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Abstract

Abstract We study the existence of non-negative and positive solutions to the indefinite
sublinear elliptic problem —Au = Au + m(z)|u/* " u in Q, v = 0 on I, where Q is a
smooth bounded domain in RV, 0 < a < 1, m is a bounded changing sign weight and X
is a real parameter. Existence of non-negative solutions was considered by Brown. When
A = 0 existence of positive solutions was studied by Herniandez-Mancebo-Vega and Godoy-
Kaufmann. We extend and improve these results, obtaining linear stability results as well.
We use variational methods (Nehari manifold) for the existence of non-negative solutions and
bifurcation at infinity for the existence of positive solutions. In addition, we prove the existence
of solutions with compact support under suitable additional assumptions: mainly by assuming
that m(z) < 0 in a large region near the boundary 9Q2. We apply the method of local super
and subsolutions to obtain suitable barrier functions, which now have some constraint on the
radius of the ball Br(xo) and on the maximum height when A > A, the first eigenvalue for
the Laplacian operator on 2 with zero Dirichlet boundary conditions. We also construct some
global super and subsolutions with compact support for the case in which €2 is a ball. Finally,
we analyze some applications of the Pohozaev identity to determine the non-existence of such
solutions.
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Key words and phrases: Diffusive logistic equations, sublinear nonlinear terms, Nehari manifold
method, bifurcation diagrams, linearized stability.

1 Introduction

In this paper we study the existence and qualitative properties of nonnegative solutions of the
problem
~Au= u—+m)|u* " u  inQ, (1)
u=20 on 012,

where (2 is a smooth bounded domain in RY, 0 < a < 1, m € L>(Q2) changes sign on Q and A is
a real parameter. Problems of this type arise in the study of problems with nonlinear diffusions
in mathematical biology and porous media. See, e.g., [37], [B], [L6] and their references, in which
many different choices of the local coefficient m(z) can be found.

Ifl<ac< % and A > 0, this problem was studied using the super-sub solutions and con-
strained minimization method by Ouyang [53, [54], using different techniques of Nonlinear Analysis
and a priori estimates by Alama and Tarantello [2] and Berestycki, Capuzzo-Dolcetta, Nirenberg [7].
Drabek and Pohozaev, in their renowned work [34], were pioneers in applying the Nehari manifold
and fibering methods to this equation. This approach was further refined in the works of Ilyasov
[45] [48], Ilyasov and Runst [47], Brown and Zhang in [I5], and several other contributions. The
case of f € C(R) such that f(0) = f’(0) = 0 with sublinear growth was treated in [60] using
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global bifurcation to get positive solutions. The case 0 < a < 1 was considered in [I3], where only
non-negative solutions were obtained. In [3], Alama and Lu obtained dead core and compactly
supported solutions of in case A <0and Q =RY, N > 3.

When A = 0, was studied by Bandle, Pozio and Tesei [5], where a very careful study of
the existence of solutions with compact support was developed using super and subsolutions and
variational methods, but the existence of positive solutions was not considered. In [41] the authors
proved existence (and uniqueness) of a positive solution under the assumptions @— below.
More results in this direction can be found in the survey [55], in particular for the one-dimensional
problem.

In spite of the diversity of potential solutions, according the spatial value of m(x), as we shall
see, there are two different cases which determine a qualitatively different set of solutions according
the values of parameter A. One of them, case (A), arises when

m(@)ef ™t >0, (2)
Q

where ¢; > 0 (normalized by |¢1]|, = 1) is the first eigenfunction associated to A1, the first
eigenvalue of the problem —Aw = Aw in Q, w = 0 on 9€2. We can call this case as the “mainly
favourable interior medium case” (since ¢ attains its maximum at some interior point of ). This
case is in contrast to the opposite case, case (B) where

m(x)dTt <0, (3)
Q
which we call as the “mainly hostile interior medium case”.

A simple illustration of case (B) arises if m = —1. For instance, if « > 1, equation is the
very well-known “logistic equation” arising in population dynamics and in this case there exists
a unique positive solution uy > 0 for any A > A1, where A; is the first eigenvalue of the problem
—Aw = Aw in Q, w = 0 on 9N, with eigenfunction ¢; > 0 (normalized by ||¢1]/; = 1). The
Strong Maximum Principle tells us that if v > 0 is a solution, then u > 0 in Q2 and g—z < 0 on
08, something which is still true (even if not noticed) in the work by Brown and Zhang [I5] since
a > 1 (see Remark 2 below).

But this is not necessarily the case for 0 < a < 1, where the nonlinear term is not Lipschitz
any more at the origin. This was shown in [25] in the one-dimensional case for m = —1 and in [2§]
for some m(x) < 0.

A simple illustration of case (A) arises when m = 1. We will recall some preliminary results for
both simple illustrations in the next section. We are mainly interested in the interaction between
positive and flat or compact support solutions, see [23], [24], [25], [28], [29]. In particular we study
in [2§] the problem when m(z) < 0 finding sufficient conditions for existence of both kinds of
solutions, and here we try to extend our study to the case of indefinite m(z). Our results can be
summarized in the following figure:

[ m@ei >0 | m@et <o
Q Q
A< ) dsol. u>0 dsol. u>0
! Isol. u>01in [0,A;) with Jsol. w>01in [0, A1) with

at least two sol. in (A1, A\*)
A> A A sol. u>0 3 compact support sol. if A € (A\* — e, A*],
for some A\*, under additional conditions.
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The corresponding problems for the case of the p-Laplacian diffusion were studied much in
detail by Bobkov-Tanaka [9] and Kaufmann, Ramos Quoirin and Umezu [51] by using mainly
variational arguments. They are particularly interested on non-negative solutions u such that
u>0on Q" ={ze€Q|m(z) >0} (asin [5]).

In this paper we are, on the contrary, mainly interested in positive solutions and also in solutions
with compact support in 2. For this we use different tools; mainly

i) the assumption @, below, already used in [4I] to obtain positive solutions,

ii) the full strength of a global bifurcation theorem providing “large” solutions u > 0 (with
% < 0 on 09) for A close to Ap,

iii) the linearized stability results in [41], [26] (see also [§]), in order to study stability of positive
solutions,

iv) the “hidden convexity” provided by the monotonicity tools in [22] giving uniqueness of
positive solutions if A <0,

v) the sufficient condition obtained in [28] for the existence of solutions with zero normal
derivative (flat solutions with % = 0 on 0f2 and compact support solutions as well) obtained from
a Pohozaev identity and if N =1 under additional conditions on m(x).

The organization of this paper is as follows: in Section 2 we introduce the problems showing
what happens in the “limit” cases m = 1 and m = —1 (where for N = 1 we provide a complete
description of the solution set [25]). Our results here should be “somewhere in between”, so as to
say. We also exhibit the relevant condition in [41], giving positive solutions and extend the result to
the interval [0, A1). In Section 3 we study the existence of non-negative solutions for A < A; under
assumption with the method of the Nehari manifold. In Section 4 we prove the uniqueness
of positive solutions for A < A; extending the result in [4I] and studying the linearized stability
of the positive solutions, a delicate question. In Section 5 we consider the case of A > A;, now
under condition . We use again the Nehari manifold, getting multiplicity for some interval of X’
s, and also for A = A1, which is new in this context. Section 6 is devoted to the consideration of
positive and compact support solutions. We prove the existence of solutions with compact support
under suitable additional assumptions: mainly by assuming that m(z) < 0 in a large region near
the boundary 0). We apply the method of local super and subsolutions to obtain suitable barrier
functions which now have some constraint on the radius of the ball Br(z¢) and on the maximum
height when A > \;, the first eigenvalue for the Laplacian operator on 2 with zero Dirichlet
boundary conditions. We also construct some global super and subsolutions with compact support
for the case in which 2 is a ball. Finally, Section 7 deals with some applications of Pohozaev’s
identity to determine the non-existence of such solutions.

2 Preliminaries

We consider the problem

—Au=X u+m)|u* " u inQ, (4)
u=20 on 01},

where € is a smooth bounded domain in RY, 0 < o < 1, m € L*(Q) changes sign in Q or
it becomes degenerate (m < 0 and the set where m = 0 has positive measure) and X is a real
parameter.

As explained at the Introduction, it is convenient to recall previously some of the results
available in the literature concerning the two main cases associated to m constant.

(A) Case m = 1. First of all, there are only solutions u > 0 if A < A\;. (Here, and along the
paper A; and ¢ are the first eigenvalue and eigenfunction of —Aw = Aw in Q, w = 0 on 0, such
that @1 > 0 and ||¢1]| 0 = 1).

Indeed, if we multiply by o1 and integrate by parts on {2, we obtain

)\1/U(p1:)\/ug01+/uag01
Q Q Q
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and A < A;. Moreover, from A < A; and the Strong Maximum Principle, if v > 0 then u > 0 in Q

and % < 0 on 99. This means that we don’t have flat or compact support solutions (we call “flat

solution” a solution u > 0 in € such that g—z =0 on 092).

In order to prove existence of solutions we look for subsolutions of the form ug = cp1, ¢ > 0.
We have
—Aug — Aug —uf = Aicpr — Acpr — ¢
="M = N7 = 1] <0
for ¢ > 0 “small enough. As a supersolution we can try u® = Cv, where ¢ > 0 is the unique
solution of the linear problem —Awp = A + 1 in Q, ¢ = 0 on 09, for A < A;. We have

—Au® — M — (u)* = CY(CT* —p*) >0,

it ¢ > [|9)|52 ™) . We can always get up < u® and this gives existence. Uniqueness follows from
the well-known “concavity” argument (see, e.g., [12] or [I1]), since A+ |u|* " is strictly decreasing

for u > 0.

From the uniqueness and the method of sub and supersolutions follows that the branch w) is
increasing in A and the linearization results [41], [42] tell us that w) is asymptotically stable and
A — uy is C™ (as a map into C}(Q)). Below we show in a more general framework that there is
asymptotic bifurcation at A = A\;. The diagram is

ux

_J

O A=\ A
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Figure 1: m =1

We have thus proved the

Theorem 1 (A) Let m = 1. For any A < Ay there is a unique positive solution ux > 0 which is
linearly stable. The branch X\ — wuy is a smooth (C™) increasing curve into C4(Q). There is no
non-negative solution if A > Aq.

(B) Case m = —1. For N =1, Q = (—1,1) a complete description of the solution set was
obtained in [25] which is exhibited in Figure 2, by using energy methods.

We show as above that now there are non-negative solutions only for A > A;. There exists a
unique A* > A; (calculated explicitly) such that for any Ay < A < A* there is a unique solution
ux > 0 such that uy(£1) = 0, (ur)’(£1) # 0, which is linearly unstable and bifurcates at infinity
from A = A;. For A = \* there is a unique flat solution uy~ > 0 with uy«(£1) = 0, (uy-)’(£1) = 0.
For A > A* there are continua of compact support solutions constructed from wuy- (see [25] and
[23] for the details).

We have thus the following

Theorem 2 Letm = —1, N = land Q = (—1,1). Then, for any A > A\ there is a solution uy > 0
to . There exists A* > A1 such that there is a unique solution uy > 0 if Ay < A\ < A* and there is
a unique flat solution ux~ > 0 for A = X*, and there are continua of symmetric connected compact
support solutions for A > \* forming a decreasing branch of solutions when X increases.
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Figure 2: m = -1

For N > 1 there are less complete results in [28], [29], where m(x) < 0 non-constant is allowed.

The main goal of this paper is the study of the so called “indefinite case” in which m € L>°(Q)
changes sign in 2. So, if we define

Qf ={z€Q :m(z) =mt(z) >0},
Q" ={zeQ :m(z) =—-m (z) <0},
Q=N (QFUQ)

and if |A| denotes the Lebesgue measure of a set A of R, then except we indicate other thing we
assume that

)

m € L*(Q), and ’Q+

and that the sets QF, Q= and Q0 are regular.

It was already noticed above that (4)) was studied for A = 0 in [5], where a very complete study
was carried out concerning compact support solutions related to the positive sets of m(x). But no
result was given for existence of positive solutions. Another study of the case A = 0 was carried
out in [39).

Our main interest in this paper is to study the qualitative bifurcation diagram of non-negative
and positive solutions of ([1)) according the parameter A € R in the indefinite case . As mentioned
in the Introduction, one of our main tools for the existence of solutions will be the method of the
Nehari manifold; nevertheless, a first result on the existence of positive solutions can be obtained
via the super and subsolutions method. A result of this kind was proved in Lemma 4.2 in [41]
under the condition that if U is the unique solution of the linear problem

Q| >0, (5)

—AU =m(z) in Q, (6)
U=0 on 01,
then
U>0in Q, (7)
and .
% < 0 on 89 (8)

As a matter of fact, the condition is not needed for some purposes and thus U can be a
“flat solution” (i.e., such that 22 = 0 on 9Q): see [27]. It is clear that (7)) follows from m(z) > 0,
but it is also satisfied for some changing sign m’s ([27]).

More precisely, we have:
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Theorem 3 Assume (@, @ and let 0 < X\ < 1. Then there is a solution uy > 0 to . If, in
addition (@ holds then there is uniqueness of positive solutions to problem ,

PROOF. We have up = [(1 — oz)U]l/(l_a) as a subsolution. Indeed
Vuo = [(1 — o)UY yU

and
div Vug = a[(1 — U] 2"V |19y _ () [(1 - a)U]*/ =)

which gives
—Aug — dug — m(z)(ug)® = —al(l—-a)U] (=) VU
A= UME™ < o

if A > 0. As a supersolution we pick again u® = C¢ with —Ay = A\p+1in Q, ¥ = 0 on 99, ¥ > 0.
Then
—Au® — \u® —m(x)(u®)* =C - Cm(z)p™
= C¥(C'"* —m(z)y*) >0

if O > (||m| o ]| )Y A=), As we will prove in Theorem [7| below, the uniqueness argument in
Theorem 4.4 of [4I] can be extended to the case 0 < A < A1 and this completes the proof of the
result. o

In the following we prove some useful and basic auxiliary results.

Lemma 1 Ifu > 0 is a solution of for A < Ay then we have

/Q m(z)ul e > 0. (9)

Proor. Multiplying by u and integrating by parts on 2 we obtain

Al/u2 §/ |Vu\2:)\/u2+/m(m)u1+o‘
Q Q Q Q

< (A1 — )\)/Qu2 < /Qm(x)u“ro‘.

Lemma 2 Ifu > 0 is a solution of for A < Ay then we have

/Qm(x)uagol > 0. (10)

and hence

Proor. Multiplying by o1 and integrating by parts on Q2 we get

/\1/ug01 :)\/ ugal—l—/ m(x)upy
Q Q Q

which gives . o
Lemma 3 If U satisfies (@ then

/ m(z)ep1 > 0. (11)
Q

Proof. Multiplying @ by ¢1 and integrating we obtain

—/AU—aplz)\/Uaplz/m(:v)<p1>0
Q Q Q
bY~ O
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Remark 1 Notice that we do not need assumption @ for suitable purposes. Condition 18
more similar to the ones arising in the problems for o > 1 ([2], [1]). The converse is not valid
(see the counterexamples given in [39] and [27]; see also [31)).

Remark 2 [t is easy to show that when a > 1 non-negative solutions to are actually positive
(notice that in [15] and [13] “positive” means actually “non-negative”). Indeed, if u > 0 is a
solution to , it is a solution to the linear problem

—Aw+m~ (2)u*tw = Au+mT(2)u* >0 inQ, (12)
w=0 on 09,
and the Strong Mazimum Principle gives u > 0 (notice that m~(z)u®~1 > 0).

Remark 3 This argument does not work if only w > 0. This is important since it leaves room for
existence of compact support solutions (see below).

Proposition 1 If [ m|p1|*Tdx > 0, then equation has no positive solutions for any A > A1.

3 Existence results: case \ < \;

Independently to the above Theorem [3| obtained by the method of super and subsolutions, in this
section we will use the Nehari manifold method under the condition (5)), as used in [I5] for o > 1
(see [13] ), to get the existence of non-negative solutions of the problem

{ —Au = u+m(z)|[u/*u inQ, (13)

u=20 on 0f).

We recall that € is a smooth bounded domain in RV, 0 < o < 1, X is a real parameter and that we
assume m € L*®(Q) changing sign in Q with . We emphasize that we will not need to assume
condition .

The functional Ey : Hi(Q2) — R associated with equation (4 is defined by

Ex(u) = 1/Q (1Vul® ~ 2?) - L @)

2 a+1 /g

1/2
2
Jull = ([ 1vul®)
Q
denotes the usual norm in Hg ().

The corresponding Nehari manifold containing all critical points of the functional E is defined

by the set
N = {u | /Q <|Vu|2 - )\u2> - /Qm(x) u|* = o}. (14)

The fibering functions are defined as usual by

6ut)= 5 [ (190 = 202) = £ [ e (15)

and by differentiating twice we get

o (t) :t/Q (1vul* ~ 3?) —to‘/ﬂm(aj) [+ (16)

In what follows

and

gbg(t):/QOVu\Qf)\uZ) fatafl/gm(x) M (17)
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If both integrals, in , have the same sign, then there is a unique ¢ > 0 such that ¢} (t) = 0

given by
[ @t )
= Q2 . (18)

/Q (|vu|2 - Auz)

On the Nehari manifold the functional takes the values

B = (53— 47) [ Vel =32 = (5= ) [ @ )

and the different components of N are defined as

{u eN: /Q <|Vu|2 - )\uQ) - oz/ﬂm(x) lul* T > 0} (20)

{u eN:(1- a)/ﬂm(:ﬂ) lu|*T! > o} = {u eN: /Qm(x) T > o}, (21)

t(u) =ta(u) :

N+

and similarly
N~ = {u eEN: / m(z) |ul*T < o} (22)
Q

and

NO = {u EN: /Qm(m) o+t = 0}. (23)

Next we define the subsets

I+ = {u Ol =1, /Q (1Vul* ~ 2?) > o} ,
L= {u el = 1, /Q (|vu|2 - )\uz) < o}
L0 = {u | = 1, /Q (\Vu|2 - /\u2) - o}

and analogously

Bt = {u Sl =1, / m(z) Jul*T > o}
Q
and B~ and B°.

It is easy to see that if w € Lt N BT (resp. w € L™ N B™) then t(u)u € N*(resp. t(u)u € N7).
We study first the

Case )\ < \;: We start with an auxiliary result.

Lemma 4 If A < \; there exists § > 0 such that for any u € H}(Q) we have

/Q (1Vuf? = ) > 5 u)?. (24)

PROOF. Assume that does not hold. Then there exist d,, — 0 and ||u,|| = 1 such that

< (Al—A)/uig/ (|vun|2—Aui) <6,
Q Q

and then [, uZ — 0. Now, from 1 — A [, u2 < &, we get a contradiction. o
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In particular, Lemma [4] implies that L= = L° = ) and N~ = @), N° = {0} and hence N =
N+t U{0}. Notice that this means that solutions to “should be” in NT (if N # {0}!), which
fits well with (9).

To show that N # {0} we fix @ # 0 in H}(Q) and look for ¢ > 0 such that tu € N. In this case

t2/ (1vaf* A fal) :ta“/ m(z) [7°*!
Q Q

tl“"/ (1val* - afaf?) z/m(x) Tass
Q Q

This happens if both integrals have the same sign and by Lemma {4 we need / m(x) [u]

or either

atl S .

Q
For that we pick  such that supp @ = D C QT, where D is a smooth domain, %@ > 0 on D from .
Then
/ m(z) [u]* T = / m(z) [@|*T > 0.
Q D
We have thus proved the

Lemma 5 If A < \; then N # {0}. o

If w € LT N BT, the fibering function is as in Figure 3.

Figure 3: w € LT N BT
It turns out that the functional takes the value

Ex(u) = Z(O‘T:Lll)/ﬂm(x) fufo ! = 2(0;7111)/9 (1Vul* ~2?) <0

on Nt. We will show that infy+ E) > —oo, i.e., that E) is bounded below on N7T, otherwise
stated, that |E)(u)| < C for some C' > 0. Since u € N, we can write u = t(v)v with v = Ty and
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get

2(a+1

. m() o\ 2

- 2(1a +1) //Q(Wz B )\Uz) /Q <|Vv|2 — )

_1-a (/ i ”W) -
2o+ 1) (/Q (IVv|2 - Mz) =

)

< ]l 7= e
2(a + 1) Toa
7))

|Ex(u)] = 1_(1)15(11)2/Q <|Vv|2 f)\v2>

2(14+a)

<c vl Lasd <C
=0 e =02

g1 Jlof ™

by and the Sobolev embedding, where C; > 0 are constants independent of v.

We have thus proved the

Lemma 6 E) is bounded below on Nt.
Theorem 4 E\ attains its minimum on NT.

PROOF. Let (u,) be a minimizing sequence. We have

o o — 1 2 . 2 o o — 1 a+1 .
Ey(up) = Aot /Q <|Vun| )\un) = YNat D /Qm(x) [t | — }\rfle)\ <0,

and from it follows that |lu,|| < C. Then there exists a subsequence u,, of (u,,) (again denoted
by (uy)) such that u, — up and u, — ug in L™(2), 1 < r < 2* (where 2* is the critical Sobolev

exponent. We have

lim/ (|Vun\2 - /\ui) = lim/ m(z) |un|*T! = / m(z) |ue|*™ >0
Q ) Q

and then ug # 0, 1% € B™T. From , Toy H € L, which implies % Ty € LTNnB*
and the corresponding fibering functlon qbuD is as in Figure 3.
We have also u,, — ug. If not, ||ug| <lim|lu,|| and this gives

(Uo)’LLO eENT

/ (|vu0|2 —Aug) <m/ (|Vun|2 —Aug) :lim/ m(z) [up | :/m(m) g *
Q Q Q Q

and t(ug) > 1 from (18)). Moreover, we have

inf /E,\ /m ) Juol* T
N+N*

On the other hand, since t(ug)ug € N

t(up)? /(|Vu0\ f)\uo = t(uog O‘+1/m ) ol
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This gives
t(ug)? .
Ey(t(up)ug) = %/ (|Vu0| )\uo /m ) |uo|*
Q
— a+1M/ a+1 : fE
Huo)™* 3 Qm<x>|uo| < inf By,

since t(ug) > 1, a contradiction with #(ug)ug € NT.
We have thus u,, — ug, Ex(ug) = inf y+ Ey(u,) where

/ <|Vu0\2 — )\u%) = / m(x) |uo|°‘Jrl > 0,
Q Q

and ug ¢ N°. O
Theorem 5 There exists (at least) a non-negative solution uy > 0 to for any A < Aq.

PRrROOF. Since N = NT U{0}, Ex(Juo|) = Ex(u), and |ug| € N*, ug > 0, up # 0 minimizer of
Ey on Nt ug ¢ N, then it is a critical point of the functional (see [15]). o

Case A\ < A\q, A near A\;: Now we consider the behaviour of the branch uy > 0 of solutions close
to )\1.
In the following we add the assumption

/Qm(x)ga?ﬂ >0 (25)

which has not been used in the above arguments. See also [I5]. Notice that if holds, ¢; €
Nt #£¢.

Proposition 2 Assume that (25) holds. Then we have that if A, /' A

li fEy, = lim E = —o0. 2
A%J{[h An ,l/‘rnAl )\n(un) > (6)

Proor. If holds, 1 € Lt N BT and this gives t(¢1)¢1 € NT, where

fQ m(x)‘PtllJrl

t(p1) = i (|V<P1|2 - ,\<p§) (27)

1—a

and we obtain

B, (t(p1)e1) i

WWW/ (IVer = 2ne)
a—1 1 (/ m(x a+1) e

2(a+1) (A — A, 0 st (/ %)JZ o
Q

li fE, < I FEy (t = —oQ.
)\l/‘nl)\l}\rfl+ e < lim A (E(p1) 1) 00

Finally,

a
Proposition 3 Assume that holds. If Ey, (uy) = }\f}fE/\n: where A\, ' A1 as n — +oo then

there exists a subsequence (n;) such that n; — +oo as j — +00, and
el 2, 42
it)

a2
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PROOF. i) Assume that this is not the case. If |lu,|| < C, u, — up and u, — wug in L"(Q),
1 <r < 2*. Then we have

o —

. a—1 a+1 1 / a+1
im o+ 1) /Qm(m) [tn] ot 1) Qm(x)\uo\ > —00

against Proposition [2| a contradiction.
ii) From i) we have ||u,| — +oo, with
An /A1

/ (|Vun|2—)\nui) :/m(az)\un\a+1 > 0.
Q Q

If we define v, Un v, = vg and v, — v in L"(), 1 <r < 2*, and

= luwall?

[ (90 = 0ne2) = laall ™™ [ o) o] 0,
Q Q

and 1 — A1 [ v5 =0, vg # 0. If v, = vg, / [Vuol? < him/ |V, |? giving
Q Q

/Q <|V’Uo|2 - )\wg) < lim/Q <|V1;n|2 — Awﬁ) =0,

a contradiction. Thus |lvg|| = 1 with / (|Vv0\2 - )\11)3) =0, giving vy = . o
Q

We have obtained weak solutions in H{(£2). But we can show that they are actually more
regular.

Lemma 7 Ifu € H}(Q), u > 0 is a solution to , u € CY(Q), for any v € (0,1). Moreover, if
if m(z) is Holder continuous then u € C2.

PrOOF. The bootstrap argument in [33] gives u € L () and the regularity L? and C* in [}, [38]
gives u € W2P(Q) for any p > N and then u € C17(Q), for any v € (0,1). It is also possible to
reason as in Appendix B of [58] using that |Au + m(x)u®| < C(1+ |u]) for some C' > 0. Moreover,
if m(z) is Holder continuous, then Aw is Holder continuous, and by Schauder estimates u € C2. g

Remark 4 The existence of non-negative solutions for A € (0, A1) was already proved in Theorem
1.4 of [55] but the uniqueness of solution was not considered there.

The case of A near A1, but now for A > A;, will be considered in Section 5.

We sketch an alternative approach to the existence of nonnegative solutions which consists
in writing the problem as an equivalent nonlinear eigenvalue problem Pv = Av in some function
space (e.g. L?(Q)), where P : L?(Q2) — L?(f) is a compact nonlinear operator such that there is
a “derivative at infinity”, i.e., a compact linear operator A : L?(Q) — L?() such that

[Pu— Aul| >
LT re 0, as [[ullf2(q) — +00,
||UHL2(Q)

(see [40], [20]). This allows to apply global asymptotic bifurcation results for non-negative solutions
in [4] and [19] following the work in [56].

It is well known that nodal properties of solutions are preserved along the bifurcation branches
in the case of ordinary bifurcation from the trivial solution u = 0, but this is not the case any more
in the case of bifurcation at the infinity. There is already an example in [56], some more examples
can be found in [25] and [28].

It is possible to prove the following result
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Theorem 6 There exists an unbounded continuum of non negative solutions to bifurcating at
infinity from A = A\q.

Corollary 1 If (@/ holds, then for any A < A1 there exists (at least) a non-negative solution of .

PROOF. It is enough to show that there exists a continuous function ¢(X) such that if « > 0 is
a solution for A < Ay, then 0 < [[ul[12(q) < ¢(A). Indeed, if we multiply equation by u and
integrate by parts we obtain

M / w? < [Vl = [ w4 | () e <A / [l e / Jul**!
Q Q Q Q Q Q

and then , for some ¢ > 0

a+1 a+1
(A — /\)/Qu2 < [l poe gy Nullots ) < €llmll poe ey lull 72 gy

and we obtain
lul - ch||Loc(Q) 1/(1—a) "
Wiy < | ——m——= = .
L2 (A=)

Now, we obtain finally

/Q Ful? < M) + ¢ ]| o ) BV 1= ().

o
Remark b The above result proves that / IVul> = 0 as A\, —oo (and thus [ull oo () — O as
Q

AN —00).

Remark 6 [t is quite easy to adapt the results of [23] and [25] for the one-dimensional case N =1
(see also [21), [28] for N > 1) to this problem to show that if A < 0 then the solutions may have a
compact support depending of the data (Q and m(x)). Nevertheless, if A € (0, A1) it can be proved
that, necessarily, w > 0 in Q (for suitable m(z)). On the other hand, using the results of [21] it
can be shown that uw > 0 for A < 0 depending of the size of Q0 and the values of m™.

Remark 7 A similar result to our Theorem 6 was proved in [52] in the case m(x) < 0, m =constant.
Actually, this is a particular case of Theorem 2.1 in [20] and the results in [{0]. We notice that
the approximation method used in the proof in [52], which is quite close to the one used in the
non-monotone case in [18] is completely different from the direct bifurcation arguments in [20],
[40] where a theorem of Brezis allows us to exploit the monotonicity of the nonlinearity. It is
astonishing to find the result in [52] fifty years later than [20], [{0] which are not quoted. These
results were also mentioned in Section 2.2 in [2§)].

4 Uniqueness and stability of positive solutions

In this Section we study the uniqueness of positive solutions (if they exist, notice that until now
we have proved only existence of non-negative solutions except Theorem [3] in Section 2 under
assumption for 0 < A< A\p).

We study a case somewhat more general than u® (0 < o < 1). We consider the problem

—Au = u+m(z)f(u) in Q,
{ u=0 on 01, (28)
where
f : [0,400) = [0,400) is C* on (0, +00), continuous on [0, +0c) and (29)

F(0) = 0, f/>0and f’ <0 on (0,+00). (30)
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In what follows, we consider solutions u € C1(Q2) N C?(2). We use a change of unknown already
used in [I1], [57], [41] (see also [5]). We extend the argument in [41].
This change consists in introducing v = h(v) (and then Vu = h/(v)Vv) and writing

vt h(v) gy
U f(t)/o 1)

By differentiating we obtain

giving

Vu
VO T
and then ) ,
. _ _ fu 2 1
div Vv =Av= )2 |Vul” + o) Au
_ [ 2, L
_ f'(u) 2 Au
Fawr VT Fy )
—F/(h(©)) [Vol? = 20 (),
otherwise stated
—Av = f'(h(v)) Vo> + JQZEZ;) +m(z) in Q.
Assume there are two solutions vy, vy > 0 of
_ 2 Ah(vl) .
—Avy = f'(h(v1)) [Vo1|” + f/{zgvl;) +m(z) in Q,
’ 2 V2 .
—Avg = f'(h(v2)) |Vua|” + Fh()vs) +m(z) in Q,

v1 =v3=0 on OJN.

If we write w = v1 — v9 we have

~Aw = /(b)) [Vor]* - £ (h(v2)) m?H( B hlea) )

F(w) ~ F0ws)

= PVl = [Foal) + (7o) = £ (o) [Vl 3 (s = 22

Fhw) ~ Fh() o o Aw) hiy)
el o (0 Face)

= f/(h(’Ul))(V(Ul + ’Ug)vw +

and then

S () = P02 (G124 — pr (o)) (T (0r + 02) Vo
U1 — U2

B A h(v1) B h(vs) w =0, in
S (f(h(vl)) f(h()vz)> 0, in €

w =0, on JN.

—Aw —
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In order to apply the Maximum Principle we need a nonnegative zero order term or at least
greater than —\;. For this we need (f’ o h)(v) strictly decreasing in v, which follows from

(f o h) = (f" o W)W <0
since f” <0, h >0, ' = foh > 0. For the last term we can write, introducing

h(v) h(v)

f(h(v)) — W(v)

F(v) =

and applying the Mean Value Theorem

[F'(v1) = F(vp)] < max [F" (v1 + 0(2) (01 — v2))] |(v1 — v2)]

[v1,v2
_ h(v) ) _ h'(v)? — h(v)h" (v)
| (g ) o el = o |
h h//
< [2111%] 1- W |[v1 — vo| < |v1 — V2
since
h(h"(w) | _ hw)h"(v) _ (foh)'(h(v) _
W? | W)? h'(v)
is equivalent to
(f'(h(v))h(v) < h'(v) = f(h(v))
or either Fh(v)
, v
Fihw) < S
which follows from f” < 0.
We obtain, finally
_ A < h(’Ul) _ h(’l)g) > >0
vi —va \ f(h(v1))  f(h(v2)) ) —
for A < 0. For 0 < A < A\ we can write
A h(’l}l) h(Ug) )
— — v —Ug) > —Aw > —A\w.
w2 (7 ~ 7)1 > !
We have then proved the
Theorem 7 Under the assumption (@ there is at most a unique positive solution to , o

Corollary 2 Assume f(s) =s*, 0<a <1 and0 <X < Ay. Then there is at most a unique positive
solution to problem . o

Summarizing, recalling Theorem [3] we have thus proved the
Theorem 8 Under assumption @ there is a unique solution of problem (4)) for any0 < X < A1 o.

Remark 8 In Theorem 1.1 of [55] it was proved that uy — 0 if A = —oo and that the branch
of unique solutions uy is increasing in X when X < 0. It seems possible to extend their proof to
the case A € (0,\1). These authors show (in their Theorem 1.8.) that there are solutions with an
internal dead core. Here we will follow a different strategy by analyzing the existence of flat or
compact support solutions (see Section 6).

The uniqueness of positive solutions to problem for A € (—00,0), and the monotone de-
pendence of solutions with respect to the coefficient m(x), can be proved by means of the hidden
convezity technique (see, e.g., [32], [22] and its many references).
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Proposition 4 Let m,m € L% (Q) satisfying @ and let uw,u be positive solutions of the corre-
sponding problems for A < 0. Then

m < m on Q implies that uw < on Q. (31)
In particular, there is a unique positive solution of problem under assumption @ for any A < 0.
ProoF. We have
—Au
uO{
Then the function w = u? with ¢ = 1 + « satisfies

+ (=N)u'" = m(x)in Q. (32)

+(=Nw 7 =m(z), in Q. (33)

A(w?)

qg—1

From Lemma 2.4 of [22] we know that the operator w — — is the subdifferential of a convex

w a
T-monotone operator in L?(€2). Thus, multiplying the difference of equations (33)) corresponding
to m(z) and m(z), respectively, by (w — @)T, with AT = max(0, h)

J

Then, since

we have
(—)\)/[w% —Ga ) (w— @)t < /[mfﬁ@ﬁ(wfﬂ)\)f (34)
Q Q
Now, if m < m on Q we have [m —m|" = 0, and thus, from we deduce that (w—w)T =0. g

Proposition 5 Let A < < 0 and let w, w be the positive solutions for the corresponding prob-
lem . Then w < w.

PROOF. We can write, reasoning as above

—A@fy+kﬂw%g=m@%mﬂ, (35)
w o a

_AJQ + (—p)@ T = m(z), in Q. (36)
w 4

/ [“Z"i) n A(?_i)] (w=a)" + (=) [ [0 = 0w - 2)*
Q Q

w% w a
_2—q .
[(=2) = ()] J[o@™@ (w — @) =0.
Since all three terms are non-negative, we have w < . O

We study now the linearized stability of positive solutions u > 0 with v € C'(Q) satisfying
9u < 0 on 9. We use the linearized stability results in [41], [42] (see also [8], [26]).

Consider again the more general problem under the same assumptions on f. If u > 0 is
a solution with the above smoothness, the linearized problem is

{ —Aw — m(x) f(wpw - Xw = pwin Q, (37)

w=20 on 0f2.



17

From [41 [26] we know that (37)) possesses a first eigenvalue p; with eigenfunction ¢; > 0 which
satisfies 222 < 0 on 2. We have

{ _A/(/jl - m(m)f’(u)q/;l - )‘¢1 = /*lejl in Qa (38)
1 =0 on 0.

If we multiply by 1 and by u and integrate on €2, using Green’s Formula we obtain

/Vu Vi — /U1/)1 /m z/Jl—O—/Vu Vi
—A/uwlt/nl wuty ~ l}wlza |

/m w) — uf ()]s

/Q uthy

which gives

If f(s) =s% 0 <a<1, we have

(1- a)/ m(z)u Y
- 2 : (39)
/ uthy
Q
and gy > 0 if m(z) > 0 on Q. But we don’t know how to prove that p1 > 0 if [, m(z)p;™* > 0,

the expected result.

Remark 9 Notice that for f(s) = s%, 0 < o < 1, we have f(u) —uf'(u) = (1 — a)u® > 0 and
pr>0ifm=1Ifm=-1, ;1 <0if0<a<l, and alsopu; <0ifm=1and a > 1. If
m = —1 and a > 1, the logistic equation, uy > 0. Notice also that f(u) —uf’(u) > 0 is precisely
the condition giving uniqueness of the positive solution in the classical “concavity” argument.

Another approach where m(x) “disappears” was used by Brown and Hess in [14]. Multiply-
ing by f'(u)y; and by f(u) and integrating on 2 we obtain

— [ A s = [ urwin - Qm(a:)f(u)f’(uwl ~0
/Awl /f Ypn — /m w)r — m/f Yin =0,

[ aw e - [ Avn s = [ (1 - ol

" /Q Flu)y

We can calculate, using Green’s Formula

/Auf Ybr — /Azm /[f()—uf()]w

o0 an wl /VU v ,(/}1 /v'(/)l Vf / awl

A / () — uf ()]t
— [ @ u o - [ 70 - uf ]y

giving
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and we arrive to

—/f%@ﬁmﬁm—Afumo—w%mwl
p = —= . . (40)

Aﬂm%

Now we have p; > 0, for f(s) =s*, 0<a<1,if A <0.
We have thus proved the

Theorem 9 If \ < 0, positive solutions to equation are asymptotically stable. o

The above argument gives the linearized stability for positive solutions if A < 0. From Theorem|§]
follow the existence and uniqueness of a positive solution for 0 < A < \; obtained by the method
of sub and supersolutions. But both methods used above are unable to provide stability. It is
well-known (e.g., Brezis-Nirenberg Unpublished Notes [I0]) that in this case y1 > 0. But we are
not able to exclude p; = 0, as for m = 1 or m(z) > mg > 0. However, we can prove the following:

Theorem 10 Under the above assumptions the unique solution to for 0 < X < Ap is globally
asymptotically stable in L ().

PrOOF. Let w > 0 be the unique solution to for 0 < A < A1 given. From the method of

sub and supersolutions we know that there are sequences u,, of subsolutions (u™ of supersolutions)

such that u,, — U (u™ — u) in L°°(Q2) (actually in C}(Q)) with u,, <u < u". Then, for any € > 0,

there exists ngy such that for any n > ng we have

€ € €
, .

[u" = tnl o () < [T = unll oo () < [u™ = | oo () <

3 3’ 3
Let now v(t) be any solution of the associated parabolic problem
vy — Av =M +m(z)|[v|* v in Qx (0,400),
v=0 on 99 x (0, +00), (41)
v(x,0) = vo(x) on .
We recall that by the the method of sub and supersolutions we have that if
Yy < Vo < Vo
then we get that
v, (x,t) <wv(x,t) <Tp(x,t) in Q x (0, 4+00),
with
Ungrp — AUy +m () |ﬂn+1|a_19n+1 =\, 4+ m*(2) v, e, in Q% (0, +00),
Vi1 =0 on 09 x (0,400),
Uny1(2,0) = vy(z) on 2.

(42)
A similar problem arises for the study of 7, (z,t).Let us show that for any € > 0 there exists a
0 > 0 such that if

1@ = voll oo () <O

then
@ — (. D)l () <€ for any ¢ > 0.

Indeed: let § = % and let vg such that

Uy < vg < u” on Q, for some n > ng. (43)
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Then, since

Unt1.t — Aupi1 +m™ () 1] g1 < Atn + mt(2) |un|a71 Uy in Q x (0, +00)
Up, =0 on 99 x (0,4+00),

Uy < Vg on ,
(44)
from the comparison principle, by iteration, we get that

Un+1 (.’17) < QnJrl(I?t) in O x (Oa +OO)

Analogously, we get that T, 1 (z,t)(z,t) < v (x) in Q x (0, +00). Then we conclude that

[o(,t) = all oo < N[00 1) = Ungallpoe + [Jun —u™ | o + [+ =7 <e

a
Remark 10 Notice that in the above argument we can take also the choice of vo(x) = ug(x) (respec-
tively vo(z) = u®(x)) since in this case we can prove that v, ;>0 (respectively Tpy1,(2,t) <0)
and then we get that im;_,, v(z,t) = u(x). We conjecture that in fact the results holds for any
initial datum in the interval [ug,u’] (i.e., ug < vo < u®) but our proof requires a stronger condition.

Sufficient conditions for existence of only positive solutions can be found in Theorem 1.6 and
Propositions 4.5 and 4.6 of [5I]. In particular this happens for a(\) < a < 1 for some a(A) > 0
depending on A.

Here we can prove that positive solutions form actually a smooth curve. More precisely we
have the

Theorem 11 Under the above assumptions for existence of only positive solutions for A < 0, these
solutions form an increasing smooth C*° map A — u()\) of (—00,0] into C}(Q). Moreover, they
are asymptotically stable.

PRrROOF. Proposition 3 gives the uniqueness and Proposition 4 that this branch is monotonically
increasing. Then it follows from Theorem 10 that they are asymptotically stable and pq > 0 allows
to apply the differentiability properties in [41] proving the C'* smoothnes of u(A). o

We have extended, in this way, the result for m =1 in Theorem 1 (Figure 1).

5 Existence results: case \ > )\

Now we study the existence of non-negative solutions of the problem

(45)

—Au= X u+m(z)|[u/* "u inQ,
u=0 on 01,

where Q is again a smooth bounded domain in RY, 0 < a < 1, m € L>(Q) changes sign in (2
satisfying (B)) and, in this case, A > \;.
We start with the case A > A;. If we multiply by u and integrate by parts on {2 we obtain

Al/u2 §/ \Vu|2:)\/u2+/m(x) u|*T,
Q Q Q Q

m(@) [u]*L > (0 — /\)/ W2,

Q

otherwise stated

Q

This means that, in principle, the integral / m(x) |u|°‘+1 may be > 0 or < 0 and then maybe we
Q
will have both NT # ¢ and N~ # ¢, getting two (at least) non-negative solutions.
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Now we have

[ (vl =aet) == [ ot <o

and if we also have

/Qm(:r)c,o‘f“rl < 0. (46)

v1 € L= N B~ and t(¢1)p1 € N™. We may wonder if Nt # ¢ as well.
Reasoning as in [9] we prove the

Lemma 8 If (46)) holds, then N* £ for any A > .

PROOF. Pick zg € Q such that B,.(zo9) C QT and u € C5°(Q), w > 0 such that supp u C B,.(x)

and define u,(z) = n™Mu(n(x — x¢)). Then we have

Vu, = nNHVH(n(x — Zp))

and
/ (|Vun|2—/\u$l) :nQ(NH)/ IVa(n(z — x))|* — 2N/\/ n(x — x0))?
Q Q
which tends to +oo with n for any A > A;. Hence u,, € L™ N BT and #(u,)u, € NT. o

The following Lemma extends the results in [I5] to A\; < A < A\* with A* defined below.

Lemma 9 Assume that @ holds. Then L— N BT =0 if A1 < A< X, where

A =in {fs}gzl;' |/ z)u a+1>o} (47)

PRrROOF. First we prove, as in [34], [I5], that there exists § > 0 such that the result holds if
A1 < A< Ay + 6. If not, there exists A, \( A1 and u,, with ||u,| =1 such that

/ (IVual* = A2 <0 / m(@) [un] 1 > 0,
Q Q

Then, there exists u, — ug and u, — ug in L"(Q) for 1 < r < 2*. If u,, - uo we have

/Q (1700l = Ari) < “m/Q (IVual® = Avu2) <0

which is impossible. Hence / (|Vu0|2 — /\1u3> =0, ug = k¢ with

Q
/ m(a)ke et > 0
Q

and k = 0 by , a contradiction. 7 7 7
Now, it is enough to show that, for any A1+ < A < A*, there exists n > 0 such that if A <A < A+np
then L= N B+ = (). Indeed, if not there exists A\, \, A and u,, with ||u,| = 1 such that

/ (|Vun\2 - )\nuf,) <0 / m(I) |un|a+l > 0.
Q Q

Then, there exists u, — up and u, — ug in L"(Q) for 1 <r < 2* and we have by the ls.c. of the

norm
/ (IVuol* =g < m/ (IVunl” = Au2) <0
0 Q
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with
/ m(z) |ug|* ! = lim/ m(z) |un|*T* > 0.
Q Q

Hence

/ |V’LL0|2 _

2 <N,

f
Q

with

/ m(z) ol > 0,

Q

a contradiction. This ends the proof. o

Lemma 10 For any X\ > \*, we have L= N B+ # ().
PROOF. Let A, \( \*, then, there exists u,, with ||u,|| =1 such that

fQ |Vun\2

Joud

Then, there exists u, — uo and u,, — ug in L"(Q2) for 1 < r < 2*. We have

< A, / m(z) [u,|*T" > 0.
Q

/m(x) o |° Y = lim/ m(@) [un] 1 > 0
Q Q

and m € B+. If u,, - ug we have

/|Vu0|2<@/ |Vun|2§lim/\n/ui:/\*/ug

Q Q Q Q
/|Vu
Q

2
ol
< A\*
2

Q

with ug # 0. Now

with / m(z) |uo|**" > 0, a contradiction.
)

/\Vu0|2:)\*/ug
Q )

and ﬁ € L~ N B*. This shows that A\* is attained with ug > 0.

If A > \* we have
/Q (|Vu0|2 — /\ug) < /Q (|Vuo|2 — X"u%) =0

and we have ”Z—g” e L- NBT. o

Hence, u,, = ug and

Corollary 3 \* is attained at ug > 0 such that [, m(x) lug)**t = 0.

PrROOF. The first part is contained in the proof of Lemma For the second part, if we assume
that / m(z) |uo|aJrl > 0 then the inf on this open subset is associated with w > 0 corresponding
Q

to the eigenvalue A, and then A* = A;. But since [, m(x)eT <0, Ay < A*, a contradiction. o
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Lemma 11 Assume L= N BT = (. Then we have
i) N° = {0},
i) 0 ¢ N~ and N~ is closed,
i) N~ NN+ =,
iv) N1 is bounded.
PROOF. The proof is similar to the proof of Theorem 4.2 in [I5]. i) If u € N° wu # 0, then

u/|jul| € L° N B® ¢ L= N BF, which is impossible.
ii) If not, there exists u, € N~ such that u, — 0. We have

0> / (1Vual* = 32 = / m(@) [un]** = 0,
Q Q

we may suppose that v, — v and v, = vo in L"(2), 1 <r < 2*. Then

o>/ (|wn\2_mg) = ||un||a*1/m(x) on |2 (48)
Q Q

ozhm/ (|Wn|2—m,%):1_Ahm/v§:1—A/v3
Q Q Q

giving vg # 0. Since the left-hand side in is bounded and [|u,||*”" goes to +oo, it should be

lim/ m(z) v * Tt = / m(z) el T =0
Q Q

U
llunll”

and if v, =

and

and Hv T € BT. We also have v, — vy, if not
/ (\Vvo|2 - /\U(Q)) < @/ (|V1}n|2 - )\vi) <0
Q Q
and ”—Ol € L— N B*, a contradiction. Hence v, — vy and again % € L— N BT, again a

[lvol [lvoll

contradiction.
iii) We have N-N Nt C N-N(NTUN°) =N-"N(NTU{0}) c(N-NnNHUN-N{0})=0.
iv) Suppose that N* is unbounded. Then there exists u,, € N such that ||u,| — 400, where

[ (90t =2i2) = [ o+ > 0
Q

Q

If v, =

vp, — vo and v, — v in L"(Q), 1 <r < 2*. We get

/Q (1Venl? —x3) = Hun”a_l/ﬂm(z) o7 = 0

and 0 =1—Alim [, v2 =1—X [, v3, vo # 0 and %

we have

llunll”

ooy € B+ since Jom |Un\a+1 > 0. If v, - vg

/Q (‘Vvo|2 _ /\vg) < him\/g (|an|2 _ )\vi) 0

and ﬁ € L— N B*, again a contradiction. Hence

lim/Q (|an|2 - )\vi) = /Q (|Vvo|2 - )\vg) =0

and ﬁ € L— N BT, a contradiction. ]

Lemma 12 The functional Ey is bounded below on NV, for any A < \*.
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PrOOF. If ||lu|| < M (iv) in Lemma [T1)) we have

B = ‘2<a+1 [ ol

1- atl (1-a)c
< o0 a <5
= 2(a+ 1) [[mll Q) [[ully Q) = 2a+1)

HmHLoc(Q) Mo

by Sobolev’s embedding. o
Theorem 12 The functional Ey attains its minimum on NT, for any A < \*.

PrOOF. Let (u,) be a minimizing sequence. Then

- a—1 2 2\ a—1 a+1 .
Bx(up) = /Q(Wun\ )\un) abcEy /Qm(x) | = inf By <0,

2(a+1)
/Q (1Vual? = 32 = /Qm(x) |2 > 0

N7 is bounded and then u, — ug and w, — ug in L"(Q), 1 <r < 2* giving

lim/ m(z) Ju,|* T = / m(z) |u)*t >0
Q Q

ug # 0, 72 € BT. But L~ N Bt = () and then Bt C L*, / (\Vu0|2—)\ug) > 0 and
Q

with

? luoll

t(ug)ug € NT. Now, if u, - ug

/ (1Vu0f? — xa3) <1@/ (1Vual* 22 :lim/ m(z) [un|* T = / m(z) [uo|**!
Q Q Q Q

and t(ug) > 1 (both integrals are positive).
Now we have

a—1
inf ), = ———— ot
N T 2(at 1) /Qm(x) fuol
On the other hand, since ¢(ug)ug € N

t(uo)Q/Q <|Vuo|2 — )\ug) — t(uo)®™ [ m(z) |uo|* T

Q
and then

Ex(t(uo)uo) = %t(uo) /(\VU0| *)\uo aﬂ/m ) [uo|*

t a+1
= L e ol = L ) ol

_ (a = Dt(ug)**! atl .
— W/ﬁm(m) |uo] <}\1§1£E,\,

since t(ug) > 1, a contradiction. If u,, — uo we have

a—1

a—1 a+1 .
1) J, ) el =B

and up € Nt is a minimizer since ug ¢ NV. o

Now we study the case of the component N~. Again, we prove first some auxiliary results.
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Lemma 13 All minimizing sequences for N~ are bounded.
PrROOF. Let (u,) be a minimizing sequence in N~ , we have

- a—1 2 2\ a—1 a+1 .
E,\(un)—iz(a_i_l)/Q(Wuﬂ )\un) —72(a+1)/§1m(x) fua** = inf By > 0.

If ||up|| = +o0, with v, = ﬁ we have v, = vy and v, — vg in L"(2), 1 < r < 2*. This implies

[ (90l = 22) = fua"™ [ @) o =0
Q Q

and 0 =1— Alim [, v2 =1 — X [, v3, giving vy # 0. If v, - vy we have

/Q (1720 = M) < Lm/ﬂ (IVenl* = 202) = 0.

It follows that 2~ € L~. On the other hand,

[lvoll
lim/ (@) [ =nm\|un||“+1/ m(@) [oa] ' = ¢ < 0.
Q Q

Now we should have

lim/ m(z) [on|** = / m() ol =0,
Q Q

and m € L— N BT, a contradiction. ]

Lemma 14 We have }\I]lf FEiso.

Proor. Ifu € N—, E\(u) > 0. If }\1]1_fE)\ = 0, there exists u, € N~ such that lim E)(u,) = 0.

Then ) )
o — 2 2 o — a+1
E = ————_ — = — .
A(un) 2(a+1)/9(\vun| xi2) 2(a+1)/ﬂm(m‘) jun |t =0

Since u,, is bounded by Lemma U, — ug and u, — ug in L"(Q), 1 < r < 2*. Now,

Jom(@) [uo|** = 0 and Tl € B*. If u, - up we have

/Q <|Vu0|2 - )\u%) < him/ﬂ (\vunﬁ - Aui) =0,

andm € L= N BT , again a contradiction. Hence u,, — uo # 0 by ii) in Lemma Then
Hqi—g” € L= N BT, another contradiction. o
Theorem 13 The functional E\ attains its minimum on N~ .

PrOOF. Let (u,) be a minimizing sequence. From Lemmas |13 and [14] we have

o 1 2 2 1 a+1 .
Ex(un) = 50— [ (IVun|* =) = —— — inf B
A (Un) ot 1) /Q (| U /\un) o+ 1) /Qm(x) || inf B\ > 0,

and then
/ (|Vun|2 — Aui) = / m(x) |un|0"Irl —c,
Q Q

for some ¢ < 0. Since u,, is bounded by Lemma U, — uo and u, — ug in L™(Q), 1 < r < 2%,
We have

lim/ m(a) [u,|“ T = / m(z) |uo)* " <0,
Q Q
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which gives ug # 0 and ”Z—gu € B™. If u, - ug we get

/ <|Vu0|2 — )\u%) < him/ (|Vun|2 — )\ui) = lim/ m(z) lun|* T = / m(z) [uo|* !
Q Q Q Q

and then t(ug) < 1 (both integrals are negative). Moreover Tuey € L7 and then t(ug)up € N~
Then we have

) a—1 1
o —— okl
N 2(a+1)/9m(m) ol

On the other side, since t(ug)ug € N

tua)? [ (1Vuol® = 308) = ) [ i) ol

and we obtain

Ey\(t(uo)uo) = t(u0)2/ (|Vu0| —)\uo a+1/m ) |uo |a+1

2
(o = Dt (uo)**! / at1
= — tE
ot 1 m(x) Jup|™ < m A
since t(up) < 1, a contradiction. The proof ends as in Theorem 12. o

Theorem 14 Assume (@) For Ay < X < X, there are (at least) two non-negative solutions
to (44). Both are in C17(Q) for any v € (0,1).

PROOF. Existence follows from Theorems|12|and [13|and N? = {0} insuring that both minimizers
on NT and N~ are critical points of the functional ([I5]). That they are different follows from iii)
in Lemmal[T1] Since E\(Ju|) = Ex(u) both solutions are nonnegative The last part is proved as in
Lemma [7] O

Proposition 6 Assume and that Ey, (un) = ian; Ey, where A\, | A1 (in fact, it refers to a

subsequence, as in Proposition @) We have,
i) |lun| = +o0,
AR
) T = PL

li fE = lim F = )
), 1m¢1/\n A (Un) = Jim By, (un) = 400

PrROOF. 1) If not ||uy| < C, wy — ug, uy — uo in L™(Q), 1 < r < 2*. If u,, - ug we have

/ (|Vu0|2 — Aw%) < him/ (\Vun|2 - )\nui) = lim/ m(x) |un|O‘Jr1 = / m(z) \uo\aﬂ <0.
Q Q Q Q

which is impossible. Then u, — ug and / <|Vu0|2 — Alug) < 0 giving vg = k1, for some k.
Q

/ <|VU0‘2 _ /\lug> =0= / m(x)koz-&-l(p(lx-&-l.
Q@ Q

Hence k = 0 and u,, — 0, a contradiction with 0 ¢ N~ in Lemma ii).
ii) As in Proposition
_ ‘/ m() [un || < C
Q

iii) Assume the result is false. Then
with [|u,| — +oo by i). If v, = m we have v,, — @1 by ii) and then by i)

Finally

'/Q (|Vun|2 - Anui)
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[ (Ver? = xugt) =tim [ (190 = o) =tim s | [ () o+ =
Q Q Q

This means that, by ii),
hm/ m(z) |vp|* ! = / m(z)pt Tt =0,

a contradiction. o

We have proved existence of non-negative solutions for an interval “close” to A;. Moreover, we
know from Proposition @ parts i) and ii), that there is bifurcation at infinity at A; and that “close”
to (A1, +0oc) solutions are not only positive but in the interior of the positive cone of C&(Q).

We recall that we already proved that there are not positive solutions for A > A\; “large” without

requiring condition (46)).
We have just seen that condition implies existence of solutions for A > A;. There is a
converse result for positive solutions (not for compact support solutions in general).

Proposition 7 If there exists a positive solution u > 0 of

(49)

—Au = u+m(z)|ul* " u inQ,
u=0 on 052,

with 0 < a <1 and X\ > Ay, then @ holds.

PrOOF. We follow the one in ([2]) for a > 1. If we divide the equation by u®, multiply by cp‘f“
and integrate by parts twice, we get

a+1 a+1 (pa+1
J T R R ) =
Q Qu
(a+1a / 9 cp'f“l 2\ / O‘H 9 go?“
= — \Y4 — — v
a—1 Q‘ 21l ue—1 a—1 u*—1 “ | u

a+1
Y1
_(A—Al)/gua -

Vi |? = —p2Alg o1 — Mgl

On the other hand we have

by using the identity

/QwA(logw):f4/9|V\/E|2

and
[Vul> = —m(z)u®! — u?Algu — Mu?
and replacing above we obtain
1 a+1 a—+1
*(Oé*].)/m(l‘)(p?_‘_l __lat )a/ 1 —Algpr +Oz/ 1 —Algu
Q a—1 Jgu® QU
dha [ et / et
— A=A -1
a_l/ual ( 1)(a )Quo‘l
2 2
a+1 a+1
<4 /v‘pll—Al 2 <o
a—11/q U™ U™

§0a+1
since L T & [¢1] and hence 1) holds. o
u®
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Corollary 4 If we assume / m(x)e$™ >0, then there is no positive solution for A > \y.
Q

In particular, this means that bifurcation at infinity at A; is necessarily from the left in this
case.

5.1 Case A=)\

The problem under consideration is now

—Au = u+m(z)|ul* " u inQ,
u=20 on 0N.

The functional in this case becomes

and the Nehari manifold is defined by

w=ful [ (19uf - xi?) = [ oy} £ g0

The fibering functions are defined as

bult) = ’522/9 (1vul® —x?) - e /Qm(m) o (51)

a+1

Calculating as above we obtain
Ny = {u € Ny, ;/ (\Vu|2 - A1u2> > 0} = {u eEN: / m(z) |ul*T > 0} (52)
Q Q

and similarly

0 (54)

N™ = {u eN: /Q (\vu\Q - A1u2> < 0}

and
NO = {u eN: / (|Vu|2 — )\1u2) = O}, (55)
Q
by . Analogously

pr={usul =1 [ (1907 = 202) > 0f = fus ul = 1w L),
Q

L= {u ] = 1, /Q (1Val* ~ aw?) < o} —0,
L0 = {u: ul| = 1, /Q (|vu\2 - A1u2) - o} = {+p1}

and in a similar way for BT, B~ and B°. Notice that we can show as in Section 3 that NT # 0. o
We can prove easily

Lemma 15 If u > 0 is a solution to @) then

/Qm(ac)u"‘+1 > 0. (56)
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Lemma 16 Ifu > 0 is a solution to (@) then

[ =o.

The following result is a counterpart of Lemma [4]

Lemma 17 There exists 6 > 0 such that for any u € NT we have
/ (|vu|2 - m?) >0 ul?.
Q
Proor. If not, there exists u,, € N* and §,, > 0 with 6,, — 0 such that
/ (|Vun|2 - Alug) < b [lunll?® < 6,C
Q
where [|u,|| < C (Lemmas [9] and [11] iv). Then

lim/Q (|Vun|2 - Ami) = 0.

Using again that NT is bounded, there exists a subsequence such that u, — ug and u,, — ug in
L2(Q). If u,, - ug we have

/Q (‘VUOP _ )\1u(2)) < lim/Q (‘Vun|2 B Alui) ~0,

which is impossible. Hence If u,, — ug and
/Q (\Vu0|2 - Alu%) =0,
giving ug = K and finally
Qm(a:) |u0\a+1 = lim /Qm(m) Jun|* T = /Qm(x)Kang‘fH >0,

a contradiction. o

We see immediately that for any v € N7,

J(u) = 2(‘)‘7111)/(1 (|vu|2 - mﬁ) <0.

Lemma 18 We have }\IIIE‘J(U) > —00.

Proor. Indeed,let u € N*,ifv = Tuy We have

()| = )] = st [ (19— Ae?)

2(14a)

[vll ive
Tt 20ia =2

>~ 01
5 o) T

by Lemma [I7] and Sobolev embedding. o
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Lemma 19 We have krflfJ(u) < 0.

PRrROOF. Assume that there exists u,, € NT such that
lim/ (|Vun|2 - Alui) = lim/ m(z) lun|*T = 0.
Q Q

Since (uy,) is bounded by Lemma ??, u, — ug, u, — up in L"™(2), 1 <r < 2*. If u, - uo

/ (|Vu0|2 - Aw%) < him/ (\Vun|2 - Alui) = lim/ m(z) |un|* T = / m(z) Juo|**! =0,
Q Q Q Q

with ug # 0, which is impossible. Now w, — wug and fQ (|Vuo|2 —Alu%) =0, ug = kp1 a
contradiction since
/ m(x)ka+1(pll)é+1 =0,
Q

if £ #0. o
Theorem 15 Assume (@), then inf n+ J is attained and there is a solution to @)

PRrROOF. By Lemma ?? the minimizing sequence (u,,) is bounded and then w,, — ug, u, — up in
L™(Q), 1 <r < 2% If u, » ug

/ (|Vu0|2 - Alu%)) < lim/ (|Vun|2 - )\1u721> = lim/ m(z) |u,|*T = / m(z) |uo)**,
Q Q Q Q

which gives ug # 0 and t(ug) > 1. But in this case T € Lt N B*, t(ug)ug € N* and

0
uol

. a—1 1
fJ, = ——— o
%\% 2(a+1) /Q m(x) uol

and, on the other hand, since t(ugp)ug € N

t)? [ (190l = Avd) = tuo)™ [ mia) ol

giving
1 2 75(“0)(”1 +1
NG = ftuz/(Vu —)\uQ)—i m(x) Ju|™
tuo)u) = t(u)* [ (1Vuol® = hu) = F28— [ () o
(a0 — 1)t(up)>t? / atl .
= ~ J < inf Jy,
Sar D) ") ol < inf 1y
a contradiction following from t(ug) > 1. Moreover ug ¢ NV, since ug # 0. o

5.2 Case A= )\*

Theorem 16 There exists ug € Hg (), ug > 0 which is a minimizer of Ex+ on Ny..
PROOF. Let us pick a sequence A, ' A* and let u,, € N;“n such that u,, > 0 and

E)\n (un) = inf E)\n
;\Fn
with
—Aup = Ay, + m(x) |Un|a_1 U, in §Q,
U, =0 on 0.
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Then, the sequence (uy) is bounded. Indeed, if not A* will be a bifurcation point for solutions
up > 0 such that =2 — ¢ (use Proposition 3, ii) and Proposition 6. ii)) and then \* = Ay, a

o lTunll
contradiction.

Since (uy) is bounded, 3 u,, — ug and w,, — ug in L"(Q), 1 < r < 2*. This implies that ug > 0 is
a weak solution of

—Au = Xu+m(z)|ul*u inQ, (58)
u=0 on 0f.
Indeed, for any function ¢ € Hg () we have
/ Vu, - Vo = )\n/ Un¢p —|—/ m(@) [tn]* " une.
Q Q Q
and going to the limit we obtain
/ Vug - Vo = )\*/ Uoep —|—/ m(z) luo|* " uge
Q Q Q
since [tn|* " un — |ug|® " ug in LD (). Next, we prove that
EE,\H (un) < 0.
If we N
/ <|Vw|2 - )\*wz) >0
Q
and by continuity
/ (|Vw|2 - )\nw2> >0,
Q
for n “large”. Then t,(w)w € N;rn. Hence
By, (un) = inf By, < By, (ta(w)w) = inf By, (tw) < By, (w)
>\’7l
and passing to the limit we obtain
I — EE . < .
ngr-‘:r-looEA" (un) ngr-{-loc(J{/IiEE/\") < Ba (w) <0
and then
E)\x (UO) S E)\x (w)
and ug # 0. This means that
/ (|vu0\2 - A*ug) >0
Q
and then
Ex<(u )—L_l/m(mﬂu *t <0
M T 9@+ 1) Jg 0 ’
uo € N{u, w ¢ Ng*, and hence ug is a minimizer of Fy- on N;\i. o

6 Positive and compact support solutions

As it was pointed out in the Introduction, our main interest is to find, among all non-negative
solutions, obtained by using the Nehari manifold method, those which are positive on  (including
flat solutions such that % = 0 on 0R), or solutions u > 0 with supp u C Q.

In the one-dimensional case N = 1, classical energy methods in ordinary differential equations
allow to provide a complete description of the solution set. We exhibit above the example of
equation with Q = (=1,1) and m = —1, showing also the “transition” along the bifurcation
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branch (from A1) of non-negative solutions, going from solutions u > 0 with «/(£1) # 0 to compact
support solutions through a flat solution u > 0 with «/(+1) = 0 for a unique value \* of X (see
[23] and [25] for details).

For the general case N > 1 only partial results seem to be available. In [28] we study the
case m(x) < 0, and a necessary condition is given for the existence of solutions such that % =0
on 90 if Q is star-shaped by using an identity of Pohozaev type and, in this case, it is possible
to obtain estimates on the parameter A concerning the situation of the (possible) solutions with
this property. We apply below these ideas to our problem. But we start by giving some sufficient
conditions to get solutions with compact support by using the method of local supersolutions such
as presented in [2I]. In fact the following results extend Theorem 5.1 and other results presented
in [28].

First of all we will construct some local supersolutions defined in some suitable balls Br(zg)
for zg € Q7. To get more global conclusions we will need a certain uniformity on the coefficient
m~ (x). Thus, given go € (0, [|m ||« ()] we introduce the subset of {1~ given by

Q. ={zeQ :m (z) >q}.
On this subset, Q_, m™*(x) = 0, and then any u, solution of satisfies

—Auy + qo |u,\|a71 uy — My < —Auy +m~ (z) \uA\O‘*l uy — Auy = 0.

The behavior on Q , of uy solution of , depends of the sign of parameter A. This will be proved
with the help of the following auxiliary result.

Proposition 8 Let xg € Q= such that
Br(zo0) C Q,, for some R > 0. (59)
i) Assume X\ < 0. Then, for any R > 0 satisfying @ the function
Uz : 20) = C |z — 20|¥ (60)
is a local supersolution on Br(zg), in the sense that

—AU + qo |U\0671 U—-XU > 0, in Br(zo) — {zo}, respectively,
~ AU+ |UI*'U XU = 0, in Br(xo),

depending on whether C' is such that

1/(1-a)
qo(1 — a)?
1
¢ {2(2a+N(1 —q) > or (61)
L2 1M0-a)
¢ = {2(2205_ N(Oll)_ a)} , respectively. (62)
i1) Assume X\ > 0. Define
u ua+1 )\
f@ = o = du P = [ @0t =ago T~ Gu,
0 a+1 2 6
_ [qoar]t/ (=)  1go1t/(1-a) 9 Y0 (63)
il v R FY A ™= [+

Then f(u) > 0 iff u € [0,7¢], f'(u) >0 iff u € [0,7a] and F(u) > 0 iff u € [0, 7r). Moreover, if
for >0 we define ¢, : [0,7p) — [0,400) by

1 T ds
Yu(T) = ﬁ/o \/ma

(64)
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then 1,,(T) is strictly increasing and we have:

arcsin MTl
1-— )\ﬁ 2qo

~
[ (1-a) )::{O’RF)’

0mp) = [o et ren(y < 21)) = [o.my),
- v

arcsin( @)) = [O,RM)

¢M(T) —oz) ) OST <TF,

w O TF 0)

Pu([0,7ar)) 0, —————

Let now n(., 1) : [0, Rp) — [0,7F) be the inverse function,.i.e. defined by

LICRTD R
UT = . 65
vaur = | NG (65)
Then,
1
2¢0 . of —a)vpd \]°
_ < )
n(r, ) L\(QJFD sin ( 5 r , 0<r<Rp (66)
In particular, the function
Uz : zo) = n(lz — zol , p)
satisfies that
—AU + qo|U|*7'U = XU >0 in Bg(zo), (67)
if
0<p< % and R € [0, Ryy). (68)

Figure 4: Functions f and F for o = 1/2, g = 30, A = 10.

PROOF. Part i) was shown, for A = 0, in Lemma 1.6 of [2I], and it applies also to A < 0 since
Uz :zg) > 0.
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To prove ii) we observe that the positive zeros of f and F verify 74 < 7p. In order to get an

explicit form of v, (1), let A := ali(j T B:= %, so that F(s) = As*t! — Bs2.
We introduce the change of variables U(s) := gsl’a = M%;D s17% Then As**! — Bs? =
As®T1(1 - U), and dU = (1 — a)gs’o‘ds. Hence

ds 1

_ —1/2¢1 _ 11\—1/2
o) (1—a)\/§U (1-0) dU.

Substituting this we get

U(r)

P -v)yTtrau.

1 U(r)
- <1—a>m/o v

On the other hand, by well-known properties of the Euler Beta functions (see, e.g. [43])

11 z
Bz<272> 2/ t7V2(1 —t)"V2dt = 2 arcsin(v/z).
0

Then, we obtain the closed form 7 i.e.,

2
(1 —a)vpr

This formula is valid for 0 < 7 < 75 (where U(7) < 1). Then, as 7 — 7p, we have U(7) — 17.
Therefore

/\(a + 1) T l-«

Yy ()= 20

arcsin( U(T)) ) U(r) =

Yu([0,7F)) = {0, O_O%)\/marcsin(lv = [O, m)

(1 —a)vpA

If one includes the endpoint 7 = 7p as a limit, v, (7F) reaches the finite value

Analogously, at 7 = 7y,
AMa+1) a+1
T = y
2q0 2

since 0 < « < 1, this value lies in (0,1) and thus

P ([0,7y)) = {0, (1—0%)\//3 arcsin(@)).

U(ry) =

Notice that ¢, is strictly increasing on [0, 7r) and that v, (1) diverges as 7 — Tp.

1 1
V2 V(1)
Consequently, the image ,,([0, 7)) is a finite open interval, with the derivative blowing up at its
right endpoint.

Let us compute now of the inverse function n(r, ). Let r = 1), (7) and solve for 7 as a function

of r. We have
-  arcsin M T 11—«
(1 —a)ypX 2qo .
Then

e ()
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Hence, we get the explicit expression of function 7 given in . Its domain is clear. The endpoint
Rp corresponds to 7 — Tp, where the argument of the arcsine tends to 1. This happens when

RF:L.
(1 —a)vpA
Therefore
T 2qo =
. : [0, R 0 Rp = —FF—= =\ 7H L1 )
0, p) [0, Rp) — [0, 7F), P Aoy ((a+1)>\>

Moreover, as r — Ry, the sine term tends to 1 and hence n(r, u) — 7r, and the derivative

o, Vi 20 gy (L VX )17
g (1) =~ sin((1 = @)v/uAr) cos((1 - a)v/juAr) [/\(ozil) o ( 2 r)]

converges to 0 as r — R, since cos((1 — a)y/pAr) — 0T,

e e e s ey

Ry

Figure 5: Profile of the barrier function n

Finally, let us show the supersolution property of the radial function U(x) = n(|x — zo|, ). Dif-
ferentiating ¢, (n(r, u)) = r yields

G (r) =1,
1

V(1) = —=—==and then 7/'(r) = \/2uF (n(r)).

\2uF(T)
Differentiating again we get
n'(r) = p fn(r)). (69)

Let r = |z — z¢|. The Laplacian of a radial function is

N -1
AU = "(r) + = (7).
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Hence
el " N-1 /
—AU +@U® =AU = =1 (r) = ——1'(r) + f(n(r))
N -1

= (L= p) fO(r)) = ——(r), (70)
where we used (69). Now we will use now an argument in the proof of Theorem 1.5 of [2I]. Let
us consider the case 0 < g < 1/N and prove that then we get a supersolution if R € [0, Rys). For
general p > 0, equation can be rewritten as

N-1
—AU + qoU® = \U = (1 — p) f(n) — fn’

= (1) fOn) — “ I,

Now, if R € [0, Ryr) we know that () = p f(n(r)) > 0, so n(r) is a convex function. Consider
now the auxiliary function

O(r) = /2uF(n(r)) for 0 <7 < Ryy.

Then ®(0) = 0, ®(r) > 0 and moreover ®(r) is a convex function since ®'(r) = uf(n(r)), which
is an increasing function if 0 < r < Ry, (since in this range of values f is increasing). Then, by
elementary results

O(r) < ®'(r)r for all 0 < r < Ry,

and then
—AU + qU* =AU = (L= p) f(n) = (N = Dpf(n(r)) = (L= uN) f(n) =20 forall 0 <r < Ra.

[m]
What Propositionindicates us is that for A > 0 the useful barrier function 7(r,.) has a limited
2 (a+ 1)

(1= a)yuA 2

, which is inversely proportional to A, and 7py — 400 when A N\, 0. This

height and a limited set of definition r € (0, Rys], Ry =

arcsin ( )), given

qooz} 1/(1—a)

by e =[5

coincides with the fact that the barrier function is well defined for any r > 0, when A < 0,
and does not have any height limitation.

Since the function f(u) := gou® — Au is monotone increasing if u € [0, 7as], when A > 0, in
order to have an estimate on the location of the support of the solution uy it is enough to know
where is located the level set [uy < 7a7] = {a: € Q. run(r) < TM}.

Theorem 17 Let A > 0 and let uy be a solution of . Assume 0 < p < % and that
Qg Nlux < Tar] is not empty.

Let g € Qy N[ux < Tar] be such that

Bry, (20) NQ C QN fuy < 7o), (71)
with
2 . (a+ D
=" ). 2
Ry A= a)vin arcsm( 5 ) (72)
Then

ux(zo) = 0.

In particular, if

[UA < TM] C Q;}

then
supp ux C QN {z € Q such that d(z, [ux = T;]) > R}
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Figure 6: Estimate on the compact support.

PrOOF. We can apply the method of local super and subsolution, such as presented in the

monograph [21] since f(u) := gou® — Au is monotone increasing if u € [0, 7a7]. By Proposition
—AU + qo|U|*""U — AU > 0 on Bg,, (zo).

Thus, from , given any wuy solution of on Q= we know that m™(z) = 0 and then

—Auy +m”(x) |u>\|0‘71 uy —Auy =0< —AU + qo |U|O‘71 U— MU in Bg,,(zo) NQ".

Moreover, we have
ux(z) =0 < U(z;x0) on 02N IA(Br,, (o) N Q)

and, from we get
ux(x) = mar = U(x;20) on (Bpr,, (zo) N ) N 0L

Then, since the comparison principle applies for the operator v — —Av + qo |’U|a_1 v — Av with
Dirichlet boundary conditions, when v(z) € [0, Tas], we deduce that

0 < wup(x) < U(x;x) on Bg,,(x0) N7,

and, in particular, uy(zg) = 0 and the proof is complete. o

Remark 11 The similar statement when A < 0 is more standard since there is no constraints for
the barrier function, the level Tar is replaced by any level T (for instance T = ||ux|| 1 (q)) and the
radius Ry is replaced by v, (T) (see the exposition made in [21]). We also point out that when
A > 0 it is possible to use the barrier function (@) at a level lower than Ty, but then the location
estimate is more limited.

The proof that under suitable conditions the non-negative solutions u) have a compact support
(strictly contained on ) is a consequence of Theorem nevertheless we can make explicit a more
global supersolution which illustrate this fact. For simplicity we will assume now that 2 is a ball.
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Theorem 18 Let A > 0, Q = Bg,(0), and assume that there exists Ry, < Rq such that Rg,+Ru <
RQ and
[’LL)\ STM] - Q;} = BRQ(O)\BR%(O). (73)

Then, if ux(x) is a radially symmetric solution of ,

0 <wux(z) <n(Ry — |7|,1) on the ring Br, +r,, (0) \BRqo (0)
and

ux(xz) =0 on the ring Br,(0) \ BR,y+r,, (0),

where n(., 1) is the function given in corresponding to p =1, i.e.,

n(r,1) = % sin2<(1_;)\[\r>‘| h , 0<r<Ry (74)
and
2 ) (a+1a
Ry = m arcsm( T)

PROOF. It suffices to show that the function

) N(Ry, — |2|,1) ifze BR, +r,, (0) \BRqo (0),
r) =
0 iszBRQ(O)\BRqO+RM(O)a

is a supersolution of the problem

—Aw+qo|w[* " w—Aw=0, in Bg,(0)\ Bg,, (0)

1/(1-a)
w=Ty = {%} ; on 9Bg, (0) (75)

w=0 on Bg,(0).

Indeed, as in the precedent result, we know that if u) is a radially symmetric solution of (since
on Bp, (0) C Q= m*(z) = 0), then

—Auy + qo |u,\|o‘_1 uy — Auy < —Auy +m” (x) |u>\|a_1 uy — Auy =0 in Bg,, (zo) N Q™.
Moreover, from the assumption it follows necessarily,

20 () <0, v = Jal,
and

Uk(Rqo) S TM,

and thus u) is a subsolution of the problem . Finally, since functions U(z) and uy(x) take
values in [0, Tps] and there the function f(u) := gou®—Au is monotone increasing, by the comparison
principle, we get that

0 <wux(z) <U(x) on Bg,(0)\ Brg,, (0),

which is the wanted conclusion . Now, to check that U(z) is a supersolution of it suffices
to remark that now since p =1

N-—-1
—AU + qU* — \U = Tn’(Rqo —1r,1) > 01if r € (Ryy, Ry + Rua)-

On the other hand,
U=0and VU =0 on 0Bg, +4,,(0)
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and thus the prolongation by zero verifies that U € H'(Bg,(0) \ Br,,(0)), it is a supersolution
of , and the proof is complete. 0

It is then interesting to know when assumption holds, i.e. when the level set [uy < Ta]
is localized near the boundary 02, since our main interest now is the study of compact support
solutions, arising when Q1 CC Q. This can be done in several ways. One possibility is to construct
a global supersolution. We already know that if uy(z) is a solution of , with € bounded non-
necessarily symmetric, then [[ux||pwq) < M(m,, A) for some M (m, o, A) > 0. Then u,(z) is also
a subsolution of the problem

v=20 on 01}, (76)

{ —Av=H(z) inQ,
with
H(z) = AM(m,a, \) + m™ (x) M (m, a, \)%,
and then if v is the unique solution of , by the comparison principle for the Laplacian operator,
we have that
0 <wux(z) <v(z) on Q.

A better estimate can be obtained for small values of A. The case A < 0 is more standard and
we send the reader to the presentation made in [2I]. A different case corresponds to when

0< A< AL (77)

Then we can construct a sharper auxiliary problem in order to estimate uy, since uy coincides with
the unique solution of the problem
—Av+m~(z) [v]* v = Axo- (2)v = G(z) inQ, (78)
u=20 on 092,
with
G(x) = Axa+ (@)ur (@) +m™ (z) |u(@)[* 7 ur(2).
Notice that G € L>*°(R2), G = 0 on Q. Since the comparison principle holds for the problem ((78)),
thanks to the assumption , it suffices now to construct a global supersolution for problem (78]
It is useful to simplify its formulation by considering the problem

—Aw + qoXa- |w|0‘_1 w — Axo- (z)w =G(z) in Q, (79)
w=0 on 012,
with the assumption
0<dgoxo- <m~(z) onQ~ (80)
Corollary 5 Assume and . Let w be the unique solution of problem (@/ Then 0 <uy <w

m .

It suffices now to construct an explicit supersolution for the semilinear problem . We will do
that for the case of a ball, but it can adapted to the a general open bounded set (2.

Proposition 9 Let QQ = Bg,(0) and assume qo >0, Q- = Q_ = Bg,(0)\ Bg, (0), @t = Bg, (0),
for some Ry € (0, Rq), Ry + Ry < Rq with Ry given in for u=1. Assume the data balance
condition
_ Gl o
1/(1-a) y~(1+a)/(2(1-a) | (1 = @) (2 + a) IG1, @ p 81
ala+1) Z TN + (81)

(goc)

Then, the function
Ko—Kl |£C|—K2 |I‘|2 if$€BR+(O)7
U(x) = U(R+ + Ra — |1‘| 71) fo € BR++RM (0) \BR+ (0)7
0 if x € Bp,(0) \BR++RM (0),

s a supersolution to problem (@ for some suitable positive constants K;, i = 0,1, 2.
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PrOOF. Once K; > 0, on Bg, (0) we have
—AU + qoxq- [U[*7'U = Axq-(z) = —AU > 2NK, > Gl L ()
if
Gl Lo ()

2N
On the other hand, to get that U € H'(Bg,(0)) we must have

Ky >

Ko — KiRy — KoR2 = (R, 1),
K1+ 2KyR, =1/ (Ras, 1).

From the second equation we can take, for instance

Gl Lo (0
Ky =n'(Ryp,1) — T()R+

Thanks to the information on the function 7 given in Proposition [§] we know that K7 > 0 if the
1/(1—a)
balance inequality holds. Indeed, we recall that uy; = (M)

;y , N(Rar, 1) = upr, and
then

0 (R 1) = VT Gr) = g [ guai-er oty [0 ba),

which proves that K7 > 0. Finally, we take

1G] Lo IGI| e
Ko =n(Rar, 1) + (n’(RM, 1) - #m Ry+— Rz,

and the proof is complete. o

Remark 12 Assumption is of the same nature than the so called “balance among the data”
made when A = 0, Q= = Q, and in the presence of a non-zero right hand side forcing term G(x)

(see Section 1.2b in [21)).

Remark 13 In a future paper (in preparation) we will obtain some a priori estimate on |[ur| 1 q)
when wy 1is solution of a degenerate problem in which A > A, QT = ¢ and Q= ¢ Q, as in

problem (@

Finally, we will use the super and subsolution method to get a solution with compact support,
under suitable conditions, but now for the case

A > AL (82)

Notice that this solution does not have to coincide with a possible variational solution to the
problem.

Theorem 19 Let Q = Bg,,(0) and assume qo >0, Q= = Q= Bg,(0) \ Bg, (0), QT = Br_(0).
Assume (83), (80). There exists a R € (0,min(1,Rpr)) such that, if we assume

Ry small enough, and A < A\(R4, R, HerHLOO(QJr) ,Q), (83)

for some A(R4, R, ||m+||Loo(Q+) @) € [A1, \M1(Br,(0))), with A\1(Bgr,(0)) the first eigenvalue of
the Laplacian operator on the set Br (0) with homogeneous Dirichlet boundary conditions, then
there exists at least a solution u > 0 with compact support to problem .
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PROOF. The function A(u) = M+ m™(z) |u|*" " u is monotone increasing and the problem

(84)

—Aw + goxo- [w*Tw =G nQ,
w=0 on 0,

satisfies the maximum principle when G € L?(Q2). Then, we can apply the super and subsolution
method: if we construct a supersolution u° and a subsolution ug, of problem such that

0 < ug(z) <ul(x) ae ze€Q, (85)
then, problem has a maximal solution u* and a minimal solution u. on the “interval” [ug, u°]
of H}(Q), i.e., any other solution u € [ug, u°] is such that

wo < up <u<u* <ulae xe. (86)
Here we are using the iterative algorithm
—Au! + goxo- ‘u1|a_1 ut <l +mt(x) ‘uola_l u  in Q,
1 (87)
u =0 on 0,
with ) )
—Au® + goxo- (0] w® > Ml +mF(2) [u°|*T u® in Q,
0 (88)
u? =0 on 0,

and similarly for the case of the subsolution uy. We will construct u® by adapting the function
U(z) used in Proposition [9] For R € (0, Ra/], we consider the function
Ko — Ki|z| — Ko |z|°  if x € B, (0),
U(x) = C(Ry+R—|z))>0=) if 2 € Bg,+r(0)\ Br,(0),
0 if$EBRQ(O)\BR++R(O),

for some suitable positive constants, C' and Kj;, i = 0,1,2, to be chosen now. So, in Bg, +r(0) \
Br, (0) we must have

—AU + goxa- [UI*7'U 2 Axq-U. (89)
It is easy to see that

2(1+«)

(1 — 04)2 C)(R+ + R - |x|)2a/(1—a)

—AU 4 qoxa- [U|* 7" U > (goC —

and , since a < 1, condition holds if
0<R<1 (90)

(since 0 < s < 5%, when o € (0,1) and s € [0,1]), and

2(1+a)
CY— ——2C > MO
q0 (1 — 0[)2 = ’
which holds if
1/(1-a)
O < | 5ima— : (1)
0wz T4

Now, let us chose K;, i = 0,1, 2 taking into account the rest of conditions in order to get U € H',
U supersolution. If K; > 0, in Bg, (0), we have

—AU + qoxa- [U|*"'U > 2NK, > AK, + ||m+”Lm(Q+) Kg > Axo-U+m* (@) |U1*" U, (92)
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by taking, e.g.,
Ko+ [ | e () K
2 2N '

Moreover, in order to get U € H'(Q) we must verify the two following conditions: continuity on
|lz| = Ry

(93)

Ko — K Ry — KyR% = CRT=%, (94)

and continuity of the gradient on |z| = Ry

Ky 4 2K,R, = RU=a), (95)

Substituting in we get

20 RS AKo + [[mF || oo (o) K§

Ky = RY.
T a-a) N +
Then condition (94) is equivalent to
AKo o ||m+||L°°(Q+) Kg 2 2C (14a)
Kyl|l4+—R R: | =CRT—=o RG=a 96
0<+2N ++ 2N + ) ’ (96)

which determines K and then K5. We must ensure now that K; > 0. Since

KO Z CR“E“) +

(1-a)
we see that K7 > 0 once we have

o MKy + [[mT||; K¢
20 pitn 5, Mo M oo () O e (o7)
(1-a) N

But, from we can write
20 (1+a;

Ky = V5! (CR™5 + q

where Wp, :[0. + 00) = [0. + 00) is the strictly increasing function defined by

Tp, (s) =s(l+ LR25+ MR2SQ)
Lt ON 2N A
Notice that
Rligo Vi, (s) = s.
Then,
I o 2 20 (A4a)
AKo + [[m™ || o (o) K, CRU=% + {5 R0
Ry = e b
N -1 = 2C pua
Vg, (CRU=% + 555 )

Notice that

— > 1 since s < U(s),
‘I’Ri(s)
and that N
AK + |[|m o K§
lim 0+ [Im™ | o () K§ R | =o.
Ry—0 N
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Thus, if we prescribe R < 1, condition @ is verified when R is small enough (which also implies
that A is bounded by some A(R+, R, [[m™ || o g+ » @)). We know that (R4, R, [m™ || oo gy, @) >
A1 since condition also holds, in this case, for R, small enough.

Once we have constructed a supersolution v’ = U let us construct now a subsolution wug, of
problem , such that

0 <up(x) <ul(x) ae. x € Q. (98)
We consider the function
v(x) if v € Br,(0),
U(x)=1{ C(Ry + R~ |z~ if 2 € Br,1+r(0) \ Br.(0),
0 if # € Bry(0) \ Br,+£(0)

for some suitable positive constants R < R and C > 0 to be chosen. The subsolution condition
over Br, +r(0) \ Bg, (0) holds if we have

—~AU + qoxo- |U|* "' U <0 in B, 1r(0)\ Bg, (0),

and it is satisfied if e
(1 — a)? “
22a+ N(1 - a)

s |
(see [21]). On Bg, (0) we have

—~AU + qoxo- [UI*"'U = —Aw.
Thus we will take v > 0 such that

—Av =Xv in Bg_ (0),
v="T on Bg, (0),

where 7 € (0, 7] related with R by the expression

T = CRY (-9, (99)

By well-known results, we know that \; < A1(Bg, (0))). Let X\ € [A1, \1(Br, (0))).Then we know
(see, e.g, [59]) that defining w = v — 7, we obtain

(—A = XNw = AT, wlop, = 0. (100)

This is an inhomogeneous Dirichlet problem which admits a unique solution and then v = w + 7.
For a radial solution v(z) = W(r), the equation becomes

n —

W (r) + 1W’(T) +AW(r)=0, 0<r<R, W(R)=T. (101)

It follows that
n

W' (r) = — ; 1W’(r) — AW (r). (102)

Since W’(r) < 0 and W (r) > 0, the sign of W is not fixed. The function is concave (W" < 0)
-1
n (=W'(r)) < AW (r) Vr € (0,R]. This is the case for N =1 (for N > 2: W”

if and only if

-1
can change sign because the geometric term ———W'’ may dominate near the boundary). In any
r

case, we can get a bound of the boundary derivative W/(R). Indeed, let v = % —1and 8= VAR.

The regular radial solution is

TRY

. (103)
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Hence
W'(R) = T(—Z + \fj’iggg) . (104)
For 0 < A < A\1(Bgr,(0))), J.(8) >0 and J,41(8) > 0, which implies
W'(R) = T(—]V% + fﬂg;) <0. (105)

As X S M(Bg,(0)), Ju(B) — 0T, J/(B) remains finite (negative), and hence W'(R) — —oc.
In addition, we can estimate the maximum of v(z). Because W'(r) < 0 for r > 0, the maximum of
W occurs at the center:

max W = W(0). (106)
Br
. . . z
Using the series expansion (see [59]) J,(z) ~ YT as z — 0, we find
W(0) = 7 b (107)
2T (v + 1) J,(B)
or equivalently,
maxv = W(0) =71 (VAR) . (108)
Br 2T (v 4 1) J,(VAR)

(for N = 1,W(0) = T(ﬂ)) Then we get that, as A * A1(Bg,(0))), since J,(8) — 07 while
cos

J!(B) remains finite we conclude that W(0) — +oc.

In conclusion, to get a comparison with U we will not ask U € H'(Q). This time, we can apply

some well-known results ([44], [0]) saying that if a measure is generated in the transmission curve,

it is enough to verify that the measure have the correct sign. So, as said before, the continuity on

|z| = R4 requires the condition , T= @ﬁ7 and the negative sign of the measure generated
by the gradient, on |z| = R, is automatic if we take [IW’(r)| large enough (i.e., A near A\;(Bg, (0))
since [W/(R)| — +o00). Finally, to have ug(z) < u°(x) a.e. x € Q, it is enough to take R small (i.e.
7 small), so that, for instance,

(VAR)” 2
! 2T (v 4 1) J,(VAR) =GR

This completes the proof. o

Remark 14 Results of this kind for or related problems giving information on the existence (or
not) of internal “dead cores” can be found, e.g., in [3]], where positive solutions are not considered.
Necessary and / or sufficient conditions for these “dead cores” can be found in several papers dealing
with the version of problem for the p—Laplacian. A sufficient condition for the existence of
“dead cores” for A\ < A1 is given in [51], Theorem 1.8 and also in Proposition 5.2 ( see Remark
1.9 for details). Another sufficient condition is given in Proposition 2.19 in [J]. On the other
side, sufficient conditions for the existence of positive solutions are given in Theorem 1.6 and
Propositions 4.5 and 4.6 of [51)].

In the next Section we will make some comments and study the necessary conditions for the
formation of the free boundary for the case N > 1.

7 Application of Pohozaev’s Identity

Next, in order to study the existence (or not) of flat (u > 0 in Q, with g—z =0 on 99) or compact
support solutions (u > 0 in Q, with supp u C Q), we make the following additional assumption

m e C'(Q). (109)

The following result was proved in [28§]
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Lemma 20 Assume that Q is starshaped, OS2 is C?-manifold and (109) holds. Let u € C*(2) be a
weak solution of . Then the following Pohozaev Identity holds

(]\;]—\72) /Q|Vu‘2 —)\%/Q|u|2 _ a—li_l /Qm(x)|u|a+1 (110)
1 a _ 1 ou 2
N(am/ﬂ(x.Vm(a:))UI o 15 (z - v(z))do(x). (1)

If u is a solution such that %L =0 on 092 we have

(N_Q) 2 A 2 1 a+1 1 a+1
s |1Vl =5 [P = g [ m@ - s [ Im@) e <o

In order to study the existence of compactly support solution at A\, we introduce the Pohozaev
functional Py : H}(Q) — R

(N—Q)/ 2 1/ 2 1 / 41

P = —\Z _ «

= D [ iwa a3 [ - [
1

(2 - Vm(a))[ul**"

~ N(a+1) /g
Thus, we have
Corollary 6
o Ifue CYQ) is a weak solution of (/) then Py(u) < 0.
o Ifuc CLQ) is a compactly supported weak solution of (/) then Py(u) = 0.

e Under an additional assumption that 2 is strictly star-shaped the converse is also true: if
Py(u) =0 and u € C1(Q) is a weak solution of , then it has a compact support or it is a
flat solution.

With the notations

T(u) = /Qmﬁ Gu) = / Jul?.
M(u) = /Q m(@ul™, My (u) = /Q (& - Vom(a))[uf*"!

we have
T(u) — AG(u) — M (u) =0,

N —2 A 1 1 112
[ BT (112)

S ) = 2 _ M _
oy T = gC0) = M) = gy Melw) =0
Notice that if u is a compactly support solution,
1 1

Py(u) = Ex(u) — NT(u) — m

Hence, we obtain

Corollary 7 If (x - Vm(x)) > 0, € Q, any compactly supported weak solution u € CY(Q) of
belongs to the set Ny = {u € Hj(Q)NCY(Q) | Ei(u) =0, E{(u) <0}, and thus, Ex(u) > 0. o

Recall that if £ (u) = 0 and E{(u) < 0, then M (u) < 0 and T'(v) — AG(u) < 0, and therefore,
A> A and Q7 #£0.
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By multiplying the first equation in (112) by 1/2 and then subtracting the second equation
from it, we derive:
N1 — a)M(u) + 2Mv (u)

T(u) = — 11
(W) 2(1+ a) (113)
Hence N(1 — a)M (u) + 2Mvy(u) < 0. Furthermore, under this assumption we obtain
M= Adu) = T(u) 2(1 + )T (u) M (u) (114)

- + )
G(u)  G(u)[N(1 = a)M(u) +2My (u)]
Therefore, if u € C(Q) is a compactly supported weak solution of (), and M (u) < 0, then

Y re, AT

Aw) =gy + G(u)[N(1 — a)M(u) + 2My (u)]
2(1+ a)M (u)

(1 — a)M (u) + 2Mv (u)

2)\1+)\1N > A1

Thus by Corollary [6] we have

Corollary 8 Assume that ) is starshaped, OS) is C?-manifold and (109) holds. Let A € R, and
u € CY(Q) be a compactly supported weak solution of , Then

. /Q[N(l — a)ym(@) + 2(z, Vm(a)]ju[* T dz < 0,

o )\ =A(u),

o if M(u) <0, A> Ap.

Introduce

£ = {ue Ny : /[N(l — a)m(z) + 2z, Vin(@)]|u|* T de < 0}
Q
Consider
A= ir}:f A(u), (115)
uctm

where \¢ = 400 if &, = 0. From [28] we have

Lemma 21 Assume that § is starshaped, 092 is C%-manifold and holds. Then \¢ > A\{, and
there exists a nonnegative minimizer w, € Ey, of (115)), i.e., A = A(w.) and w.>0 in €.

Furthermore, for any A < \°, equation has no compactly supported weak solution u € C*(£2)
with Ex(u) > 0.

In the case M (u) = / m(x)u|*T < 0, the inequality N (1 — a)M (u) + 2My(u) < 0 holds if

Q
My (u) < 0. This condition is particularly holds if (z - Vm(z)) < 0 and (z - Vm(z)) < 0 on some
domain D C Q with |D| > 0. Note that while this is a sufficient condition, it is not necessary.

Remark 15 Consider
m(z) =B —klz|”, B,k, >0, w> 1.

Then m € C1(Q), and
z-Vm(z) = —kwlz|” <0, z #0.

Hence, the necessary condition N(1 — a)M(u) +2Mvy(u) < 0 can be rewritten as follows
{xeQ| N1—-a)B<k(N(1—a)+2w)|z|“} #0.

Thus, we have the following sufficient condition on the nonexistence of compactly supported solu-
tions for . Indeed, let Q = {x : || < R}. Then the assumptions of C’orollary@ are satisfied,
and therefore, equation has no solutions with compact support if

N(1=a)B > k(N(1 — ) + 2w)R®. (116)
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In the case M(u) = / m(x)|u|*Tt dz > 0, the inequality N (1 — )M (u) +2Mvy (u) < 0 holds only
Q

if My (u) < 0. Consequently, if m(x) > 0 and (z - Vm(z)) > 0 for all z € €, then all solutions to
equation satisfy % # 0 on a subset D C 99 with |D| > 0. In particular, this includes solutions
u > 0 for which % < 0 on 09.

Remark 16 It is clear that condition (116]) on the nonezistence of compactly supported solutions
of does not conflict with the result of Theorem on the existence of such solution.

Ackowledgements. JID was partially supported by the projects PID-2020-112517GBI00 of the
AEI and PID2023-146754NB-100 funded by MCIU/AEI/10.13039/501100011033 and FEDER, EU.
MCIU/AEI/10.13039/-501100011033 /FEDER, EU.

References

[1] Agmon, S.; Douglis, A.; Nirenberg, L. Estimates near the boundary for solutions of elliptic
partial differential equations satisfying general boundary conditions. I. Comm. Pure Appl.
Math. 12 1959 623-727.

[2] S. Alama, G. Tarantello, On semilinear elliptic equations with indefinite nonlinearities, Cal.
Var., 1, (1993), 439-475.

[3] Alama, S. and Lu, Q., 2009. Compactly supported solutions to stationary degenerate diffusion
equations. Journal of Differential Equations, 246(8), 3214-3240.

[4] H. Amann, Fixed point equations and nonlinear eigenvalue problems in ordered Banach
spaces.SIAM Review 18 (4): (1976), 620a7.

[5] C. Bandle, M.A. Pozio, and A. Tesei, The asymptotic behavior of the solutions of degenerate
parabolic equations, Trans. Amer. Math. Soc. 303 (1987), 487-501.

[6] H. Berestycki and P.-L. Lions, Some applications of the method of super and subsolutions,
Bifurcation and Nonlinear Eigenvalue Problems: Proceedings, Université de Paris XIII, Vil-
letaneuse, France, October 2—4, 1978, Springer, 2006, 16—41.

[7] H. Berestycki, I. Capuzzo-Dolcetta, L. Nirenberg, Variational methods for indefinite super-
linear homogeneous elliptic problems.” Nonlinear Differential Equations and Applications
NoDEA 2 (1995): 553-572.

[8] M. Bertsch and R. Rostamian, The principle of linearized stability for a class of degenerate
diffusion equations. J. Differ. Equat, 57 (1985), 373-405.

[9] V. Bobkov and M. Tanaka, On subhomogeneous indefinite p-Laplace equations in the super-
critical spectral interval, Calc. Var. (2023) 62:22

[10] H. Brezis and L. Nirenberg, Nonlinear Functional Analysis. Unpublished Notes (suplied by
H.B. author to J. Herndndez in 2002 77?)

[11] H. Brezis and S. Kamin, Sublinear elliptic equations in R™, Manuscripta Math. 74 (1992),
87-106.

[12] H. Brezis and L. Oswald, Remarks on sublinear elliptic equations, Nonlinear Anal. 10 (1986),
55-64.

[13] Brown, K. J. (2004). The Nehari manifold for a semilinear elliptic equation involving a sub-
linear term. Calculus of Variations and Partial Differential Equations, 22(4), 483-494.

[14] Brown, K. J., and P. Hess. ”Stability and uniqueness of positive solutions for a semi-linear
elliptic boundary value problem. Differential and Integral equations” (1990): 201-207.



[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[28]

[29]

[30]

47

K. J. Brown, Y. Zhang, The Nehari manifold for a semilinear elliptic equation with a sign
changing weight function, J. Differential Equations, 193 (2003), 481-499.

R. S. Cantrell and C. Cosner, Spatial Ecology via Reaction-Diffusion Equations, John Wiley
& Sons, Chichester, UK 2003.

M. G. Crandall, P. H. Rabinowitz, Bifurcation, perturbation of simple eigenvalues, and lin-
earized stability. Arch. Rat. Mech. Anal. 52(2), (1973) 161-180.

M. G. Crandall, P. H. Rabinowitz and L.Tartar, On a Dirichlet problem with singular nonlin-
earity, Comm. PDEs. 2 (1977), 193-222.

E.N. Dancer, Global solutions branches for positive maps. Arch. Rat. Mech. Anal. 52 (1973),
181-192.

J.P. Dias and J. Hernandez. Bifurcation a l'infini et alternative de Fredholm pour certains
problémes unilateraux. J. Math. Pures Appl. 55 (1976), 189-206.

J. 1. Diaz, Nonlinear Partial Differential Equations and Free Boundaries. Research Notes in
Mathematics n° 106, Pitman, London, 1985.

J. I. Diaz, New applications of monotonicity methods to a class of non-monotone parabolic
quasilinear sub-homogeneous problems. Journal Pure and Applied Functional Analysis, 5 4
(2020), 925-949.

J. 1. Diaz, J. Hernandez. Global bifurcation and continua of nonnegative solutions for a quasi-
linear elliptic problem. Comptes Rendus Acad. Sci. Paris, 329, Série I, 587-592, 1999

J. I. Diaz and J.Hernandez, Positive and free boundary solutions to singular nonlinear elliptic
problems with absorption: an overview and open problems, In Variational and Topological
Methods: Theory, Applications, Numerical Simulations, and Open Problems (2012). Electronic
Journal of Differential Equations, Conference 21 (2014), 31-44.

J. I. Diaz, J. Herndndez, Positive and nodal solutions bifurcating from the infinity for a
semilinear equation: solutions with compact support, Portugaliae Math. 72, 2 (2015), 145-
160.

J. I. Diaz and J. Hernandez, Linearized stability for degenerate and singular semilinear and
quasilinear parabolic problems: the linearized singular equations. Topological Methods in Non-
linear Analysis 54 2B (2019), 937-966.

J. I. Diaz and J. Hernédndez, Beyond the classical strong maximum principle: forcing changing
sign near the boundary and at solutions. Advances in Nonlinear Analysis, vol. 13, no. 1, 2024,
pp- 20230128. https://doi.org/10.1515/anona-2023-0128

J. 1. Diaz, J. Herndndez and Y. II’yasov, On the existence of positive solutions and solu-
tions with compact support for a spectral nonlinear elliptic problem with strong absorption.
Nonlinear Analysis Series A: Theory, Mehods and Applications. 119 (2015) 484.500.

J. I. Diaz, J. Herndndez and Y. Il.yasov, On the exact multiplicity of stable ground states of
non-Lipschitz semilinear elliptic equations for some classes of starshaped sets, Adv. Nonlinear
Anal. 9 (2020), 1046-1065.

J. I. Diaz, J. Herndndez and Y. Il.yasov, On the existence of flat and compact support so-
lutions for a spectral nonlinear indefinite elliptic problem with a local strong absorption. In
preparation.

J. I. Diaz, J. M. Morel and L. Oswald. An elliptic equation with singular nonlinearity, Comm.
PDFEs 12 (1987), 1333-1344.



48

32]

[33]

[34]

J. I. Diaz and J. E. Sada, Ezistence et unicité de solutions positives pour certaines équations
elliptiques quasilinéaires, Comptes Rendus Acad. Sc. Paris, Série I, 305 (1987), 521-524.

P. Drabek, A. Kufner and F.Nicolosi. Quasilinear Elliptic Equations with Degenerations and
Singularities. Walter de Gruyter, Berlin, 1977.

P. Drébek, and Pohozaev, S.I., Positive solutions for the p-Laplacian: application of the
fibrering method. Proceedings of the Royal Society of Edinburgh Section A: Mathematics,
127(4), (1997), 703-726..

L. Dupaigne, Stable Solutions of Elliptic Partial Differential Equations, Chapman & Hall/CRC
Monographs and Surveys in Pure and Applied Mathematics 143, Boca Raton, FL, 2011.

J. Fernandes and L. A. Maia, The Nehari Manifold for a degenerate logistic parabolic equation,
Differential and Integral Equation, 2024.

W.H. Fleming, A selection-migration model in population genetics, J. Math., Biology 2 (1975),
219-233.

D. Gilbarg and N.S. Trudinger, FElliptic Partial Differential Equations of Second Order.
Springer, Berlin, 2d ed.(1983).

T. Godoy and U. Kaufmann, On strictly positive solutions for some semilinear elliptic prob-
lems. Nonlinear Differential Equations and Applications NoDEA, 20(3) (2013), 779-795.

J. Hernandez. Bifurcacién y soluciones positivas para algunos problemas de tipo unilateral.
Ph.D. Thesis. Madrid, Universidad Auténoma, 1977.

J. Hernandez, F.J. Mancebo and J.M. Vega, On the linearization of some singular nonlinear
elliptic problems and applications. Ann. Inst. H. Poincaré Anal.Non Lin., 19 (2002), 777-813.

J. Hernandez, F. Mancebo and J.M. Vega, Positive solutions for singular nonlinear elliptic
equations. Proc. Roy. Soc. Edinburgh 137A (2007), 41-62.

M. Hazewinkel, Encyclopedia of Mathematics, Vol.1, Springer, 1987.

A. M. II'in, A. S. Kalashnikov, and O. A. Oleinik, Linear equations of the second order of
parabolic type, Russian Mathematical Surveys 17 (1962), no. 3, 1.

Y. S. I’yasov, The Euler functional for equations with the p-Laplacian as a function of a
spectral parameter, Trudy Mat. Inst. Steklova, 214, Nauka, Moscow, 1997, 182-193; Proc.
Steklov Inst. Math., 214 (1996), 175-186

Y. S. II’yasov, On a condition necessary for the existence of positive solutions to a class of
equations with p-Laplace operator. Math Notes 66, 249-251 (1999).

Y. S. Il’yasov, T. Runst. On the existence of multiple positive solutions for one class of
nonlinear Neumann boundary value problems. In Doklady Mathematics, vol. 63, no. 1, (2001),
42-44.

Y. S. I'yasov, Non-local investigation of bifurcations of solutions of non-linear elliptic equa-
tions. Izvestiya: Mathematics 66.6 (2002): 1103.

Y. S. I'yasov,. On critical exponent for an elliptic equation with non-Lipschitz nonlinearity,
Dynamical Systems (2011), 698-706.

Y. S. I’yasov, Rayleigh quotients of the level set manifolds related to the nonlinear PDE, in:
”"Minimax Theory and its Applications,” Special Issue, Editors: T. Bartsch, A. Szulkin, M.
Willem, ”The Nehari Manifold: Theory, Applications, and Related Topics: ,” 07 (2) (2022),
277-302



[51]

[52]

[53]

[54]

49

U. Kaufmann, H. Ramos Quoirin and K. Umezu, Uniqueness and positivity in a quasilinear
indefinite problem. Calculus of Variations

J. Lépez-Gémez, P. H. Rabinowitz and F. Zanolin, Non-negative solutions of sublinear elliptic
problems, J. Fized Point Theory Appl. (2024), 32 pp.

T. Ouyang, On the positive solutions of semilinear equations Au + Au + hup = 0 on compact
manifolds. Part II. Indiana University Mathematics Journal (1991): 1083-1141.

T. Ouyang, On the positive solutions of semilinear equations Au + Au — hup = 0 on the
compact manifolds. Transactions of the American Mathematical Society 331, no. 2 (1992):
503-527.

U. Kaufmann, H. Ramos Quoirin and K. Umezu, Past and recent contributions to indefinite
sublinear elliptic problems, Rend. Istit. Mat. Univ. Trieste 52 (2020), 217-241.

P. H. Rabinowitz. Some global results for nonlinear eigenvalue problems. J. Funct.Anal. 7
(1971), 487-513.

J. Spruck, Uniqueness of a diffusion model of population biology. Comm. Partial Differential
Equations 8 (1983), 1605-1620.

M. Struwe. Variational methods, Berlin, Springer, 1990.

E. C. Titchmarsh. Eigenfunction Expansions Associated with Second-order Differential Equa-
tions, Oxford University Press, 1962.

Zou-Henghui,. On positive solutions for semilinear elliptic equations with indefinite nonlinear-
ity via bifurcation. J. Part. Diff, Eq. 13 (2000), 133-150.



	Introduction
	Preliminaries
	Existence results: case < 1
	Uniqueness and stability of positive solutions
	Existence results: case 1
	Case =1
	Case =

	Positive and compact support solutions
	Application of Pohozaev's Identity

