [+ elaor, @neQ
up(v)(z,t) = 0, (z,t) e TT,
up(v)(z,0) =0, x € .
Now, we introduce the limit cost functional
0
Jo(v) = — /|V uo(v) — ur)|*drdt + —/ uo(v) (2, T) — up(x, T))?dx
QT
0 r A0 N
! / / v)dxdt + g L by (2)by(2)u (v)dadt + 5} /c(q:)v2da:dt. (32)
0 N\w wT T
and consider the optimal control problem
Jo(vg) = vELQ(f)l,lYI’?LQ(w)) Jo(v). (33)
Theorem 3. Under the conditions of Theorem 2, we have
lim J. (v2) = Jo(vo). (34)

where v, is the optimal control of the problem (9), (11), (12), and vy is the optimal control
of the problem (31)-(33).

Remark 2. The optimal control vy is characterized by the system (30) and the relation
vo = —N""xrpo-



14
4. PROOF OF THE HOMOGENIZATION THEOREM

4.1. Characterization of the limit of u.. We start by examining the limit of the
integral identity for the function u.. The most difficult term is the integral over S.
multiplied by the large growth coefficient ¢77.

For j € Z", we introduce the boundary-value problem

Aw!l =0, =€ TJ \G
wl =1, r € 0GY, (35)
w! =0, xG@TgM,

where T] denotes the ball centered in P? and radius £/4.

Con31der the following function

wl(x), :L'GT/4\G jex?,
(2)

Wa(2) _ 1, T € G j e Y. (36)
0, reQ\ U 6/4
JGT

It is easy to see that Wi» € HY(Q) and Wi? — 0 weakly in H}(Q) as € — 0. Due to
the embedding theorem, for some subsequence for which we preserve the notation of the
original, we have W 0 strongly in L?(Q) as ¢ — 0.

In the integral identity (10), we take as a test function 7(t) (2)<1‘> (d))(is , where 1 €
CH0,T), ¢ € C°(2). We get
T
n(t) ( / / P (@)¢(x)
Oy, o.dt + Vu V dxdt
0/ e oy 2 i)
J /4\GJ
- n(t)o()ue / 2 <x>
7 —————dsdt = dxdt
42 [ at IR s i .
S§2),T
- f)<z5(37)
—e7'N 1 77( )
£ / paa(x) n Bndsdt (37)
S£(2),T
Using the properties of the function WE(Q), we conclude
2
. n()W="(z)¢(x)
1 dxdt = 0.
slgtl)/f a(z) + B, ‘ 0 (38)
Next, we compute the first integral in (37)
[, OWE(@)0(0)
/<8tu5’ a(z) + B, Joudt =
0
Wi (x)o(z) WE(Q)(I)(/ﬁ(x)
— —_— T)n(T)————F—dx.
/usam(t) 2(2)+ B, dxdt—l—/us(:r;, )n(T) 2(7) + B, dx

QT Q.



Using the strong convergence W 0 in L?(Q), we conclude

n(tyW?¢(x)

a(z) + B, Ja.dt =0.

‘11_2% <8tu€7
Applying that W — 0 in H}(Q) as e — 0, we get

Z//vv ))Z(n)>ddt

]GTE 0

T]/4\G]
) n(t)e(z)
Z/ / VIV vusa@ Bﬂ)dwdt—kas,
JET \GJ

5/4

where a. — 0 as ¢ — 0. Using the definition of W5(2), we have

/T / vy (—Z?Z()tfgpdxdt

0

- [ [ oestens 3 [ [odtilielon

jer® 0 o1? i€t 0 i
T
_ u 77
= —eCP % (n —2)4"1 / / d )d dt
ier® 0
J or?
T

~ wen(1)o()
+B,e Z //mdet+Oél,s7

jETg) 0 oG
where a1 . —+ 0 as e — 0.
Applying Lemma 5 from [24], we have

lim Gy 2 (n — 2)4"1 3" /T / “5(77()) dsdt = A, //“0’7 )d dt.

jer® o o1?
E

Then, from (37)-(40), we have

lime™ 7/ / uen(t)p(x)dsdt
e—0

0 5@

T
B Anuon(t)o(r) et / / pen(t
_//—a(x)+8n dxdt ll_I}(l)& +B d dt.
0 w

0 g

15

(40)

(41)

Now, the problem is with the last term since we do not know yet its limit. To find this

limit, we will examine the integral identity for the function p..
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4.2. Characterization of uy and p,. We take in the integral identity for the function

p- as a test function W (z) (a((;)(i)gl ?"19(13\, - We get

[ WO @) a) + Bnt)e()
_O/<8tps, (@) 1 B2 1 6,N-1B, Y. dt

’ ) xr)lalxr
o] [rns(Btnt s .,

. (a(z) + By)pen(t)o(x)
e / [ U @) T B + 0N~ 1Bnd8dt
0 52

// (2)( )(a(z) + Ba)n(t)o(x )>d dt.

( (x) +B,)?+0,N-1B,

By the same reasoning as above, we conclude

P(2)(alz) + Bu)n(t)¢(x) _
hm/ O4De, (a(x) + B,)’ + 6N 1B, Yo dt =0,

and for the second integral in the left-hand side, we have

(2) a(x
hm//VpE _1(_1(3“1 —l—Hl)Xf(tZgle( )>d dt

(a(z) + B,)pon(t)o(x)
= —An //a:v) )2+ 6N~ 1det

o (a(z) + pen(t)¢( )

v

+1-1—I>%€ Bn // (a(x) + B,)?+ 0,N-1B, dsdt,
0 @

and for the integral in the right-hand side, we get

W (x)(a(x) + B.)n(t)é(z)
hm@l/v V( (a(2) + B2+ 0,N-1B, )d dt

B (a(z) + By)uon(t)¢(z)

B _Anell (a(z) + B,)?+ 6,N-1B8, dwdt

- (a(e) + Bouen(t)(a)

+}:1_>I%€ 0187), J (CL(CC') + B ) + QlN IB
@7

dsdt.

Using the expressions (41)-(45), we get

(a(x) + Bn)pon(t)é(x) . (a(x) + Bn)?pen(t)o(x)
—An / @ dudt + & / (a(x) + B.)? + 0N B,

() + B,)?+ 60,N"1B,
wT ng),T

(43)

(44)

(45)
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L (a(z) + Bn)uon(t)¢(z) uon(t)o(x) .
_ Anel/<w)+ B - 1det+918A/ B)2+01N—1Bnd dt

UJ

p=n(t)¢(x)
(a(z)+ B,)?+ 0, N~1B,

—é‘_’yN_lQan

Sé2>’T

dsdt + a., a. — 0,6 — 0.

From here, we deduce

£ / pen(t)d(x)dsdt = A, / é?g T%(lt])\?(ll; ddt

SéZ),T

(a(z) + By)uon(t)d(z)
—An91/ (a(z) + B,)?+ 6. N~18, dudt

T

uon(t)<b(x)
+An8n01/ () =B, + 6N-1B, dxdt + a.

A / (a(z) + pon(t)¢( ) dwdt

(a(x) + B,)?+ 6, N~1B,
a(x)uon(t)o(x)
_An91/(()+8 > 0N~ Idet—i—ag. (46)

where a. — 0, as ¢ — 0.
From (41) and (46), we have

. _ —|—B +60,N!
lim e~ / uen(t)p(x)dsdt = A, / o 91N 1Bnu0n(t)¢>(x)dxdt
S£2),T
—A,N" / Jo(z) dwdt (47)
+91N 1B, ’

and consequently

lim [ a(e)un(t)d(z)dsdt = / ‘ngi()“f;;f; ;f\ﬂ;) won(t)é(x)ddt

e—0
ng),T

a A
—AN" / i‘mﬁzf]\; g et (48)

Now, we introduce the function

wi(x), =€ T/4 \ Gl j e,
ww ) 1 veGLjeT’, e, (49)
0, r €N\ U 5/4

JET(
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nt)¢(@)a(z)

a(0)1Bs and get

We take in the integral identity for u. as a test function Ws(l)(x)

/ Apuz, W, M)nsdw / VUEV<W§1)%)M¢(&

QT
. nt)é(z)alz) , ., _ pnte@alz)
+e <)/ a(z)u. o) 1 B, ddt_/fWE() o) 1 B, dadt.
Ssl , T

As above, taking into account that wi) o weakly in H}(Q) and w0 strongly
in L?(Q) as € — 0, we conclude

[y 10)a(z)
W S ot =0ty [ T

0 Qf

| WSa)y [ [ unt)e(x)a()

lim [ (O
e—0 < tTe

Thus, we have

lim e~ / a(z)uen(t)p(z)dsdt = A, / / “0” )dxdt. (50)

e—0
S5(1>‘T 0 Q\w

Combining (48), (50), we have the following integral identity for w,

T
/8tuo, th—l—/VUOV(n(t)gb(:v))d:Bdt
0 QT

2)(ale) + Buon(t)o()
A / (a(x)+ B,)2+ 0, N~1B, dudt
+A, dxdt fn(t)p(x)dzdt
1] "

_ (x)
A, BN~ / +01N gt
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By density arguments, this identity is valid for an arbitrary function ¢ € L*(0,T; H}(Q)).

It means that ug is the unique weak solution to the problem

( ﬁtuo AUO + .A _i_g()(_g;_l%)llg X T Uo

a(z)
+A, a@) 1B X(Q\w) x (o,T)Uo

= f - AanNil (a($)+6n)€101N718n XwT (l’, t) € QTa (51>
ug(x,t) =0, (z,t) e T'T,
L uo(z,0) =0, x € .
Taking ng)% as a test function in the integral identity for p., we obtain
/ n0ole) | (6(2)
t n(t)o(x
(Ope, W dt + | Vp. W<1>—)d dt
/ tD ax)—l—B ). +/ PV o(z) + B, T
0 QT
+e / a(x)pe—a(x) "B, s 1| V(ue —ur)V (W () + B, xdt. (52)
ST QT

Using the properties of the function Ws(l), we conclude
[ (16(a)
. N t)o(x _
lg%/<atpaawa CL( + >Qsdt 0.
0

As above, using the definition of Wa(l), we transform the integrals over Q7 in the left

and right parts of the expression (52) and derive

e / pen(t)(z)dsdt — A, / / po(;z;t - duds

ST 0 O\w
n(t)e n(t)¢(z)
—— A0 g BINIAANIE
A, 1/ / uoa(x dxdt—i—B 01~ / U/ECL(I') +Bnd5dt+a€’ (53)
0 O\w ST
where a, — 0 as e — 0.
Due to (50), we derive from (53)
lirré e’ / pen(t)o(x)dsdt
ST
[ ) 06t
a(x)
=A, d dt — A,0 )
0 Q\w 0 Q\w

Now, we are able to pass to the limit as ¢ — 0 in the integral identity to p. and get the

limit relation for p,

r a(x)

- [Omnoote)od+ [ V@) + A, [ [ SO0

0 QT 0 N\w
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+A, / 15127 B, n(t)o(z)dzdt = 04 /V(uo —up)V(n(t)p(x))dxdt
QT

a*(z)n(t)p(z)uo
(a(2) + B,)? + 6,N-1B, "

+ A0, / / 2(;( uor(f ¢)(f)dsdt+An01 /

0 ON\w wT

From this identity, we have that py € L2(0,T; H}(Q)), dpo € L*(0,T; H (), po(z,T) =
Os(uo(x,T) — up(z,T)) is the unique weak solution of the problem

(0o — Apo + An g 5 PoX o) < 0.1)
+An (a( x?erBS(?;anle po = —01A(ug — ur)
+A,0, WUOX(Q\@ «(0,7) + Anbs (a(x)Jana;(félN_an uox,r, (,T)€QT, (54)
po(z,t) =0, (z,t) e T,

L po(x,T) = Oy(uo(x, T) — ur(z,T)), x €.

This concludes the proof of Theorem 2.

5. CHARACTERIZATION OF THE COST FUNCTIONAL LIMIT
Now, we will show the validity of convergence (34) and prove Theorem 3. For the
function v. = —N~!p., we have

-
J.(=N"'p,.) —01/|V c—ur)| dzdt+—/ua:vT) up(x, T))? d:zH—W / pidsdt.

QT SOk

Using u. as a test function in the integral identity for p., and taking p. as a test function

in the integral identity for u., we transform this expression into (see the derivation of (18))

T
1 1
Ja(_N_lpa) = 5 /<<atp57u5>ﬂs + <8tua>pa>ﬁa>dt + 5 / fpedxdt
0 QT
/V — ur)Vupdzdt — —/ us(z, T) — ur(x, T))ur(z, T)dz
QT
92 01
Y (ue(z, T) — up(x, T))ur(x, T)dzdt —I— fpedxdt — 5} V(u. — ur)Vurdzdt.
Qe QT QT

Thus, we have

lin%J( N~'p.) = —%/ uo(z,T) — urp(x, T))ugp(x, T)dx + = /fpodxdt (55)
Q QT
01 02
-5 / V (up — ur)Vurdzdt = ) /(uo(a:,T) —up(x, T))ur(z, T)dz
QT
1 61 5 61
+§ fpodxdt + 5} |V (ug — ur)|*dxdt — 5 VuoV(ug — ur)dadt. (56)
T QT T
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From the integral identities for the functions uy and py, we have

T
/fpodxdt = /<<3tuo7po>9 + <atp07u0>§2>dt
Qr 0
v
N™
+A,.B, / LB —i—@lN—andxdt

[ [ e
—|—91/V(u0—uT)Vuodxdt—f—Aan/ / muodxdt
QT 0 O\w
a*(x)

+An01/(a(m)+3) 21 o, N 1B, "

T

Substituting this expression into (56), we obtain

0

liII(l) J.(~=N"1'p.) = 31 / |V (ug — ur) Pdzdt + 32/ uo(z, T) — ur(x, T))*dx

e—
Qr 0

T
91 .Ané’l CLZ(ZE) 2
/ / da:dt + 5 / () + B, + 0N 1B, ugdxdt
0 O\w wT

ABN
/ +91N B dxdt.

Hence, we have

liI%JE(—N_p 01/|V ug — ur)|*drdt + é/uoxT —up(z,T))*dz
E—
Q
0
b3 (z)uldadt + Anby / by () by () ulddt
0 Q\w wT

1
ton c(z)phddt = Jo(—N "' pox,r).

T

This concludes the proof.

6. ON THE APPROXIMATE CONTROLLABILITY OF LIMIT PROBLEM AND UNIFORM
CONVERGENCE OF THE CONTROLS v.. PROOF OF THE MAIN RESULT

As mentioned in the Introduction, we will conclude the approximate controllability of
the problem (1) by showing that the limit problem (4) satisfies such a property and by
proving that the sequence of optimal controls v, is uniformly bounded (with respect to
N), when N 0.
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Theorem 4. Let ur € L*(Q) and let uy(v) be the unique solution of the limit problem
(4) for a given control vy € L*(w x (0,T)). Then, given 6 > 0, there exists a control
vo € L*(w x (0,T)) such that

luo(v) (-, T) = ur|[12q) < 6. (57)

Moreover, such a control can be obtained as the limit of the optimal controls vy N, associ-
ated to the cost functional given by (32) with 61 =0 and 03 =1, i.e.,

Jon (v /|u (z,T) — ur(z)*dz

—+2§ c(x)v*dxdt,
wx(0,7)

as N N\, 0.

Proof. First of all we point out that, without any loss of generality, we can assume
that f(t,z) = 0. Indeed, since the limit problem (4) is linear we can make the change of
variable yg = ug — Z, with Z satisfying

— AZ+A, (bl(x)X(Q\E)X(O,T) +bo(x)xyr) Z = f,  (x,1) € 2% (0,T),
Z =0, (2,1) € 90 x (0,T),  (58)
Z(x,0) =0, z € Q,

and then it suffices to substitute the target function ur by ur = ur — Z(-,T). On the
other hand, we can assume ur # 0 a.e. on {2 (since otherwise the conclusion is trivially
satisfied by the control vy = 0). Thus, for a given penalty parameter N > 0 we consider
the cost functional Jy y(v) where u(v) is the solution of (4) corresponding to f(t,z) = 0.
Let von the corresponding optimal control (see, e.g., [12]). Notice that since Jy y(v) is
weakly continuous, strictly convex and coercive in L*(w x (0,7)) then vy y exists and it
is unique. Arguing as in the proof of Theorem 1 we get that the optimality condition can

be written in the following terms:

0= Jyn(von)v=N / c(x)vo yvdxdt

wx(0,T) (59)
+ [ (v, 7) — ur(e)uto(e, 7)o,
0
for any v € L*(w x (0,T)). Since vg y minimizes Jy y on L*(w x (0,T)) we get that, for
any N > 0
Jon(von) < Jon(0),
and, since the solution of u(v(z,T)) (4) when v =0 is u(v(z,T)) = 0, we get that

J(]N /]uT | dSL‘

We recall (see (5)) that, since 6, = 0,
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_ __a(z)
bi(z) = bo() = a(z) + By’ (60)
and AR
clx) = (@) 1+ B.) (61)
Then,

B2 () oo ) < €

for some C' > 0 and we have also that
NAn 2 N 2
< —
T /TUMﬁ_Q / v2dzdt.
x(0,T

wx(0,T)

Then, we get that, if N € (0,1], {u(von)(.,T) — ( )} ne(oy 18 @ bounded sequence in
L*() and

{\/NU07N)} o is a bounded sequence in L*(w?). (62)
Ne(0,1

Then, there exists a subsequence, £ € L?(Q2) and w € L?(w?), such that
u(von)(-, T) — ur(.) — & weakly in L*(€2), (63)

and
VN y — w weakly in L*(w?).

In consequence, from (?77), we get that

/f(x)u(v(x,T))dx =0,

for any v € L?(w x (0,7)). Let us show that this implies that £ = 0 in Q. Indeed, we

consider the auxiliary problem

0
_% — Apn+An (b1 (2)X @) <) + 02(2)Xx0r) Py =0, (2,t) € 2 x (0,T),
PN = 07 (ZL‘,t) c 00 x (O,T),
py(z,T) = u(von)(., T) —up(.), e

(64)
Then, multiplying (64) by u(v),using the equation satisfied by u(v), and integrating by

parts, we get

- /(u(voyN)(.,T) —ur()u((v)(z,T))dz+N / x)pnvdedt = 0. (65)
Q wx (0,T)
Then we get that py is bounded in L*(0,T; H}(Q2)) and thus py — p in L*(0,T; H}(2)),
as N \, 0, with p solution of the problem
—% — Apt+ Ay (bi(2)X @) x o) + b2(2)Xur) P =0, (2,1) € 2% (0,T),
p=0, (z,t) €00 x (0,T),  (66)

p(iB,T):f(x) ) Tz €
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Then, by (65 ) we get that p =0 on w X (0,7). In consequence, by the Mizohata results
(see [15] and its improvement in [9] for the case of bounded coefficients) we deduce that
p=0in Qx(0,7), which implies that £(z) = 0 on Q. In addition, we also have the strong

convergence in (63) since, from the optimality condition (77?)

N / c(z) [vo.n|* dadt
wx(0,T)
+ / |u(von) (@, T) — up(x))|"de — 0
Q
as N — O.m

Now we are in conditions to prove our main result

Theorem 5. Let ur € L*(Q) and let u.(v) be the unique solution of the problem (1) for
a given control v € L2(5’§2) x (0,T)). Then, given 6 > 0, there exists eg > 0 and there
exists No € (0, 1) (independent of €y) such that if e € (0,e0) and N € (0, Ny), the optimal
control vy € L2(55(2) x (0,T)) associated to J.(v), with 61, =0 and 02 = 1, leads to the

approzimate controllability property
e (ve,n) (-, T) = urlff2gq,) < 6. (67)

Proof. 1t suffices to apply the above Theorem 4 and the strong convergence u.(v)(.,T) —
ug(v)(.,T) in L*(Q2) proved in Theorem 2. Indeed, we have

lue (@) T) = ur L2, < (0 T) = uo(0) (- DIz, + luo(@)( T) = urlzq,)-

Moreover, we know (from the optimality condition (?7)) that the optimal control of the
limit problem vy y satisfies an uniforme estimate (as N — 0, when N € (0, Np)) (see 62).
Then, thanks to the characterization of the optimal controls, we can also assume also that
this property holds for the microscopic optimal control v, 5, when N € (0, Np), for any
e € (0,60).m
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