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Abstract. We prove the approximate controllability, for the interior final observation,
of the solution of a linear heat equation on Q x (0,7"), when the control is placed on a
small part of the boundary [. which is heterogeneous (with a critical scale) and where
we assume a Robin-type boundary condition. One of the motivations is related to some
atmosphere — deep ocean models in climatology. We consider the special case of two-
dimensional domains €2 which requires suitable coefficients in the Robin-term and in the
control. Firstly, we apply the homogenization process proving that the solution of the
microscopic problem converges, as € — 0, to a function ug(z, t) that is the unique solution
to a suitable global state parabolic problem with a Robin-type boundary condition on a
part of the boundary. We consider a microscopic optimal control problem and prove the
weak convergence of the state and the optimal control. Finally, we prove the approximate
controllability by passing to the limit in a penalty parameter of the cost functional. The
conclusion gives a certain mathematical justification to some arguments used by ecologists
but it brings to light also some limitations that must be assumed on the local controls to
conclude that the result is globally satisfactory.
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1. INTRODUCTION

This paper deals with the approximate controllability of some heterogeneous problems.
We assume that a part of the boundary I'; of the spatial domain €2 is constituted of
a set of periodical particles on which the control is placed. One of our motivations is
to extend some previous results dealing with approximate controllability of parabolic
problems posed on a heterogeneous domain formed by the exterior of a set of periodical
particles when the control acts only on the boundary of a small set of those interior
particles (see [10]). Our study is also an improvement of our paper [8] where the control
is also assumed on the boundary of the domain but in that case the set of periodical
particles is placed on a manifold close to the boundary (as in some smart double skin
boundaries). The same as in [4], we will consider here the case of two-dimensional set

: a case which in many studies is not completely developed since it requires weighted
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coefficients which are different to the ones arising in n-dimensional domains for n > 2.
On the other hand, one of the applications which motivate the consideration of this type
of problems concerns the study of diffusive climate Energy Balance Models (EBM) (see,
e.g. [20] and [3]). The simpler version of those EBMs deals with the mean superficial
atmosphere temperature of the Earth, nevertheless, a more realistic version coupling the
mean superficial atmospheric temperature with the temperature of a deep ocean has been
studied since 1990 (see, e.g. [11], [25] and their many references). In that case, after a
suitable identification process, the atmosphere is reduced to a part of the boundary of
the domain on which we must assume a Robin-type boundary condition and then the
possible control of the global temperature (in both parts, the atmosphere and the ocean)
is reduced to a small part of the boundary corresponding to a part of the Earth continents
(see Remark 2 below).

After some simple change of variables, we can reformulate the atmosphere boundary as a
suitable part of the boundary of the domain. Thus, we will use a simpler formulation which
keeps the main difficulties (used in [4] but in the absence of any control) which corresponds
to the case of a bounded domain € of R? N {xy > 0} for which the boundary consists of
two smooth parts 92 = I'; UT'y, where I'y = 0QN{zy = 0} = {(21,0) : 27 € [, 1]}, 1 > 0,
Iy = 0QN{xs > 0}. To define the active part of the boundary, we imagine a heterogeneos
structure (since not all continents can be the base of possible actions). More precisely, we
start by introducing the sets

1 1 A
Y1 = {(y1,0)| —3 <% < 5}, lo=A{(y1,0)] —lo <y <lp} C Y1,

where Iy € (0,3). For a small parameter ¢ > 0, following [4], we consider the “critical
size”
o?
= Geexp(~ L), (1)
where «, Cy are positive constants (notice that 0 < a. < €). We define
@; = U aslo +¢j) U l

jEZ ]EZ

where Z' = 7 x {0} is a set of vectors j = (ji,0) with an integer j;. We introduce the set
of indices T. = {j € Z'|lL € {x = (21,0), 21 € [-] + 25,1 — 2¢]}} and

Let Y7 = €Y) + ¢j then it is easy to see that i Y7. Next, we define 7. = I'; \ I.. Note
that for any j € Z', |lI| = 2a.ly, |l.| = da.e™", d = const > 0.

We introduce the usual notation in evolution problems

QT =0x(0,7), TT=T,x(0,T), II'=1.x(0,T),

£

V=~ x(0,T), TF=Tyx(0,7).
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FIGURE 1. Domain €.

For simplicity, we consider only a linear formulation but it is not too hard to extend our
results to a nonlinear framework (e.g., see the techniques used in the monograph [5]). As
a matter of fact, we are dealing here with the associated “critical scale” since we know
that the appearance of some “strange terms” in the homogenization of the problem has
the good consequence of regularizing the possible non-Lipschitz non-linear terms (see, e.g,
[5]). This fact makes delicate the passing to the limit, as ¢ — 0 and the convergence to
non-zero limits require the presence of suitable weight coefficients. As shown in [4], for
the two-dimensional case with the critical size (1) in order to get a good balance in the
heterogeneous boundary condition we need to introduce the weight

052

3(e) = expl( L), )

Then, the control problem we will consider in this paper can be stated in the following
terms: given f € L?(Q") and a € C*([—1,1]), a(x1) > ag = const > 0, we consider

(

Opue (v) — Aue(v) = f(,1), (z,t) € QT,
Opue(v) + Ble)a(z1)uc(v) = Be)v,  (x,t) €I,
Oyue(v) =0, (z,t) e T, (3)
us(v)(x,0) =0, x €,
ue(0)(,1) =0, (1) € T

where v € L?(0,T; L*(1.)) is the control and v is the unit outward normal vector to the
related surfaces. Notice that, thanks to the linearity of the model, the fact that we assume
zero-initial data (on 2 and on [.) is not restrictive since a simple change of variable may
reduce other situations to this assumption. We emphasize that the fact that the control
is located on the reactive part of the boundary makes the study different from when the
control is inside the spatial domain or on the non-reactive part of the boundary.

Our main goal is to prove the “approximate controllability” of the problem with a
final observation u.(v)(-,7) on the whole domain 2. This property can be stated in the
following terms: given a “target global state”, uy € L*(Q) (some extra regularity will be

assumed in some intermediate steps), and given § > 0, we want to show the existence of
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a control v € L?(0,T; L*(l.)) such that we have the estimate
||ua(U)(,T> — UT”%Q(QS) < d. (4)

In this way, local actions (the control is placed only on a small part of the boundary on
which we assume a reaction term (¢)a(x1)u.(v)) lead to global consequences (u.(v)(x,T)
“almost” reach the desired value ur(z) in the whole domain €.). As in [10], we could
associate this property as a closed goal to the ecologist sentence "think globally, act
locally”.

Note, while there are several results in the literature on ”approximate controllability”
in domains with periodic particles (or perforations), our formulation differs from all of
them as in the present paper the controls are applied only on a small part of reactive
subsets of the boundary (see, e.g., [1], [2], [18] and its references). Furthermore, the proof
techniques employed in some other studies for simpler spatial domains either assume that
the control is applied to the entire boundary of the domain (see, e.g., [16]) or they rely on
auxiliary results (the unique continuation property), which application may become very
subtle when ¢ is very small (see [14]).

As in [10], we will use the homogenization process as a tool, but with important changes
with respect to [10]. To constructively prove the existence of the desired control, we will
follow an idea of Jacques-Louis Lions which consists in the consideration of an auxiliary
optimal control problem (see [14], [17]). In our case, we first consider a time dependent
target function up € H'(0,T; HA(Q)) N C(QT), and if we denote by u.(v) the solution to
the above parabolic problem, the optimal control problem we will consider is completed
by introducing the cost functional J. : L?(0,T; L*(IT')) — R defined by
02
2

—~

Je(v) = %Hv(ue(v) —ur)lliaont5 [ (w(0)(@, T) — up(z, T))*dx

O

()
—i—ﬁ(a)%/vzdxldt.
lT

Here, we assume the penalty term such that N € (0,+o00), and 6;,0, > 0. Notice that
when #; = 0 and 65 > 0 the cost functional is well-defined for more general target functions
ur € L*(Q). Although our main application concerns the case §; = 0, in some parts of
the paper we will assume the general case #; > 0 since problems for which #; > 0 have
been considered also in the previous literature and we will get here some extension of
their results (see, e.g. [7], [23], and [24]).

It is well known that there exists a unique optimal pair (u.(ve), v:) such that

J(v) = verjgigcllg) J-(v). (6)

One of the aims of this paper is to find the limit as ¢ — 0 of the optimal control v. and
of the cost functional J.(v.).

Our strategy consists of several steps: firstly, we will apply the homogenization process,

proving that the extension of @, onto QT, converges, as ¢ — 0, to a function ug(z,t)
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which is the unique solution of the global parabolic problem with a Robin-type boundary

condition on I'}

Oyug(v) — Aug(v) = f, (x,t) € Q7
D, uo(v) + %uo(v) = #ﬁml)v, (z,t) e TT, )
U()(U) = Oa (ZE,t) € F?a
ug(v)(z,0) =0, z €,
where
T

C bl(ZL'l) = a(xl) -+ C, bQ(ZL‘l) = b%(l’l) + 91N_1C.

- 2[06’00427
We will also prove that the limit cost functional J, : L*(T3) — R, i.e. such that

lir% J:(ve) = Jo(vg), is defined in the following terms
E—

Jo(v) = %/ |V (uo(v) — up)|*dzdt + %/(uo(v)(x,T) — up(x, T))*do+
QT Q

w0y [ a*(xy) , WNC/ v?

— [ ——= dxydt dxydt.

+2062 bg([El)UO(U) 1 + 2042 bg([)’}l) e (8)
ry r$

We then consider the optimal control problem

Jo(Uo) = min J()(U). (9)

veL2(I'T)

Notice that coefficient by(x) depends on #; and that no dependence with respect 6, arises
in the coefficients of the homogenized problem. Obviously, this is due to the fact that the
optimal control v. depends on the cost J. (the coefficient of the homogenized equation
is different when the right hand side of the Robin-type boundary condition is a given
function g.(see, e.g. [5] and [9]).

The second step of our strategy is to prove the approximate controllability of the
homogenized parabolic problem with final observation: given the target global state,
now uzp € L*(Q), and given ¢ > 0, we will show the existence of a control v € L?(I'}) such
that

luo () (-, T) — ur||72q) < 6. (10)

We will construct such a control by taking N N\, 0 in the global formulation of the optimal
control problem for the case #; = 0 and 6, = 1.

Finally, as a third step, we will get the approximate controllability on the original
problem, once we assume ¢ small enough. In conclusion, we must assume that the places
where the control v, is applied must be large enough (such as the ecologist philosophy pro-
claims). Notice that our conclusion brings to light some limitations that must be assumed
on the local controls to conclude that the result is globally satisfactory. For instance, the
presence of the term () in the local formulation (in the local Robin boundary condition
and in the local cost functional J.(v)) is of capital importance since it is not difficult to

show that without them the global optimal control limit problem is entirely different. As
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mentioned before, the critical relation between problem’s parameters leads to the emer-
gence of some “strange” terms in the limit state problem along with the new term in the
limit cost functional and here has an important consequence.

Our main technique of proof consists in characterizing the optimal control v, in terms
of p., the solution to the related adjoint problem. We will show that this relation is given
by the expression v. = —N~!p. a.e. on [T, where N is the positive constant appearing in
the local cost functional J..

The organization of this paper is as follows: Section 2 is devoted to a more precise
presentation of the local optimal control problem and to obtain some a priori estimates
which will be used later. The proof of the homogenization process is given in Section
3. Section 4 is devoted to prove the convergence of the cost functionals. Finally, the

approximate controllability property is stated and proved in Section 5.

2. ON THE OPTIMAL CONTROL PROBLEM

We recall that by H'(2,T';) we denote the closure with respect to the norm H'(Q) of
infinitely differentiable in Q functions vanishing near the boundary I';. We say that a func-
tion u.(v) € L*(0,T; H'(Q,T)) with dyu.(v) € L*(0,T; H'(Q,T})) and u.(v)(x,0) = 0
is a weak solution to the problem (3) if it satisfies the integral identity

T

/(8tu€(v),¢>dt+/Vug(v)v¢dxdt+ﬁ(€)/a(x)u€¢dx1dt—
0 QT i (11)
:/f¢dxdt+ﬁ(5)/v(:c,t)¢(:c,t)d:v1dt,

QT

i
where ¢ is an arbitrary function from L*(0,7; H'(Q,T4)).
The adjoint problem associated with the state problem (1) takes the form

(

—0p- — Ap. = —01A(u. — ur), (z,1) € Q7,
Oupe + B(e)a(x1)pe = 010, (ue —ur), (x,t) € lgv
d,pe = 0, (z,1) €77, (12)
pe(z,t) =0, (z,1) €TT,
| pe(2,T) = Oa(uc(2, T) — ur(z,T)), x €.

We say that a function p. € L*(0,T; H(Q,T4)) with 9,p. € L*(0,T; H'(Q,T;)) and
pe(x,T) = O3(u(x, T) —up(x,T)) is a weak solution of the problem (12) if it satisfies the
integral identity

T
- / (Orpe, @)dt + / Vp:V pdxdt+
0 QT (13>
+5(e) /a(x)p5¢dx1dt = 91/V(u€ — up)Vodrdt,
ir QT

for an arbitrary ¢ € L*(0,T; H'(Q,T4)).
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Theorem 1. If the pair of functions (ue,v.) is optimal for the problem (3)-(6), then

v. = —N"'p., where p. is a weak solution to the problem (12).

Proof. For A > 0, we denote by v} = v, + Av. We have

J.(v}) — J.(v.)

£

0
— i(”v(ug(v?) — ur)[132gry — IV (ue(ve) — ur) |32 or))+

A
2 (e, T) = wr T gy = ueee) (. 7) = () )+
E S ()2~ i)driat =
e %/V<U5(U?) ;U5<U€))V(u€(vg‘) + UE('UE> — QUT)d.fdt—F
QT
+%/ (ue(v2) (-, T) ;ug(va)( 7)) (@) (- T) + e () (4 T) — 2ug (-, T))da+
Q

+ﬁ(€)g / (20.0 + Mo?)dw,dt.

i

From here, we get the optimality condition

}\irr(l) Je(ve + M)}\) = J(ve) =0, / V0.V (u.(ve) — ur)dedt+
QT
+6, / O (z,T)(us(ve) (2, T) — up(x,T))dx + B(E)N/vavdxldt =0, (14)
Q i

where 0. = (u.(v}) — u.(v.))/\ is the unique solution of the problem

/

0,0, — Ab,. =0, (x,t) € QT
0,0 + B(e)a(r1)0. = Ble)v, (x,t) €T,
d,0- =0, (z,t) €12,
0. =0, (x,t) e TT,
| 0-(,0) =0, x €.

Note, 6. does not depend on A. We say that a function 6. € L*(0,T; H'(Q2,T)) with
0. € L*0,T; H1(Q,T;)) and 0.(x,0) = 0 is a weak solution of this problem, if it

satisfies the following integral identity

T
/(8t95,w>gdt+/VGEdexdt—i-ﬁ(e)/a(x)egwdxldt = ﬁ(e)/vwdxldt
0

Qr ir ir

for an arbitrary ¢ € L?(0,T; H'(2,T';)). Taking as a test-function 6. in the integral

identity (13) and p. as a test-function in the integral identity for 6., we subtract one from
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the other and get
02 /(us(x, T) —up(x,T))0:(x, T)dx = 5(e) /vpsdxldt — 6, / V(ue — ur)Vo.dxdt.

Q i QT

From here and (14), we deduce
B(e) /vpgdxldt + Npj(e) /vavdxldt =0,
I Ir

where v € L*(IT) is an arbitrary function. Hence v. = —N~!p. a.e. on [T. §

Thus, the optimal control is characterized by the system of equations

4

dyue — Aue = f(x,t), (z,t) € QT,
—Oip: — Ape = =01 A(u. — ur), (z,t) € Q7,
Oyu. + B(e)a(z)u. = —B(e)Np., (z,t) €l
9,p- + B(e)a(x)pe = 010, (u. — ur), (z,t) €17 (15)
dyp= =0, dyu. =0, (z,t) €77,
pe(,t) = uc(w, 1), (z,t) € I'T,
us(2,0) =0, p(x,T) = Os(uc(z,T) — ur(x,T)), x € Q,

\

1. Uniform in ¢ estimates of u. and v.. Taking in the integral identity for u. as
a test function p., and using u. as a test-function in the integral identity for p., and,

subtracting one identity from the other, we get

T
/ atu€7p8 atpa U€>)dt -

0

/fpgdxdt B(e)N / 2dxdt — 91/V(u8 — up)Vu.dzdt.
QT

From here, we conclude

65 /(ua(x,T) —up(z,T))?dr + B(e)N~* /pgdxldt + 6, / |V (ue — ur)|?dodt =

Q Iz QT
= /fpadxdt — 0, /uT(:E,T)(uE(x,T) —ur(x,T))dx — 0, / V(u. — ur)Vurdzdt. (16)
QT Q QT

Thus, we have

01V (. = ) [y + Ol ) = wr ) ey + BN [ o <

i

=< / |fllpeldadt + COL[Vur|7sgry + Clallur(z, T)|[72 - (17)
QT



Taking in (13) as a test function p., we get

T
/ 8tpeapa dt + ||vp£||L2(QT +B( )/a(x)pzdmdt:
0

i

=0, / V(u: — up)Vpdzdt.
QT

From here, we derive

IVPell22(r) + a0B(E)lIpellz2qr) <
< COY|IV (ue — ur)||2qry + CO3lluc(z, T) — ur (@, T)l|72(0).

Thus, we have
IV pellZ2igry + aoB @) Ip:l72r) <
< C<||f||2L2(QT) + HVUTHi?(QT) + ||UT($7T)||%2(Q)>7
and from (17), we conclude
IV (ue = wr) [ Zaqry + llue(@, T) = ur(z, )|l ra@) + BE)N " Ipellzzqr) <
< C(If By + IV ur gy + lur(@, Dl sz )-
Let us get the estimates
1Ovuel 21 @rn)) < K 10|20, -1 ey < K.

We need an auxiliary estimate

T
/u2(ac1,0,t)dx1dt < K(/ / u2dsdt—|—a5/uizdx1dx2dt>,
ir 0 S;rslo nr

where

S = U OT)" e = (=1,0) x (0,¢), TIT' =1L x (0,7),
jeT.
and T? is a ball of radius r centered at the point (¢3,0), (9T?)* = 9T N {zy > 0}.
Indeed, applying the divergence theorem, we get

/ frads = / ferdxidas.

aglo aglo)

2

Taking f = eXp( )u we obtain

L2 14— T3
/ exp(aalo)uzygds = / (2 exp(aglo Juty, + a2 'ly" exp(aalo) )dxldxg.
8(Tg€l0)+ (T;€10)+

(19)
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Using that vy = —1 if 29 = 0, we get

/u2dx1 +atly? / exp( x? Yuldrdry =
Qelo

l‘; (nglo)
= / exp( v Yuvods — / 2 exp( 2 Yuthy, dxydzs.
Clgl[) , Gslo
o1, )t (T7.,)"

aglp aglp

Note that exp(-) < e, |vo| < 1 and 2[ulu,,| < aZ 'l w? + aclolug, [*. So, we have

/u2dx1 <e / u?ds + eacly / |y, [Pda 1 das. (23)

i (0T, )+ (T2,

Summing the inequality (23) over all j € T, and integrating with respect to ¢ from 0
to T, we get (22).
Now, we use the inequality (6) from [22] and obtain
/uQ(xl, 0,t)dzydt < K{a65_2||u||12(ngs) + aee_IHVUHiQ(Hz)}. (24)
i
From (24), we derive
B(e) /U2($1707t)d351dt < K{e HullZaqury + IVull72mr - (25)
ir
Taking into account the properties of the trace of a function from H'(), we have
6(5)/u2(x1,0,t)dx1dt < KHUH%Q(O,T;HI(Q,D))' (26)
ir

Now, we can get the estimate (21). Consider Galerkin’s approximations for u. and p.
ul' =Y ag (Bt (z), pl = b (Dt (),
k=1

where {w¥(x)} is orthogonal basis in H'(£2,T';) and orthonormal basis in L?(£2). For an
arbitrary function v € L*(0,7; H'(Q,T)) such that |[v|| g1 (o,r,) < 1fora.e. t € (0,T). Let
us represent v(+, 1) = V1, +Vom, and vy, € (W W™, (Vo w?) =0,k =1,2,...,m.
Hence, for a.e. t € (0,7"), we have

(Opul,v) = (Ol vy m) = —/VUZLVULde — B(e) /a(x)uglvl,mdxl—f—
Q

le
+/fvl,md$ - 5(8)]\771 /p;nvl,mdx1> (27)
Q le
and

O™, v) = (O V1) = / VPV 0y it
Q
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+06(¢) /a(x)pgmvl,mdxl — 0, /V(u?‘ — ur)Voy pde. (28)
I 0

Note that for u*, pI* we have the following estimates
HVU?H%Q(QT) + I[{)l%( ||U?H%2(Q) + 5(@”“?”%2([;) <
< K1 zegr) + IVurlzegr) + maxlurllza). (29)
and
VB gry + max 2 ey + B 22 <

< K(|[fII72gr) + IVur||72gr) + Toax [ur]|72(0)- (30)
From (27)-(30), we get

O o < K (V0 gy + #(0) [ 1P [ o8l
le le

My + 56) [ WPy [ ). (31)
IS le
and
@ o) < K (1992 By + 62) [ 9Py [ 2, dar+
(©2) ;
le le

IV @2 = )y lormliF g ) (32)

From (26), (29)-(32), we derive the estimates

0w || L2 0.1 ryy) < K, |00 L2005 001y < K

where K does not depend on m and e. Taking into account this estimations, we get
inequalities (21).
Using estimates (19)-(21), we get that there is a subsequence (still denoted by ¢) such
that as e — 0
u; — ug weakly in L*(0,T; H*(Q,T)),
pe — po weakly in L*(0,T; H'(Q,T1)),
Opue — Oyug weakly in L*(0,T; H1(Q,T1)),
Oipe — Oypo weakly in L*(0,T; H 1 (Q,T)).

(33)

3. STATEMENT OF THE MAIN RESULT

Theorem 2. Let n = 2, a. = Coce /%, B(e) = e*’/¢, f € L*(QT) and the pair (u.,p.)
is a solution to the system (15). Then, the pair (ug,po) defined by (33) is a solution to
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the system
[ Do — Aug = . (z.t) € Q"
—0ipo — Apo = —01A(ug — ur), (z,1) € QT,
Oy + mégiilgﬁl)“(’ - —%po, (z.1) € FQT’ (34)
dvpo + %ﬁ;gl)po = 010, (uo — ur) + 7;?21;;2((;;1)) ug, (z,t) €T3,
up(z,t) = po(x,t) =0, (z,t) € TT,
| w(2,0) =0, po(z, T) = O2(uo(z, T) — ur(z,T)), x € Q.
where
C u bi(a1) = a(z1) +C,  by(x1) = b2(21) + 6, N~'C.

- 2[000@27
As we will show, the pair (ug(v),v) characterizes the optimal control of the homogenized

state problem associated to a suitable cost functional. The state problem is given by

dyup(v) — Aug(v) = f, (z,t) € QT,
Duttg (v) + TGy (p) = ZC o (a,1) €T, (35)
UO(U) = O’ (xvt) € F{a
up(v)(z,0) =0, x €.
Now, we introduce the limit cost functional
Jo(v) = 5 |V (up(v) — up)|*dxdt + 5} (uo(0) (2, T) — up(z, T))*dx+
QT Q
w0y [ a*(x1) TNC / v?
— dx,dt dxdt 36
+2062 bg(xl)UO(U> o + 2062 bg([ﬂl) it ( )
ry ry
and consider the optimal control problem
J = in_ Jy(v). 37
o(vo) veILgl(rrlg) o(v) (37)
Theorem 3. Under the conditions of Theorem 2, we have
lim J.(ve) = Jo(vo).
e—0
Remark 1. Similar to Theorem 1, it is easy to show that vy = —N " 1py.
4. PROOF OF THE HOMOGENIZATION THEOREM
We introduce two auxiliary problems for j € T,
Aw! =0, xETgM\T_gE,
wl =1, x e dT! (38)
w! =0, T € aTg'/4,
and R
A¢l =0, xETE]M\lé,
¢ =1, x €l (39)

¢ =0, xG@TgM.
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Note that w’ and ¢/ are solutions of the problems

Awl =0, v e (T2, \TL,
w; =0, T € 8T5/‘ N {xs > 0}, (40)
wl =1, r € IT) N {xy > 0},
Oy w? = 0, xe{mQZO}ﬂ(TgM\Tcﬁ),
and
Aqg = 07 (Tg/4) )
i =1, el
e . e (41)
¢ =0, x € 0T, N {xs > 0},
a:ngé = 07 YIS (Tg]/4 N {‘rQ = 0}> \ lg?
where j € T., I = aly + 7.
Let us introduce two functions
wie), @ e (T9,)\TL.
W.(z) =< 1 ze (T;)" (42)
07 X G Q\ U ( 5/4)
JEY e
and
Qg(x)a (T]/4) ) ] € Tea
e\T) = 43
=10, sea\ Y @ )
JEYe

We have that W., Q. € H*(,T) and Q., W. — 0 weakly in H'(Q2,T;) ase — 0. In

addition, the following lemma holds (see Lemma 1 in [4])

Lemma 1. Let W, be a function defined by the formula (42), Q. be a function defined by
the formula (43). Then

|We = Qcll i) < Kv/e.
From this lemma, we conclude that Q. — 0 weakly in H*(Q,T;) as ¢ — 0. Now, we

take Q. (2)n(t)y(z), where n € C1([0,T)), ¥» € C>=(2) vanishing near the boundary I'; as
a test-function in (11). We get

/ Dytte, Qun(t) ()t + / V.V (Qun(t)yp(x))dedt + 2/ / ae)uen(ty(x)dadt =

T
_ / FQun(t)d(x)dadt — N=1¢2*/% / pen(t)b (@) da dt. (44)
o ir

Using the properties of ). and W, we have

T

[ @@ / / ueQer] (6 (x)dudt + / e, T) Qo) (T ()

0
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From here, we derive
T
iy [ (@, Qunlt)0 ()t =0,
e—
0

Applying Lemma 1, we obtain

L= / VuV(Qen(t)(x))drdt = / VuV((Qe = We)n(t)y (x))dwdi+

QT

+/VUEV(WE(x)n(t)¢(x))dxdt: /VWEV(ugn(t)w(x))dxdthaE,
QT

QT
where o, — 0 as e — 0.

Note that w!(z) = 11111((441;//66 = |z—P?|, 0w’

4

4
x€8T35/4 61n(%)

a/e

Goaz €7 */ea., where a. — 0, as £ — 0. Thus from (46), we have

L. = C’oa2 ;/ / uen(t dsdt——Z/ / un(t

0 (ari )+

where a. — 0, as € — 0.
Now, we apply the inequality (34) from [4]

iz RRCEAE

From (48), we have

me®’/e
I.— ) _4 ]
1, 2. Coc /u n(t)(x)dxdt Z/ / u:n(t

T Jj€Te 0 (8TJ/4
£

where a, =+ 0, — 0
Using that

/ern x)dzdt — 0, ase — 0,

from (44), (45), (49), we deduce

el [(alo) + 5 Gy uen(t)ota)dode =

T

A .
——+a., dw!

(45)

(46)

o,

x)dsdt + o, (47)

o?/e T _ e
e QZO/usn(t)w( Ydxqdt — e Z/ / un(t)(x)dsdt] < K+/e.

x)dsdt + a,

= — Z / / uen(t)(x)dsdt — N~ 1ga?/e /pan(t)w(x)dxldt + a.,

JEY, T
0 (or? )+ 12

where . — 0 as e — 0.

(48)

(49)
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Taking into account that (see [4], [5])

— Z / / ut)(x)n(t)dsdt = — / uoth(z)n(t)daydt + o,
(6%

7€ 0 (OT7,)*
€

we have (after the change v — 1/(a(21) + 5-5-27))

e’/e /ugn( Y (z)dxydt = —/u n(t V(@) ——dxdt—
lT 2l000a2)
—N_leQQ/E/pgn t ¥(z) dz1dt + o, 50
O a0 + i) ™ 0)

i

where a, — 0 as ¢ — 0.
Let us take Q.n(t)y(z) as a test-function in the integral identity (13). We get

/ Oupe, Qur()b ()t + / V.V (Qun(t)(a))dudt +

0 QT

e [ aeppani)ind =0, [ 90— u)VQa@ehdsd. G
Ir QT

Using the properties of (). and applying the estimates of p., we have

T
tiy [ (@, Qunfe)o(a)de = (52)
0
In addition to this, we have

L. = /VpEV(QEn(t)w(:c))da:dt =
QT
— [ VoY@ ~ Wy @)dsds + [ V55 (Wat) () dodt =
T QT
= /VVVeV(pan(t)@/)(x))dxdt + ag.
QT

It follows that

I, = C’ooz2 Z / / pen(t)(x)dsdt — — Z / / pen () (x)dsdt + o, =

JeT, 0 8TJ jeYe 0 8TJ/4)+

™

- - a?/e _ l
ng(joaze /pan(t)¢(x)dx1dt > /pon(t)w(:v)d:vldH%
r

i
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So, the left hand side of (51) has the form

p02/e /(a(:v) + —210(7;009 )pen(t)Y(x)dx dt — % /po?](t)’g/}($)d1‘1dt + .. (53)

1z r?

Now, we transform the right-hand side of (51). We have

o / V(e — ur)V(Qun()d () )dwdt =

0, / V.V (Q. — Wn(t)i(z))dedt + 6 / VNV (W (#) () ddt —

o2 46
C’ S € /EZ/ / uen(t dsdt——IZ/ / uen(t)(x)dsdt + o =
1104

JjeYT JjeT

° 0 (o1i,) °0 ot
= 7T—016‘12/5/u () (z)dzdt — QI—W uon () (x)dxdt + o (54)
= 2yCont? el 1 o2 07} 1 e
17 r7

Thus, we have

ir rs
= s [unuyind - 23 [un@pent + o (55)
N 2[0000426 Uell ! a? o7 ' :

iz ry

From (50) and (55), we derive

a2/ K bi(z1) _
[ penteystwytrde = %5 [ 0@
i ry

04 a(ry)
— a2 uon(t)w(f) b2 (371) dxldt + A, (56)
rg
where
T -
C= 5t ilm) =ale) €. balm) = b)) + HN'C.

From (56), we have

hmw%/ﬁmmw@w@WJh:

e—0

i

_ 7 [alz)bi(z) N T [ @) .
- QQ/ ba(21) pon(t)e(z)dadt — ~— /bgm) on()(z)dzy dt.

ry ry
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Thus, we have that pg is a weak solution of the problem

—0po — Apo = —01A(up — ur), (z,t) € QT,
dypo + %ﬁ;gfl)po =010, (uy — ur) + fglli(fll))uo, (x,t) e I'T, (57)
po = 0, (2,t) € I'T,
pO(CU’T) = 02(“0(x7T> - UT(*TJT»’ z €.
From (50) and (56), we get
e‘”Q/E/a(a:)uan(t)@/J( )dxidt + N~ te” °fe /pan(t)@/}(m)dxldt =
iz
x1)by (1) N=IC / 1
= — ————dxdt + —— t dxidt + .. 58
/uon s + o [ n)vte) s dndt o 69
r3
It follows that ug is a weak solution of the problem
atUO - AUO = f7 (:r,t) S QT7
ma(ry)b1 (T aN_1
8VUO + %UO = #(xf)po, (i[;, t) E Fg, (59>
ug(x,t) =0, (z,t) e I'T,
up(z,0) =0, z € Q.

5. COST FUNCTIONAL LIMIT

For the function v. = —N~"1p., we have

J.(=N"'p.) = _h /\V e —ur)| dxdt—l——/ us(z, T) —up(x,T)) dm—l—i&)/p?da:ﬂt.

QT 17

From the integral identities for u. and p., we derive

T

/ (Ortter p2) + (Ouper )t + 61 / IV (4. — ug)|2dadt + N=15(e) / pdvidt —

0 QT 7

—Gl/V(ug—uT)Vquxdt+/fpngdt. (60)
T

From (60), we conclude

0
J.(—N"'p.) = —El/V(u6 — up)Vupdrdt—
QT
——/ us(x,T) — ur(z, T))ur(z, T)dx + = /fpsdxdt. (61)
QT

Thus, we have

lin% J.(=N"'p.) = _% / V(ug — ur)Vurdzrdt — %/(uo(x,T) —up(z,T))ur(z, T)dr+

QT
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fpodxdt = V(ug — ur) 2dxdt + —2 (uo(z,T) —up(z, T 2dae—
2
Q

——/Vuov up — up)dzdt — —/uo x, T)(uo(z, T) — up(x,T))dx + %/fpgdxdt.

QT QT
Using that
[ £ 2(z1) N-'C 2
st a 2 TIN Po o
/(<3tuo,po> <3tpo,uo>)dt+ 2 | b ) updzdt + 2 /b2(x1)d961dt =
= /fpodfdt— Ql/v(uo — up)Vuodzdt,
QT QT
we get

/fpodxdt =6, / V(ug — ur)Vupdxdt + Qg/uo(a:, TY(up(z, T) — up(z,T))dx+

QT Q
7r91 a*(z1) o N1C/ pi
ugdzydt dxqdt. 2
o) O T [ ™ (62)
rT rr
Thus, we have
li_r;(l)J( N~'p.) = /|Vu0—uT)\ dxdt—l——/uoscT)—uT(:c T))*dx+
QT
70y [ a*(xy) , wN‘lc/ pi
ugdxydt dxdt.
a2 bozr) O T a2 bo(n)
ry ry

6. ON THE APPROXIMATE CONTROLLABILITY OF LIMIT PROBLEM AND UNIFORM
CONVERGENCE OF THE CONTROLS v,

We will conclude the approximate controllability of the problem (3) by showing that
the limit problem for #; = 0 and 6, = 1

Orug(v) — Aug(v) = f, (z,1) € QT,

d,uo(v) + %ﬁ?)uo@ = e (@) €T1, (63)
ug(v) = (v,t) € TT,
uo(v)(z, ) z €L,

satisfies such a property and by proving that the sequence of optimal controls v. is uni-
formly bounded (with respect to N), when N 0.

Theorem 4. Let up € L*(Q)) and let ug(v) be the unique solution of the limit problem
(63) for a given v € L3(I'Y). Then, for given 6 > 0, there exists a control vy € L*(I'Y)
such that

[[uo(vo)(+ T') — urllr2(q) < 6.
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Moreover, such control can be obtained as a limit of the optimal controls vy n associated

to the cost functional given by (3) with 6, =0 and 03 =1, i.e.,
1 N
Jon(v) = 3 / luo(v)(x, T) — ur(z)*dr + E/h(xl)vzdxldt,
Q F%"

as N\, 0, where h(z;) = <

a?by(z1) "

Proof. Without any loss of generality, we can suppose that f = 0. Indeed, since the limit
problem (63) is linear, we can make the change of variable u(v) = ug(v) — z, where z is a

solution of the problem

Oz — Az = f, (:c,t)eQT,
ra(en) , _
Oz + oy =0, (x,1) € T (64)
Z(l’, ) =0, (l’,t) 7
z(x,0) =0, T € Q.

Thus, for a given penalty parameter N > 0, we consider cost functional Jy y(v) where

u(v) is the solution of the problem

8tu( ) — Au(v) =0, (z,t) € QT,
) ’ZZf;i)u(v) b, (w0) € TT,
( ) (z,t) € TT,

Let vy n be the corresponding optimal control. Notice, since Jy v (v) is weakly continuous,

(65)

strictly convex and coercive in L*(T'}), then vy x exists and it is unique. In addition, we

have that the optimality condition can be written in the following form

0= JON(UON N / 1) Nvdxldt—k; /(u(UO,N)(x, T)—ur(x))u(v)(x, T)dz, (66)

T Q

where v is an arbitrary function from L*(T'7). Since vy y minimizes Jo y(v) on L*(T']),
we get that for any N > 0,

Jon(von) < Jon(0).
Taking into account that if v = 0, then the solution of (65) u(0) = 0, we get

Jon(0) = = / 2(z)dz.

Using that h(z1) > ag = const > 0, we obtain
IVNvo x|l paergy < K u(von) (-, T) = ur(-)| 2@ < K, (67)

where K does not depend on N.
Thus, there exists a subsequence, functions & € L?(Q) and w € L*(T}), such that as

N — 0, we have convergences

w(von)(,T) = ur(-) = € weakly in L2(Q), (63)
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and
VNugny — w weakly in L*(T']). (69)

From here and from (66), we have
/ £(@)u(o)(w, T)dz = 0, (70)
Q

for any v € L*(T'Y). Let us show that £ = 0 in Q. Indeed, we consider the auxiliary

adjoint problem
_atp - Ap = 07 (37, t) € QT7

o+ Fhp =0, (a.4) €T], <”>
p(.’,lj,t) — 0’ (.T,t) € F,{7
pla, T) = &(x), re

Multiplying the integral identity corresponding to (71) by u(v) and taking p as a test
function in the integral identity to (65), we get

—/8tpu(v)dxdt +/Vqu(v)dxdt + 12/ ala) pu(v)dzdt = 0, (72)
« bl (.Tl)
QT QT ry
and

T a(xy)
Owu(v)pdzdt + | Vu(v)Vpdxdt + el e )u(v)pdxldt = [ h(xy)pvdz,dt. (73)

11

QT QT r3 r3

Subtracting from the equality (73) the equality (72) we obtain
/(@u(v)p + u(v)0yp)dadt = /h(ml)pvdxldt.
g 7
From here, we conclude
/g(x)u(v)(a:,T)da: = /h(azl)pvdajldt, (74)

where v is an arbitrary function from L?(I']). From (70) and (74), we derive that p = 0

on I'Y. Hence, we have for p

_atp - Ap = 07 (ajvt) S QTa
aup = 07 (J],t) S Fg7 (75)
p(x,t) =0, (x,t) € 02 x (0,T),

thus, we deduce that p = 0 in Q7. Indeed, we can apply an argument already used in [13]
(Theorem 2.3) which reduces the question to the case of the unique continuation property
when the function vanishes in an interior subdomain of the cylinder of definition, since

we can consider a connected domain (2 given as

Q=QUuw, 80 e C? wN (0Q\T}) = ¢ (the empty sct),
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where w is a connected domain in R?. We extend function p by zero on w’ = w x (0,T)

producing the function p. Then, since d,p = 0 on 'Y, we get that p satisfies (weakly)

—0p — Ap=0, (x.t) € QT (76)
Pz, t) =0, (z,t) € 90 x (0,7),

where @T = O x (0,T) and p = 0 on w’, and by applying well-known unique continuation
results (see, e.g. [19], [12]) we conclude that p = 0 on Q7, and thus &(z) = 0 on €.

Setting in the optimality condition (66) v = vy, we get the strong convergence in (68)

g/h(:pl)vaj\,dzdt + 1 /(u(vo,N)(x,T) — up(r))?dr =

2
rT Q
= %/uT(x)(uT(x) —u(von)(z,T))dx — 0 as N — 0.

Now, we can prove the following result

Theorem 5. Let up € L*(Q) and let u.(v) be the unique solution of the problem (3) for
a giwen control v € L*(IT). Then for given & > 0, there exists gg > 0 and there exists
No € (0,1) (independent of €y) such that if ¢ € (0,e9) and N € (0, Ny), the optimal
control ve n € LQ(ZaT), associated to J. y with 01 = 0, 0 = 1, leads to the approximate

controllability property
[te (ve,n) (-, T) = urll 20,y < 0. (77)

Proof. We take an arbitrary § > 0. We have
[t (ven) (5 T) — ur||L2@) <
< lue (e ) (4 T) = uo(von) (5 Tl 220) + lluo(vo.n) (-, T) — ur|| 20 (78)

Now from the Theorem 5, for an arbitrary o > 0 we find such Ny > 0, that for any
N € (0, Ny) we have that

[uo(vo,n) (-, T') — urllr2(e) < 6/2. (79)
Using the optimality condition to v, n we get
0=J.(ven)v = /us(v)(x,T)(us(ve’N)(x, T) — ur(z))dr + Nj(e) /Ue’]\ﬂ)dl’ldt,
Q Ir

where v is an arbitrary function from L?(I1). Taking here v = v, y, we obtain

0= /ug(v&N)(:z:,T)(ua(vE,N)(x, T) — uo(von)(z, T))dx+
Q

+/u5(v€,N)(x, T)(up(von)(x,T) — ur(x))dx + NS(e) /vi]\,d:pldt =
Q

o
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= /(U/E(UE,N)(x7 T) — UU(UO,N)($,T))2dx+

+/uo(UO,N)(:c,T)(us(v&N)(x,T) — uo(von)(x, T))dz+
+/us(vsyN)(:r;,T)(uo(voyN)(:c,T) —ur(z))dx + NB(e) /vf,Ndxldt. (80)

€

From (80), we derive

Npj(e) /viNdxldt + /(uE(U&N)(x,T) — up(von) (7, T))?dx =

i

_ / o (von ) (&, T) (tto(von ) (2, T) — 1= (vo ) (2, T))da—+
[ ) ) wol0) 0. 7) = wr(e))do = Iy + B

Using that |ue(ve,n) (-, T)||2() < K, where K = const > 0, which does not depend of ¢
and N, we have for I? y

28| < Klluo(vo.n) (-, T) = urllz20)- (81)

Using the approximate controllability property of vy x there exists such Ny, that for any
N € (0, Ns)

K Juo(vo,n) (-, T) = ug| o) < 6%/8.
From here and (81), we deduce
[I25] < 6°/8. (82)

Now, we fix N € (0, min(/Ny, N2)) and using the weak convergence u.(v. n)(-, N) —
ug(von) (-, N) in L*(Q) as e — 0, we can choose g9 = () such that if € € (0, &) then

|12 n] < 87/8. (83)

From (82), (83), we conclude that for any fixed N € (0, Ny) we can find the interval
(0,&0), such that the right hand side of (78) is less than 0. &

Remark 2. We would like to emphasize the relevance of the obtained results when applied
to Energy Balance Models coupled with the averaged temperature of a deep ocean, as in [11]
(and its many references). For instance, the finite volumes method, used in this paper, and
the numerical algorithms introduced in [14] for the optimal control and the approzimate
controlability of parabolic systems could be applied to get interesting numerical experiences
on the solution of the homogenized control problem instead of the very complex initial small

parameter formulation.
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