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Abstract

Abstract We study the existence of non-negative and positive solutions to the indefinite
sublinear elliptic problem −∆u = λu + m(x) |u|α−1 u in Ω, u = 0 on ∂Ω, where Ω is a
smooth bounded domain in RN , 0 < α < 1, m is a bounded changing sign weight and λ
is a real parameter. Existence of non-negative solutions was considered by Brown. When
λ = 0 existence of positive solutions was studied by Hernández-Mancebo-Vega and Godoy-
Kaufmann. We extend and improve these results, obtaining linear stability results as well.
We use variational methods (Nehari manifold) for the existence of non-negative solutions and
bifurcation at infinity for the existence of positive solutions. In addition, we prove the existence
of solutions with compact support under suitable additional assumptions: mainly by assuming
that m(x) < 0 in a large region near the boundary ∂Ω. We apply the method of local super
and subsolutions to obtain suitable barrier functions, which now have some constraint on the
radius of the ball BR(x0) and on the maximum height when λ ≥ λ1, the first eigenvalue for
the Laplacian operator on Ω with zero Dirichlet boundary conditions. We also construct some
global super and subsolutions with compact support for the case in which Ω is a ball. Finally,
we analyze some applications of the Pohozaev identity to determine the non-existence of such
solutions.
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1 Introduction

In this paper we study the existence and qualitative properties of nonnegative solutions of the
problem {

−∆u = λu+m(x) |u|α−1
u in Ω,

u = 0 on ∂Ω,
(1)

where Ω is a smooth bounded domain in RN , 0 < α < 1, m ∈ L∞(Ω) changes sign on Ω and λ is
a real parameter. Problems of this type arise in the study of problems with nonlinear diffusions
in mathematical biology and porous media. See, e.g., [37], [5], [16] and their references, in which
many different choices of the local coefficient m(x) can be found.

If 1 < α < N+2
N−2 and λ > 0, this problem was studied using the super-sub solutions and con-

strained minimization method by Ouyang [53, 54], using different techniques of Nonlinear Analysis
and a priori estimates by Alama and Tarantello [2] and Berestycki, Capuzzo-Dolcetta, Nirenberg [7].
Drabek and Pohozaev, in their renowned work [34], were pioneers in applying the Nehari manifold
and fibering methods to this equation. This approach was further refined in the works of Ilyasov
[45, 48], Ilyasov and Runst [47], Brown and Zhang in [15], and several other contributions. The
case of f ∈ C1(R) such that f(0) = f ′(0) = 0 with sublinear growth was treated in [60] using
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global bifurcation to get positive solutions. The case 0 < α < 1 was considered in [13], where only
non-negative solutions were obtained. In [3], Alama and Lu obtained dead core and compactly
supported solutions of (1) in case λ ≤ 0 and Ω = RN , N ≥ 3.

When λ = 0, (1) was studied by Bandle, Pozio and Tesei [5], where a very careful study of
the existence of solutions with compact support was developed using super and subsolutions and
variational methods, but the existence of positive solutions was not considered. In [41] the authors
proved existence (and uniqueness) of a positive solution under the assumptions (6)-(8) below.
More results in this direction can be found in the survey [55], in particular for the one-dimensional
problem.

In spite of the diversity of potential solutions, according the spatial value of m(x), as we shall
see, there are two different cases which determine a qualitatively different set of solutions according
the values of parameter λ. One of them, case (A), arises when∫

Ω

m(x)φα+1
1 > 0, (2)

where φ1 > 0 (normalized by ∥φ1∥L∞ = 1) is the first eigenfunction associated to λ1, the first
eigenvalue of the problem −∆w = λw in Ω, w = 0 on ∂Ω. We can call this case as the “mainly
favourable interior medium case” (since φ1 attains its maximum at some interior point of Ω). This
case is in contrast to the opposite case, case (B) where∫

Ω

m(x)φα+1
1 < 0, (3)

which we call as the “mainly hostile interior medium case”.
A simple illustration of case (B) arises if m ≡ −1. For instance, if α > 1, equation (1) is the

very well-known “logistic equation” arising in population dynamics and in this case there exists
a unique positive solution uλ > 0 for any λ > λ1, where λ1 is the first eigenvalue of the problem
−∆w = λw in Ω, w = 0 on ∂Ω, with eigenfunction φ1 > 0 (normalized by ∥φ1∥L∞ = 1). The
Strong Maximum Principle tells us that if u ≥ 0 is a solution, then u > 0 in Ω and ∂u

∂n < 0 on
∂Ω, something which is still true (even if not noticed) in the work by Brown and Zhang [15] since
α > 1 (see Remark 2 below).

But this is not necessarily the case for 0 < α < 1, where the nonlinear term is not Lipschitz
any more at the origin. This was shown in [25] in the one-dimensional case for m ≡ −1 and in [28]
for some m(x) ≤ 0.

A simple illustration of case (A) arises when m ≡ 1. We will recall some preliminary results for
both simple illustrations in the next section. We are mainly interested in the interaction between
positive and flat or compact support solutions, see [23], [24], [25], [28], [29]. In particular we study
in [28] the problem (1) when m(x) ≤ 0 finding sufficient conditions for existence of both kinds of
solutions, and here we try to extend our study to the case of indefinite m(x). Our results can be
summarized in the following figure:

∫
Ω

m(x)φα+1
1 > 0,

∫
Ω

m(x)φα+1
1 < 0,

λ < λ1

{
∃ sol. u ≥ 0

∃ sol. u > 0 in [0, λ1) with (7)

{
∃ sol. u ≥ 0

∃ sol. u > 0 in [0, λ1) with (7)

λ > λ1 ∄ sol. u > 0

 at least two sol. in (λ1, λ
∗)

∃ compact support sol. if λ ∈ (λ∗ − ε, λ∗],
for some λ∗, under additional conditions.
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The corresponding problems for the case of the p-Laplacian diffusion were studied much in
detail by Bobkov-Tanaka [9] and Kaufmann, Ramos Quoirin and Umezu [51] by using mainly
variational arguments. They are particularly interested on non-negative solutions u such that
u > 0 on Ω+ = {x ∈ Ω |m(x) > 0} (as in [5]).

In this paper we are, on the contrary, mainly interested in positive solutions and also in solutions
with compact support in Ω. For this we use different tools; mainly

i) the assumption (6), (8) below, already used in [41] to obtain positive solutions,
ii) the full strength of a global bifurcation theorem providing “large” solutions u > 0 (with

∂u
∂n < 0 on ∂Ω) for λ close to λ1,

iii) the linearized stability results in [41], [26] (see also [8]), in order to study stability of positive
solutions,

iv) the “hidden convexity” provided by the monotonicity tools in [22] giving uniqueness of
positive solutions if λ ≤ 0,

v) the sufficient condition obtained in [28] for the existence of solutions with zero normal
derivative (flat solutions with ∂u

∂n = 0 on ∂Ω and compact support solutions as well) obtained from
a Pohozaev identity and if N = 1 under additional conditions on m(x).

The organization of this paper is as follows: in Section 2 we introduce the problems showing
what happens in the “limit” cases m = 1 and m = −1 (where for N = 1 we provide a complete
description of the solution set [25]). Our results here should be “somewhere in between”, so as to
say. We also exhibit the relevant condition in [41], giving positive solutions and extend the result to
the interval [0, λ1). In Section 3 we study the existence of non-negative solutions for λ < λ1 under
assumption (2) with the method of the Nehari manifold. In Section 4 we prove the uniqueness
of positive solutions for λ < λ1 extending the result in [41] and studying the linearized stability
of the positive solutions, a delicate question. In Section 5 we consider the case of λ > λ1, now
under condition (3). We use again the Nehari manifold, getting multiplicity for some interval of λ’
s, and also for λ = λ1, which is new in this context. Section 6 is devoted to the consideration of
positive and compact support solutions. We prove the existence of solutions with compact support
under suitable additional assumptions: mainly by assuming that m(x) < 0 in a large region near
the boundary ∂Ω. We apply the method of local super and subsolutions to obtain suitable barrier
functions which now have some constraint on the radius of the ball BR(x0) and on the maximum
height when λ ≥ λ1, the first eigenvalue for the Laplacian operator on Ω with zero Dirichlet
boundary conditions. We also construct some global super and subsolutions with compact support
for the case in which Ω is a ball. Finally, Section 7 deals with some applications of Pohozaev’s
identity to determine the non-existence of such solutions.

2 Preliminaries

We consider the problem {
−∆u = λu+m(x) |u|α−1

u in Ω,
u = 0 on ∂Ω,

(4)

where Ω is a smooth bounded domain in RN , 0 < α < 1, m ∈ L∞(Ω) changes sign in Ω or
it becomes degenerate (m ≤ 0 and the set where m = 0 has positive measure) and λ is a real
parameter.

As explained at the Introduction, it is convenient to recall previously some of the results
available in the literature concerning the two main cases associated to m constant.

(A) Case m ≡ 1. First of all, there are only solutions u ≥ 0 if λ < λ1. (Here, and along the
paper λ1 and φ1 are the first eigenvalue and eigenfunction of −∆w = λw in Ω, w = 0 on ∂Ω, such
that φ1 > 0 and ∥φ1∥L∞ = 1).

Indeed, if we multiply (4) by φ1 and integrate by parts on Ω, we obtain

λ1

∫
Ω

uφ1 = λ

∫
Ω

uφ1 +

∫
Ω

uαφ1
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and λ < λ1. Moreover, from λ < λ1 and the Strong Maximum Principle, if u ≥ 0 then u > 0 in Ω
and ∂u

∂n < 0 on ∂Ω. This means that we don’t have flat or compact support solutions (we call “flat

solution” a solution u > 0 in Ω such that ∂u
∂n = 0 on ∂Ω).

In order to prove existence of solutions we look for subsolutions of the form u0 ≡ cφ1, c > 0.
We have

−∆u0 − λu0 − uα0 = λ1cφ1 − λcφ1 − cαφα1

= cαφα1 [(λ1 − λ)c1−αφ1−α
1 − 1] < 0

for c > 0 “small enough. As a supersolution we can try u0 ≡ Cψ, where ψ > 0 is the unique
solution of the linear problem −∆ψ = λψ + 1 in Ω, ψ = 0 on ∂Ω, for λ < λ1. We have

−∆u0 − λu0 − (u0)α = Cα(C1−α − ψα) > 0,

if C > ∥ψ∥α/(1−α)L∞ . We can always get u0 < u0 and this gives existence. Uniqueness follows from

the well-known “concavity” argument (see, e.g., [12] or [11]), since λ+ |u|α−1
is strictly decreasing

for u > 0.
From the uniqueness and the method of sub and supersolutions follows that the branch uλ is

increasing in λ and the linearization results [41], [42] tell us that uλ is asymptotically stable and
λ → uλ is C∞ (as a map into C1

0 (Ω)). Below we show in a more general framework that there is
asymptotic bifurcation at λ = λ1. The diagram is

Figure 1: m = 1

We have thus proved the

Theorem 1 (A) Let m = 1. For any λ < λ1 there is a unique positive solution uλ > 0 which is
linearly stable. The branch λ → uλ is a smooth (C∞) increasing curve into C1

0 (Ω). There is no
non-negative solution if λ ≥ λ1.

(B) Case m ≡ −1. For N = 1, Ω = (−1, 1) a complete description of the solution set was
obtained in [25] which is exhibited in Figure 2, by using energy methods.

We show as above that now there are non-negative solutions only for λ > λ1. There exists a
unique λ∗ > λ1 (calculated explicitly) such that for any λ1 < λ < λ∗ there is a unique solution
uλ > 0 such that uλ(±1) = 0, (uλ)

′(±1) ̸= 0, which is linearly unstable and bifurcates at infinity
from λ = λ1. For λ = λ∗ there is a unique flat solution uλ∗ > 0 with uλ∗(±1) = 0, (uλ∗)′(±1) = 0.
For λ > λ∗ there are continua of compact support solutions constructed from uλ∗ (see [25] and
[23] for the details).

We have thus the following

Theorem 2 Let m ≡ −1, N = 1and Ω = (−1, 1). Then, for any λ > λ1 there is a solution uλ ≥ 0
to (4). There exists λ∗ > λ1 such that there is a unique solution uλ > 0 if λ1 < λ < λ∗ and there is
a unique flat solution uλ∗ > 0 for λ = λ∗, and there are continua of symmetric connected compact
support solutions for λ > λ∗ forming a decreasing branch of solutions when λ increases.
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Figure 2: m = −1

For N > 1 there are less complete results in [28], [29], where m(x) ≤ 0 non-constant is allowed.

The main goal of this paper is the study of the so called “indefinite case” in which m ∈ L∞(Ω)
changes sign in Ω. So, if we define

Ω+ = {x ∈ Ω : m(x) = m+(x) > 0},
Ω− = {x ∈ Ω : m(x) = −m−(x) < 0},

Ω0 = Ω⧹(Ω+ ∪ Ω−)

and if |A| denotes the Lebesgue measure of a set A of RN , then except we indicate other thing we
assume that

m ∈ L∞(Ω), and
∣∣Ω+

∣∣ , ∣∣Ω−∣∣ > 0, (5)

and that the sets Ω+, Ω− and Ω0 are regular.
It was already noticed above that (4) was studied for λ = 0 in [5], where a very complete study

was carried out concerning compact support solutions related to the positive sets of m(x). But no
result was given for existence of positive solutions. Another study of the case λ = 0 was carried
out in [39].

Our main interest in this paper is to study the qualitative bifurcation diagram of non-negative
and positive solutions of (1) according the parameter λ ∈ R in the indefinite case (5). As mentioned
in the Introduction, one of our main tools for the existence of solutions will be the method of the
Nehari manifold ; nevertheless, a first result on the existence of positive solutions can be obtained
via the super and subsolutions method. A result of this kind was proved in Lemma 4.2 in [41]
under the condition that if U is the unique solution of the linear problem{

−∆U = m(x) in Ω,
U = 0 on ∂Ω,

(6)

then
U > 0 in Ω, (7)

and
∂U

∂n
< 0 on ∂Ω. (8)

As a matter of fact, the condition (8) is not needed for some purposes and thus U can be a
“flat solution” (i.e., such that ∂U

∂n = 0 on ∂Ω): see [27]. It is clear that (7) follows from m(x) ≥ 0,
but it is also satisfied for some changing sign m’s ([27]).

More precisely, we have:
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Theorem 3 Assume (5), (7) and let 0 ≤ λ < λ1. Then there is a solution uλ > 0 to (4). If, in
addition (8) holds then there is uniqueness of positive solutions to problem (4).

Proof. We have u0 = [(1− α)U ]
1/(1−α)

as a subsolution. Indeed

∇u0 = [(1− α)U ]
α/(1−α) ∇U

and
div ∇u0 = α [(1− α)U ]

(2α−1)/(1−α) |∇U |2 −m(x) [(1− α)U ]
α/(1−α)

,

which gives

−∆u0 − λu0 −m(x)(u0)
α = −α [(1− α)U ]

(2α−1)
(1−α) |∇U |2

−λ [(1− α)U ]
1/(1−α) ≤ 0

if λ ≥ 0. As a supersolution we pick again u0 = Cψ with −∆ψ = λψ+1 in Ω, ψ = 0 on ∂Ω, ψ > 0.
Then

−∆u0 − λu0 −m(x)(u0)α = C − Cαm(x)ψα

= Cα(C1−α −m(x)ψα) > 0

if C > (∥m∥L∞ ∥ψ∥αL∞)1/(1−α). As we will prove in Theorem 7 below, the uniqueness argument in
Theorem 4.4 of [41] can be extended to the case 0 ≤ λ < λ1 and this completes the proof of the
result. 2

In the following we prove some useful and basic auxiliary results.

Lemma 1 If u ≥ 0 is a solution of (4) for λ < λ1 then we have∫
Ω

m(x)u1+α > 0. (9)

Proof. Multiplying (4) by u and integrating by parts on Ω we obtain

λ1

∫
Ω

u2 ≤
∫
Ω

|∇u|2 = λ

∫
Ω

u2 +

∫
Ω

m(x)u1+α

and hence

0 < (λ1 − λ)

∫
Ω

u2 ≤
∫
Ω

m(x)u1+α.

2

Lemma 2 If u > 0 is a solution of (4) for λ < λ1 then we have∫
Ω

m(x)uαφ1 > 0. (10)

Proof. Multiplying (4) by φ1 and integrating by parts on Ω we get

λ1

∫
Ω

uφ1 = λ

∫
Ω

uφ1 +

∫
Ω

m(x)uαφ1

which gives (10). 2

Lemma 3 If U satisfies (7) then ∫
Ω

m(x)φ1 > 0. (11)

Proof. Multiplying (6) by φ1 and integrating we obtain

−
∫
Ω

∆U · φ1 = λ

∫
Ω

Uφ1 =

∫
Ω

m(x)φ1 > 0

by (7). 2
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Remark 1 Notice that we do not need assumption (8) for suitable purposes. Condition (11) is
more similar to the ones arising in the problems for α > 1 ([2], [7]). The converse is not valid
(see the counterexamples given in [39] and [27]; see also [31]).

Remark 2 It is easy to show that when α > 1 non-negative solutions to (1) are actually positive
(notice that in [15] and [13] “positive” means actually “non-negative”). Indeed, if u ≥ 0 is a
solution to (1), it is a solution to the linear problem{

−∆w +m−(x)uα−1w = λu+m+(x)uα ≥ 0 in Ω,
w = 0 on ∂Ω,

(12)

and the Strong Maximum Principle gives u > 0 (notice that m−(x)uα−1 ≥ 0).

Remark 3 This argument does not work if only u ≥ 0. This is important since it leaves room for
existence of compact support solutions (see below).

Proposition 1 If
∫
m|φ1|α+1dx ≥ 0, then equation (4) has no positive solutions for any λ > λ1.

3 Existence results: case λ < λ1

Independently to the above Theorem 3 obtained by the method of super and subsolutions, in this
section we will use the Nehari manifold method under the condition (5), as used in [15] for α > 1
(see [13] ), to get the existence of non-negative solutions of the problem{

−∆u = λu+m(x) |u|α−1
u in Ω,

u = 0 on ∂Ω.
(13)

We recall that Ω is a smooth bounded domain in RN , 0 < α < 1, λ is a real parameter and that we
assume m ∈ L∞(Ω) changing sign in Ω with (5). We emphasize that we will not need to assume
condition (7).

The functional Eλ : H1
0 (Ω) → R associated with equation (4) is defined by

Eλ(u) =
1

2

∫
Ω

(
|∇u|2 − λu2

)
− 1

α+ 1

∫
Ω

m(x) |u|α+1
.

In what follows

∥u∥ =

(∫
Ω

|∇u|2
)1/2

denotes the usual norm in H1
0 (Ω).

The corresponding Nehari manifold containing all critical points of the functional Eλ is defined
by the set

N =

{
u |
∫
Ω

(
|∇u|2 − λu2

)
−
∫
Ω

m(x) |u|α+1
= 0

}
. (14)

The fibering functions are defined as usual by

ϕu(t) =
t2

2

∫
Ω

(
|∇u|2 − λu2

)
− tα+1

α+ 1

∫
Ω

m(x) |u|α+1
(15)

and by differentiating twice we get

ϕ′u(t) = t

∫
Ω

(
|∇u|2 − λu2

)
− tα

∫
Ω

m(x) |u|α+1
(16)

and

ϕ′′u(t) =

∫
Ω

(
|∇u|2 − λu2

)
− αtα−1

∫
Ω

m(x) |u|α+1
. (17)
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If both integrals, in (16), have the same sign, then there is a unique t > 0 such that ϕ′u(t) = 0
given by

t(u) = tλ(u) :=


∫
Ω

m(x) |u|α+1∫
Ω

(
|∇u|2 − λu2

)


1
1−α

. (18)

On the Nehari manifold the functional takes the values

Eλ(u) =

(
1

2
− 1

α+ 1

)∫
Ω

(
|∇u|2 − λu2

)
=

(
1

2
− 1

α+ 1

)∫
Ω

m(x) |u|α+1
(19)

and the different components of N are defined as

N+ =

{
u ∈ N :

∫
Ω

(
|∇u|2 − λu2

)
− α

∫
Ω

m(x) |u|α+1
> 0

}
(20)

=

{
u ∈ N : (1− α)

∫
Ω

m(x) |u|α+1
> 0

}
=

{
u ∈ N :

∫
Ω

m(x) |u|α+1
> 0

}
, (21)

and similarly

N− =

{
u ∈ N :

∫
Ω

m(x) |u|α+1
< 0

}
(22)

and

N0 =

{
u ∈ N :

∫
Ω

m(x) |u|α+1
= 0

}
. (23)

Next we define the subsets

L+ =

{
u : ∥u∥ = 1,

∫
Ω

(
|∇u|2 − λu2

)
> 0

}
,

L− =

{
u : ∥u∥ = 1,

∫
Ω

(
|∇u|2 − λu2

)
< 0

}
L0 =

{
u : ∥u∥ = 1,

∫
Ω

(
|∇u|2 − λu2

)
= 0

}
and analogously

B+ =

{
u : ∥u∥ = 1,

∫
Ω

m(x) |u|α+1
> 0

}
and B− and B0.
It is easy to see that if u ∈ L+ ∩B+ (resp. u ∈ L− ∩B−) then t(u)u ∈ N+(resp. t(u)u ∈ N−).

We study first the

Case λ < λ1: We start with an auxiliary result.

Lemma 4 If λ < λ1 there exists δ > 0 such that for any u ∈ H1
0 (Ω) we have∫

Ω

(
|∇u|2 − λu2

)
≥ δ ∥u∥2 . (24)

Proof. Assume that (24) does not hold. Then there exist δn → 0 and ∥un∥ = 1 such that

0 < (λ1 − λ)

∫
Ω

u2n ≤
∫
Ω

(
|∇un|2 − λu2n

)
< δn

and then
∫
Ω
u2n → 0. Now, from 1− λ

∫
Ω
u2n < δn we get a contradiction. 2
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In particular, Lemma 4 implies that L− = L0 = ∅ and N− = ∅, N0 = {0} and hence N =
N+ ∪ {0}. Notice that this means that solutions to (4) “should be” in N+ (if N ̸= {0}!), which
fits well with (9).

To show that N ̸= {0} we fix u ̸= 0 in H1
0 (Ω) and look for t > 0 such that tu ∈ N . In this case

t2
∫
Ω

(
|∇u|2 − λ |u|2

)
= tα+1

∫
Ω

m(x) |u|α+1

or either

t1−α
∫
Ω

(
|∇u|2 − λ |u|2

)
=

∫
Ω

m(x) |u|α+1
.

This happens if both integrals have the same sign and by Lemma 4 we need

∫
Ω

m(x) |u|α+1
> 0.

For that we pick u such that supp u = D ⊂ Ω+, where D is a smooth domain, u > 0 on D from (5).
Then ∫

Ω

m(x) |u|α+1
=

∫
D

m(x) |u|α+1
> 0.

We have thus proved the

Lemma 5 If λ < λ1 then N ̸= {0}. 2

If u ∈ L+ ∩B+, the fibering function is as in Figure 3.

Figure 3: u ∈ L+ ∩B+

It turns out that the functional takes the value

Eλ(u) =
α− 1

2(α+ 1)

∫
Ω

m(x) |u|α+1
=

α− 1

2(α+ 1)

∫
Ω

(
|∇u|2 − λu2

)
≤ 0

on N+. We will show that infN+ Eλ > −∞, i.e., that Eλ is bounded below on N+, otherwise
stated, that |Eλ(u)| ≤ C for some C > 0. Since u ∈ N+, we can write u = t(v)v with v = u

∥u∥ and
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get

|Eλ(u)| =
1− α

2(α+ 1)
t(v)2

∫
Ω

(
|∇v|2 − λv2

)

=
1− α

2(α+ 1)


∫
Ω

m(x) |v|α+1∫
Ω

(
|∇v|2 − λv2

)


2
1−α ∫

Ω

(
|∇v|2 − λv2

)

=
1− α

2(α+ 1)

(∫
Ω

m(x) |v|α+1

) 2
1−α

(∫
Ω

(
|∇v|2 − λv2

)) 1+α
1−α

≤ 1− α

2(α+ 1)
∥m∥

2
1−α

L∞

(∫
Ω

vα+1

) 2
1−α

(∫
Ω

(
|∇v|2 − λv2

)) 1+α
1−α

≤ C1

∥v∥
2(1+α)
1−α

Lα+1

δ
1+α
1−α ∥v∥

2(1+α)
1−α

≤ C2

by (24) and the Sobolev embedding, where Ci > 0 are constants independent of v.

We have thus proved the

Lemma 6 Eλ is bounded below on N+. 2

Theorem 4 Eλ attains its minimum on N+.

Proof. Let (un) be a minimizing sequence. We have

Eλ(un) =
α− 1

2(α+ 1)

∫
Ω

(
|∇un|2 − λu2n

)
=

α− 1

2(α+ 1)

∫
Ω

m(x) |un|α+1 → inf
N+
Eλ < 0,

and from (24) it follows that ∥un∥ ≤ C. Then there exists a subsequence un of (un) (again denoted
by (un)) such that un ⇀ u0 and un → u0 in Lr(Ω), 1 ≤ r < 2∗ (where 2∗ is the critical Sobolev
exponent. We have

lim

∫
Ω

(
|∇un|2 − λu2n

)
= lim

∫
Ω

m(x) |un|α+1
=

∫
Ω

m(x) |u0|α+1
> 0

and then u0 ̸= 0, u0

∥u0∥ ∈ B+. From (24), u0

∥u0∥ ∈ L+, which implies u0

∥u0∥ ∈ L+ ∩B+, t(u0)u0 ∈ N+

and the corresponding fibering function ϕu0
is as in Figure 3.

We have also un → u0. If not, ∥u0∥ <lim∥un∥ and this gives∫
Ω

(
|∇u0|2 − λu20

)
< lim

∫
Ω

(
|∇un|2 − λu2n

)
= lim

∫
Ω

m(x) |un|α+1
=

∫
Ω

m(x) |u0|α+1

and t(u0) > 1 from (18). Moreover, we have

inf
N+N∗

∫
Eλ =

α− 1

2(α+ 1)

∫
Ω

m(x) |u0|α+1
.

On the other hand, since t(u0)u0 ∈ N

t(u0)
2

∫
Ω

(
|∇u0|2 − λu20

)
= t(u0)

α+1

∫
Ω

m(x) |u0|α+1
.
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This gives

Eλ(t(u0)u0) =
t(u0)

2

2

∫
Ω

(
|∇u0|2 − λu20

)
− t(u0)

α+1

α+ 1

∫
Ω

m(x) |u0|α+1

= t(u0)
α+1 (α− 1)

2(α+ 1)

∫
Ω

m(x) |u0|α+1
< inf
N+

Eλ,

since t(u0) > 1, a contradiction with t(u0)u0 ∈ N+.
We have thus un → u0, Eλ(u0) = infN+ Eλ(un) where∫

Ω

(
|∇u0|2 − λu20

)
=

∫
Ω

m(x) |u0|α+1
> 0,

and u0 /∈ N0. 2

Theorem 5 There exists (at least) a non-negative solution uλ ≥ 0 to (4) for any λ < λ1.

Proof. Since N = N+ ∪ {0}, Eλ(|u0|) = Eλ(u0), and |u0| ∈ N+, u0 ≥ 0, u0 ̸= 0 minimizer of
Eλ on N+, u0 /∈ N0, then it is a critical point of the functional (see [15]). 2

Case λ < λ1, λ near λ1: Now we consider the behaviour of the branch uλ ≥ 0 of solutions close
to λ1.

In the following we add the assumption∫
Ω

m(x)φα+1
1 > 0 (25)

which has not been used in the above arguments. See also [15]. Notice that if (25) holds, φ1 ∈
N+ ̸= ϕ.

Proposition 2 Assume that (25) holds. Then we have that if λn ↗ λ1

lim
λn↗λ1

inf
N+
Eλn = lim

λn↗λ1

Eλn(un) = −∞. (26)

Proof. If (25) holds, φ1 ∈ L+ ∩B+ and this gives t(φ1)φ1 ∈ N+, where

t(φ1) =

 ∫
Ω
m(x)φα+1

1∫
Ω

(
|∇φ1|2 − λφ2

1

)
 1

1−α

(27)

and we obtain

Eλn
(t(φ1)φ1) =

α− 1

2(α+ 1)
t(φ1)

2

∫
Ω

(
|∇φ1|2 − λnφ

2
1

)

=
α− 1

2(α+ 1)

1

(λ1 − λn)
1+α
1−α

(∫
Ω

m(x)φα+1
1

) 2
1−α

δ
1+α
1−α

(∫
Ω

φ2
1

) 1+α
1−α

→
λn↗λ1

−∞.

Finally,
lim

λn↗λ1

inf
N+

Eλn ≤ lim
λn↗λ1

Eλn(t(φ1)φ1) = −∞.

2

Proposition 3 Assume that (25) holds. If Eλn
(un) = inf

N+
Eλn

, where λn ↗ λ1 as n → +∞ then

there exists a subsequence (nj) such that nj → +∞ as j → +∞, and
i)
∥∥unj

∥∥ →
λnj

↗λ1

+∞,

ii)
unj∥∥unj

∥∥ →
λnj

↗λ1

φ1.
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Proof. i) Assume that this is not the case. If ∥un∥ ≤ C, un ⇀ u0 and un ⇀ u0 in Lr(Ω),
1 ≤ r < 2∗. Then we have

lim
α− 1

2(α+ 1)

∫
Ω

m(x) |un|α+1
=

α− 1

2(α+ 1)

∫
Ω

m(x) |u0|α+1
> −∞,

against Proposition 2, a contradiction.
ii) From i) we have ∥un∥ →

λn↗λ1

+∞, with

∫
Ω

(
|∇un|2 − λnu

2
n

)
=

∫
Ω

m(x) |un|α+1
> 0.

If we define vn = un

∥un∥ , vn ⇀ v0 and vn ⇀ v0 in Lr(Ω), 1 ≤ r < 2∗, and∫
Ω

(
|∇vn|2 − λnv

2
n

)
= ∥un∥α−1

∫
Ω

m(x) |vn|α+1 → 0,

and 1− λ1
∫
Ω
v20 = 0, v0 ̸= 0. If vn ↛ v0,

∫
Ω

|∇v0|2 < lim

∫
Ω

|∇vn|2 giving

∫
Ω

(
|∇v0|2 − λ1v

2
0

)
< lim

∫
Ω

(
|∇vn|2 − λnv

2
n

)
= 0,

a contradiction. Thus ∥v0∥ = 1 with

∫
Ω

(
|∇v0|2 − λ1v

2
0

)
= 0, giving v0 = φ1. 2

We have obtained weak solutions in H1
0 (Ω). But we can show that they are actually more

regular.

Lemma 7 If u ∈ H1
0 (Ω), u ≥ 0 is a solution to (4), u ∈ C1,γ(Ω), for any γ ∈ (0, 1). Moreover, if

if m(x) is Hölder continuous then u ∈ C2.

Proof. The bootstrap argument in [33] gives u ∈ L∞(Ω) and the regularity Lp and Cα in [1, 38]
gives u ∈ W 2,p(Ω) for any p > N and then u ∈ C1,γ(Ω), for any γ ∈ (0, 1). It is also possible to
reason as in Appendix B of [58] using that |λu+m(x)uα| ≤ C(1+ |u|) for some C > 0. Moreover,
if m(x) is Hölder continuous, then ∆u is Hölder continuous, and by Schauder estimates u ∈ C2. 2

Remark 4 The existence of non-negative solutions for λ ∈ (0, λ1) was already proved in Theorem
1.4 of [55] but the uniqueness of solution was not considered there.

The case of λ near λ1, but now for λ > λ1, will be considered in Section 5.
We sketch an alternative approach to the existence of nonnegative solutions which consists

in writing the problem as an equivalent nonlinear eigenvalue problem Pv = λv in some function
space (e.g. L2(Ω)), where P : L2(Ω) → L2(Ω) is a compact nonlinear operator such that there is
a “derivative at infinity”, i.e., a compact linear operator A : L2(Ω) → L2(Ω) such that

∥Pu−Au∥L2(Ω)

∥u∥L2(Ω)

→ 0, as ∥u∥L2(Ω) → +∞,

(see [40], [20]). This allows to apply global asymptotic bifurcation results for non-negative solutions
in [4] and [19] following the work in [56].

It is well known that nodal properties of solutions are preserved along the bifurcation branches
in the case of ordinary bifurcation from the trivial solution u ≡ 0, but this is not the case any more
in the case of bifurcation at the infinity. There is already an example in [56], some more examples
can be found in [25] and [28].

It is possible to prove the following result
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Theorem 6 There exists an unbounded continuum of non negative solutions to (4) bifurcating at
infinity from λ = λ1.

Corollary 1 If (25) holds, then for any λ < λ1 there exists (at least) a non-negative solution of (4).

Proof. It is enough to show that there exists a continuous function φ(λ) such that if u ≥ 0 is
a solution for λ < λ1, then 0 ≤ ∥u∥L2(Ω) ≤ φ(λ). Indeed, if we multiply equation (4) by u and
integrate by parts we obtain

λ1

∫
Ω

u2 ≤
∫
Ω

|∇u|2 = λ

∫
Ω

u2 +

∫
Ω

m(x) |u|α+1 ≤ λ

∫
Ω

u2 + ∥m∥L∞(Ω)

∫
Ω

|u|α+1

and then , for some c > 0

(λ1 − λ)

∫
Ω

u2 ≤ ∥m∥L∞(Ω) ∥u∥
α+1
Lα+1(Ω) ≤ c ∥m∥L∞(Ω) ∥u∥

α+1
L2(Ω)

and we obtain

∥u∥L2(Ω) ≤

(
c ∥m∥L∞(Ω)

(λ1 − λ)

)1/(1−α)

:= ψ(λ).

Now, we obtain finally ∫
Ω

|∇u|2 ≤ λψ(λ)2 + c ∥m∥L∞(Ω) ψ(λ)
α+1 := φ(λ).

2

Remark 5 The above result proves that

∫
Ω

|∇u|2 → 0 as λ ↘ −∞ (and thus ∥u∥L∞(Ω) → 0 as

λ↘ −∞).

Remark 6 It is quite easy to adapt the results of [23] and [25] for the one-dimensional case N = 1
(see also [21], [28] for N > 1) to this problem to show that if λ ≤ 0 then the solutions may have a
compact support depending of the data (Ω and m(x)). Nevertheless, if λ ∈ (0, λ1) it can be proved
that, necessarily, u > 0 in Ω (for suitable m(x)). On the other hand, using the results of [21] it
can be shown that u > 0 for λ ≤ 0 depending of the size of Ω and the values of m−.

Remark 7 A similar result to our Theorem 6 was proved in [52] in the case m(x) ≤ 0, m =constant.
Actually, this is a particular case of Theorem 2.1 in [20] and the results in [40]. We notice that
the approximation method used in the proof in [52], which is quite close to the one used in the
non-monotone case in [18] is completely different from the direct bifurcation arguments in [20],
[40] where a theorem of Brezis allows us to exploit the monotonicity of the nonlinearity. It is
astonishing to find the result in [52] fifty years later than [20], [40] which are not quoted. These
results were also mentioned in Section 2.2 in [28].

4 Uniqueness and stability of positive solutions

In this Section we study the uniqueness of positive solutions (if they exist, notice that until now
we have proved only existence of non-negative solutions except Theorem 3 in Section 2 under
assumption (7) for 0 ≤ λ < λ1).

We study a case somewhat more general than uα (0 < α < 1). We consider the problem{
−∆u = λu+m(x)f(u) in Ω,
u = 0 on ∂Ω,

(28)

where

f : [0,+∞) → [0,+∞) is C1 on (0,+∞), continuous on [0,+∞) and (29)

f(0) = 0, f ′ > 0 and f ′′ < 0 on (0,+∞). (30)
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In what follows, we consider solutions u ∈ C1(Ω) ∩ C2(Ω). We use a change of unknown already
used in [11], [57], [41] (see also [5]). We extend the argument in [41].

This change consists in introducing u = h(v) (and then ∇u = h′(v)∇v) and writing

v =

∫ u

0

dt

f(t)
=

∫ h(v)

0

dt

f(t)
.

By differentiating we obtain

1 =
1

f(h(v))
h′(v),

giving

h′(v) = f(h(v)) = f(u)

(notice that f > 0 implies h′ > 0). We also get

∇v =
∇u
f(u)

and then

div ∇v = ∆v = − f ′(u)

f(u)2
|∇u|2 + 1

f(u)
∆u

= − f ′(u)

f(u)2
|∇u|2 + 1

f(u)
(−λu−m(x)f(u))

= − f ′(u)

f(u)2
|∇u|2 − λu

f(u)
−m(x)

−f ′(h(v)) |∇v|2 − λh(v)
f(h(v)) −m(x),

otherwise stated

−∆v = f ′(h(v)) |∇v|2 + λh(v)

f(h(v))
+m(x) in Ω.

Assume there are two solutions v1, v2 > 0 of (28)

−∆v1 = f ′(h(v1)) |∇v1|2 +
λh(v1)

f(h(v1))
+m(x) in Ω,

−∆v2 = f ′(h(v2)) |∇v2|2 +
λh(v2)

f(h()v2)
+m(x) in Ω,

v1 = v2 = 0 on ∂Ω.

If we write w = v1 − v2 we have

−∆w = f ′(h(v1)) |∇v1|2 − f ′(h(v2)) |∇v2|2 + λ

(
h(v1)

f(h(v1))
− h(v2)

f(h()v2)

)
= f ′(h(v1))(|∇v1|2 − |∇v2|2) + (f ′(h(v1))− f ′(h(v2))) |∇v2|2 + λ

(
h(v1)

f(h(v1))
− h(v2)

f(h()v2)

)
= f ′(h(v1))(∇(v1 + v2)∇w +

f ′(h(v1))− f ′(h(v2))

v1 − v2
|∇v2|2 w + λ

(
h(v1)

f(h(v1))
− h(v2)

f(h()v2)

)
,

and then 
−∆w − f ′(h(v1))− f ′(h(v2))

v1 − v2
|∇v2|2 w − f ′(h(v1))(∇(v1 + v2)∇w

− λ

v1 − v2

(
h(v1)

f(h(v1))
− h(v2)

f(h()v2)

)
w = 0, in Ω,

w = 0, on ∂Ω.
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In order to apply the Maximum Principle we need a nonnegative zero order term or at least
greater than −λ1. For this we need (f ′ ◦ h)(v) strictly decreasing in v, which follows from

(f ′ ◦ h)′ = (f ′′ ◦ h)h′ < 0

since f ′′ < 0, h > 0, h′ = f ◦ h > 0. For the last term we can write, introducing

F (v) =
h(v)

f(h(v))
=

h(v)

h′(v)

and applying the Mean Value Theorem

|F (v1)− F (v2)| ≤ max
[v1,v2]

|F ′(v1 + θ(x)(v1 − v2))| |(v1 − v2)|

= max
[v1,v2]

∣∣∣∣∣
(
h(v)

h′(v)

)′
∣∣∣∣∣ |v1 − v2| = max

[v1,v2]

∣∣∣∣h′(v)2 − h(v)h′′(v)

h′(v)2

∣∣∣∣ |v1 − v2|

≤ max
[v1,v2]

∣∣∣∣1− h(v)h′′(v)

h′(v)2

∣∣∣∣ |v1 − v2| ≤ |v1 − v2|

since ∣∣∣∣h(v)h′′(v)h′(v)2

∣∣∣∣ = h(v)h′′(v)

h′(v)2
=

(f ◦ h)′(v)h(v)
h′(v)

< 1

is equivalent to
(f ′(h(v))h(v) < h′(v) = f(h(v))

or either

f ′(h(v)) <
f(h(v))

h(v)

which follows from f ′′ < 0.
We obtain, finally

− λ

v1 − v2

(
h(v1)

f(h(v1))
− h(v2)

f(h(v2))

)
≥ 0

for λ ≤ 0. For 0 < λ < λ1 we can write

− λ

v1 − v2

(
h(v1)

f(h(v1))
− h(v2)

f(h(v2))

)
(v1 − v2) ≥ −λw > −λ1w.

We have then proved the

Theorem 7 Under the assumption (29) there is at most a unique positive solution to 4. 2

Corollary 2 Assume f(s) = sα, 0 < α < 1 and 0 < λ < λ1. Then there is at most a unique positive
solution to problem (4). 2

Summarizing, recalling Theorem 3, we have thus proved the

Theorem 8 Under assumption (7) there is a unique solution of problem (4) for any 0 ≤ λ < λ1 2.

Remark 8 In Theorem 1.1 of [55] it was proved that uλ → 0 if λ → −∞ and that the branch
of unique solutions uλ is increasing in λ when λ ≤ 0. It seems possible to extend their proof to
the case λ ∈ (0, λ1). These authors show (in their Theorem 1.8.) that there are solutions with an
internal dead core. Here we will follow a different strategy by analyzing the existence of flat or
compact support solutions (see Section 6).

The uniqueness of positive solutions to problem (4) for λ ∈ (−∞, 0), and the monotone de-
pendence of solutions with respect to the coefficient m(x), can be proved by means of the hidden
convexity technique (see, e.g., [32], [22] and its many references).
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Proposition 4 Let m, m̂ ∈ L∞(Ω) satisfying (5) and let u, û be positive solutions of the corre-
sponding problems (4) for λ < 0. Then

m ≤ m̂ on Ω implies that u ≤ û on Ω. (31)

In particular, there is a unique positive solution of problem (4) under assumption (7) for any λ < 0.

Proof. We have
−∆u

uα
+ (−λ)u1−α = m(x)in Ω. (32)

Then the function w = uq with q = 1 + α satisfies

−∆(w
1
q )

w
q−1
q

+ (−λ)w
2−q
q = m(x), in Ω. (33)

From Lemma 2.4 of [22] we know that the operator w → −∆(w
1
q )

w
q−1
q

is the subdifferential of a convex

T-monotone operator in L2(Ω). Thus, multiplying the difference of equations (33) corresponding
to m(x) and m̂(x), respectively, by (w − ŵ)+, with h+ = max(0, h)∫

Ω

[
−∆(w

1
q )

w
q−1
q

+
∆(ŵ

1
q )

ŵ
q−1
q

]
(w − ŵ)+ + (−λ)

∫
Ω

[w
2−q
q − ŵ

2−q
q ](w − ŵ)+ =

∫
Ω

[m− m̂](w − ŵ)+.

Then, since ∫
Ω

[
−∆(w

1
q )

w
q−1
q

+
∆(ŵ

1
q )

ŵ
q−1
q

]
(w − ŵ)+ ≥ 0

we have

(−λ)
∫
Ω

[w
2−q
q − ŵ

2−q
q ](w − ŵ)+ ≤

∫
Ω

[m− m̂]+(w − ŵ)+. (34)

Now, if m ≤ m̂ on Ω we have [m− m̂]+ ≡ 0, and thus, from (34) we deduce that (w− ŵ)+ ≡ 0. 2

Proposition 5 Let λ < µ < 0 and let w, ŵ be the positive solutions for the corresponding prob-
lem (4). Then w ≤ ŵ.

Proof. We can write, reasoning as above

−∆(w
1
q )

w
q−1
q

+ (−λ)w
2−q
q = m(x), in Ω, (35)

−∆(ŵ
1
q )

ŵ
q−1
q

+ (−µ)ŵ
2−q
q = m(x), in Ω. (36)

Then we obtain, multiplying the difference by (w − ŵ)+∫
Ω

[
−∆(w

1
q )

w
q−1
q

+
∆(ŵ

1
q )

ŵ
q−1
q

]
(w − ŵ)+ + (−λ)

∫
Ω

[w
2−q
q − ŵ

2−q
q ](w − ŵ)+

[(−λ)− (−µ)]
∫
Ω
ŵ

2−q
q (w − ŵ)+ = 0.

Since all three terms are non-negative, we have w ≤ ŵ. 2

We study now the linearized stability of positive solutions u > 0 with u ∈ C1(Ω) satisfying
∂u
∂n < 0 on ∂Ω. We use the linearized stability results in [41], [42] (see also [8], [26]).

Consider again the more general problem (28) under the same assumptions on f . If u > 0 is
a solution with the above smoothness, the linearized problem is{

−∆w −m(x)f ′(u)w − λw = µw in Ω,
w = 0 on ∂Ω.

(37)
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From [41], [26] we know that (37) possesses a first eigenvalue µ1 with eigenfunction ψ1 > 0 which
satisfies ∂ψ1

∂n < 0 on ∂Ω. We have{
−∆ψ1 −m(x)f ′(u)ψ1 − λψ1 = µ1ψ1 in Ω,
ψ1 = 0 on ∂Ω.

(38)

If we multiply (28) by ψ1 and (38) by u and integrate on Ω, using Green’s Formula we obtain
∫
Ω

∇u · ∇ψ1 − λ

∫
Ω

uψ1 −
∫
Ω

m(x)f(u)ψ1 = 0 =

∫
Ω

∇u · ∇ψ1

−λ
∫
Ω

uψ1 −
∫
Ω

m(x)f ′(u)uψ1 − µ1

∫
Ω

uψ1 = 0,

,

which gives

µ1 =

∫
Ω

m(x)[f(u)− uf ′(u)]ψ1∫
Ω

uψ1

.

If f(s) = sα, 0 < α < 1, we have

µ1 =

(1− α)

∫
Ω

m(x)uαψ1∫
Ω

uψ1

, (39)

and µ1 > 0 if m(x) > 0 on Ω. But we don’t know how to prove that µ1 > 0 if
∫
Ω
m(x)φ1+α

1 > 0,
the expected result.

Remark 9 Notice that for f(s) = sα, 0 < α < 1, we have f(u) − uf ′(u) = (1 − α)uα > 0 and
µ1 > 0 if m ≡ 1. If m ≡ −1, µ1 < 0 if 0 < α < 1, and also µ1 < 0 if m ≡ 1 and α > 1. If
m ≡ −1 and α > 1, the logistic equation, µ1 > 0. Notice also that f(u)− uf ′(u) > 0 is precisely
the condition giving uniqueness of the positive solution in the classical “concavity” argument.

Another approach where m(x) “disappears” was used by Brown and Hess in [14]. Multiply-
ing (28) by f ′(u)ψ1 and (38) by f(u) and integrating on Ω we obtain

−
∫
Ω

∆u · f ′(u)ψ1 − λ

∫
Ω

uf ′(u)ψ1 −
∫
Ω

m(x)f(u)f ′(u)ψ1 = 0

= −
∫
Ω

∆ψ1 · f(u)− λ

∫
Ω

f(u)ψ1 −
∫
Ω

m(x)f(u)f ′(u)ψ1 − µ1

∫
Ω

f(u)ψ1 = 0,

giving

µ1 =

∫
Ω

∆u · f ′(u)ψ1 −
∫
Ω

∆ψ1 · f(u)− λ

∫
Ω

[f(u)− uf ′(u)]ψ1∫
Ω

f(u)ψ1

.

We can calculate, using Green’s Formula∫
Ω

∆u · f ′(u)ψ1 −
∫
Ω

∆ψ1 · f(u)− λ

∫
Ω

[f(u)− uf ′(u)]ψ1

=

∫
∂Ω

∂u

∂n
· f ′(u)ψ1 −

∫
Ω

∇u · ∇(f ′(u)ψ1) +

∫
Ω

∇ψ1 · ∇f(u)−
∫
∂Ω

∂ψ1

∂n
· f(u)

−λ
∫
Ω

[f(u)− uf ′(u)]ψ1

= −
∫
Ω

f ′′(u) |∇u|2 ψ1 − λ

∫
Ω

[f(u)− uf ′(u)]ψ1
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and we arrive to

µ1 =

−
∫
Ω

f ′′(u) |∇u|2 ψ1 − λ

∫
Ω

[f(u)− uf ′(u)]ψ1∫
Ω

f(u)ψ1

. (40)

Now we have µ1 > 0, for f(s) = sα, 0 < α < 1, if λ ≤ 0.
We have thus proved the

Theorem 9 If λ ≤ 0, positive solutions to equation (1) are asymptotically stable. 2

The above argument gives the linearized stability for positive solutions if λ ≤ 0. From Theorem 8
follow the existence and uniqueness of a positive solution for 0 ≤ λ < λ1 obtained by the method
of sub and supersolutions. But both methods used above are unable to provide stability. It is
well-known (e.g., Brezis-Nirenberg Unpublished Notes [10]) that in this case µ1 ≥ 0. But we are
not able to exclude µ1 = 0, as for m ≡ 1 or m(x) ≥ m0 > 0. However, we can prove the following:

Theorem 10 Under the above assumptions the unique solution to (4) for 0 ≤ λ < λ1 is globally
asymptotically stable in L∞(Ω).

Proof. Let u > 0 be the unique solution to (4) for 0 ≤ λ < λ1 given. From the method of
sub and supersolutions we know that there are sequences un of subsolutions (un of supersolutions)
such that un → u (un → u) in L∞(Ω) (actually in C1

0 (Ω)) with un ≤ u ≤ un. Then, for any ϵ > 0,
there exists n0 such that for any n ≥ n0 we have

∥un − un∥L∞(Ω) <
ϵ

3
, ∥u− un∥L∞(Ω) <

ϵ

3
, ∥un − u∥L∞(Ω) <

ϵ

3
.

Let now v(t) be any solution of the associated parabolic problem vt −∆v = λv +m(x) |v|α−1
v in Ω× (0,+∞),

v = 0 on ∂Ω× (0,+∞),
v(x, 0) = v0(x) on Ω.

(41)

We recall that by the the method of sub and supersolutions we have that if

v0 ≤ v0 ≤ v0

then we get that

vn(x, t) ≤ v(x, t) ≤ vn(x, t) in Ω× (0,+∞),

with
vn+1,t −∆vn+1 +m−(x)

∣∣vn+1

∣∣α−1
vn+1 = λvn− +m+(x) |vn|

α−1
vn in Ω× (0,+∞),

vn+1 = 0 on ∂Ω× (0,+∞),

vn+1(x, 0) = v0(x) on Ω.
(42)

A similar problem arises for the study of vn(x, t).Let us show that for any ϵ > 0 there exists a
δ > 0 such that if

∥u− v0∥L∞(Ω) < δ

then

∥u− v(., t)∥L∞(Ω) < ϵ, for any t > 0.

Indeed: let δ =
ϵ

3
and let v0 such that

un ≤ v0 ≤ un on Ω, for some n ≥ n0. (43)



19

Then, since
un+1,t −∆un+1 +m−(x) |un+1|α−1

un+1 ≤ λun +m+(x) |un|α−1
un in Ω× (0,+∞)

un = 0 on ∂Ω× (0,+∞),

un ≤ v0 on Ω,
(44)

from the comparison principle, by iteration, we get that

un+1(x) ≤ vn+1(x, t) in Ω× (0,+∞).

Analogously, we get that vn+1(x, t)(x, t) ≤ un+1(x) in Ω× (0,+∞). Then we conclude that

∥v(., t)− u∥L∞ ≤ ∥v(., t)− un+1∥L∞ +
∥∥un − un+1

∥∥
L∞ +

∥∥un+1 − u
∥∥
L∞ < ϵ.

2

Remark 10 Notice that in the above argument we can take also the choice of v0(x) = u0(x) (respec-
tively v0(x) = u0(x)) since in this case we can prove that vn+1,t ≥ 0 (respectively vn+1,t(x, t) ≤ 0)
and then we get that limt→∞ v(x, t) = u(x). We conjecture that in fact the results holds for any
initial datum in the interval [u0, u

0] (i.e., u0 ≤ v0 ≤ u0) but our proof requires a stronger condition.

Sufficient conditions for existence of only positive solutions can be found in Theorem 1.6 and
Propositions 4.5 and 4.6 of [51]. In particular this happens for α(λ) < α < 1 for some α(λ) > 0
depending on λ.

Here we can prove that positive solutions form actually a smooth curve. More precisely we
have the

Theorem 11 Under the above assumptions for existence of only positive solutions for λ ≤ 0, these
solutions form an increasing smooth C∞ map λ → u(λ) of (−∞, 0] into C1

0 (Ω). Moreover, they
are asymptotically stable.

Proof. Proposition 3 gives the uniqueness and Proposition 4 that this branch is monotonically
increasing. Then it follows from Theorem 10 that they are asymptotically stable and µ1 > 0 allows
to apply the differentiability properties in [41] proving the C∞ smoothnes of u(λ). 2

We have extended, in this way, the result for m ≡ 1 in Theorem 1 (Figure 1).

5 Existence results: case λ ≥ λ1

Now we study the existence of non-negative solutions of the problem{
−∆u = λu+m(x) |u|α−1

u in Ω,
u = 0 on ∂Ω,

(45)

where Ω is again a smooth bounded domain in RN , 0 < α < 1, m ∈ L∞(Ω) changes sign in Ω
satisfying (5) and, in this case, λ ≥ λ1.
We start with the case λ > λ1. If we multiply (45) by u and integrate by parts on Ω we obtain

λ1

∫
Ω

u2 ≤
∫
Ω

|∇u|2 = λ

∫
Ω

u2 +

∫
Ω

m(x) |u|α+1
,

otherwise stated ∫
Ω

m(x) |u|α+1 ≥ (λ1 − λ)

∫
Ω

u2.

This means that, in principle, the integral

∫
Ω

m(x) |u|α+1
may be ≥ 0 or ≤ 0 and then maybe we

will have both N+ ̸= ϕ and N− ̸= ϕ, getting two (at least) non-negative solutions.
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Now we have ∫
Ω

(
|∇φ1|2 − λφ2

1

)
= (λ1 − λ)

∫
Ω

φ2
1 < 0.

and if we also have ∫
Ω

m(x)φα+1
1 < 0. (46)

φ1 ∈ L− ∩B− and t(φ1)φ1 ∈ N−. We may wonder if N+ ̸= ϕ as well.
Reasoning as in [9] we prove the

Lemma 8 If (46) holds, then N+ ̸= ∅ for any λ > λ1.

Proof. Pick x0 ∈ Ω such that Br(x0) ⊂ Ω+ and u ∈ C∞
0 (Ω), u > 0 such that supp u ⊂ Br(x0)

and define un(x) = nNu(n(x− x0)). Then we have

∇un = nN+1∇u(n(x− x0))

and ∫
Ω

(
|∇un|2 − λu2n

)
= n2(N+1)

∫
Ω

|∇u(n(x− x0))|2 − n2Nλ

∫
Ω

(u(n(x− x0))
2

which tends to +∞ with n for any λ > λ1. Hence un ∈ L+ ∩B+ and t(un)un ∈ N+. 2

The following Lemma extends the results in [15] to λ1 ≤ λ < λ∗ with λ∗ defined below.

Lemma 9 Assume that (46) holds. Then L− ∩B+ = ∅ if λ1 ≤ λ < λ∗, where

λ∗ = inf

{∫
Ω
|∇u|2∫
Ω
u2

|
∫
Ω

m(x) |u|α+1 ≥ 0

}
. (47)

Proof. First we prove, as in [34], [15], that there exists δ > 0 such that the result holds if
λ1 ≤ λ < λ1 + δ. If not, there exists λn ↘ λ1 and un with ∥un∥ = 1 such that∫

Ω

(
|∇un|2 − λnu

2
n

)
≤ 0

∫
Ω

m(x) |un|α+1 ≥ 0.

Then, there exists un ⇀ u0 and un → u0 in Lr(Ω) for 1 ≤ r < 2∗. If un ↛ u0 we have∫
Ω

(
|∇u0|2 − λ1u

2
0

)
< lim

∫
Ω

(
|∇un|2 − λnu

2
n

)
≤ 0

which is impossible. Hence

∫
Ω

(
|∇u0|2 − λ1u

2
0

)
= 0, u0 = kφ1 with

∫
Ω

m(x)kα+1φα+1
1 ≥ 0

and k = 0 by (46), a contradiction.
Now, it is enough to show that, for any λ1+δ ≤ λ < λ∗, there exists η > 0 such that if λ ≤ λ < λ+η
then L− ∩B+ = ∅. Indeed, if not there exists λn ↘ λ and un with ∥un∥ = 1 such that∫

Ω

(
|∇un|2 − λnu

2
n

)
≤ 0

∫
Ω

m(x) |un|α+1 ≥ 0.

Then, there exists un ⇀ u0 and un → u0 in Lr(Ω) for 1 ≤ r < 2∗ and we have by the l.s.c. of the
norm ∫

Ω

(
|∇u0|2 − λu20

)
≤ lim

∫
Ω

(
|∇un|2 − λnu

2
n

)
≤ 0
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with ∫
Ω

m(x) |u0|α+1
= lim

∫
Ω

m(x) |un|α+1 ≥ 0.

Hence ∫
Ω

|∇u0|2∫
Ω

u20

≤ λ < λ∗,

with ∫
Ω

m(x) |u0|α+1 ≥ 0.

a contradiction. This ends the proof. 2

Lemma 10 For any λ ≥ λ∗, we have L− ∩B+ ̸= ∅.

Proof. Let λn ↘ λ∗, then, there exists un with ∥un∥ = 1 such that∫
Ω
|∇un|2∫
Ω
u2n

≤ λn,

∫
Ω

m(x) |un|α+1 ≥ 0.

Then, there exists un ⇀ u0 and un → u0 in Lr(Ω) for 1 ≤ r < 2∗. We have∫
Ω

m(x) |u0|α+1
= lim

∫
Ω

m(x) |un|α+1 ≥ 0

and u0

∥u0∥ ∈ B+. If un ↛ u0 we have∫
Ω

|∇u0|2 < lim

∫
Ω

|∇un|2 ≤ limλn

∫
Ω

u2n = λ∗
∫
Ω

u20

with u0 ̸= 0. Now ∫
Ω

|∇u0|2∫
Ω

u20

< λ∗

with

∫
Ω

m(x) |u0|α+1 ≥ 0, a contradiction.

Hence, un → u0 and ∫
Ω

|∇u0|2 = λ∗
∫
Ω

u20

and u0

∥u0∥ ∈ L− ∩B+. This shows that λ∗ is attained with u0 ≥ 0.

If λ > λ∗ we have ∫
Ω

(
|∇u0|2 − λu20

)
<

∫
Ω

(
|∇u0|2 − λ∗u20

)
= 0

and we have u0

∥u0∥ ∈ L− ∩B+. 2

Corollary 3 λ∗ is attained at u0 ≥ 0 such that
∫
Ω
m(x) |u0|α+1

= 0.

Proof. The first part is contained in the proof of Lemma 10. For the second part, if we assume

that

∫
Ω

m(x) |u0|α+1
> 0 then the inf on this open subset is associated with w ≥ 0 corresponding

to the eigenvalue λ1, and then λ∗ = λ1. But since
∫
Ω
m(x)φα+1

1 < 0, λ1 < λ∗, a contradiction. 2
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Lemma 11 Assume L− ∩B+ = ∅. Then we have
i) N0 = {0},
ii) 0 /∈ N− and N− is closed,
iii) N− ∩N+ = ∅,
iv) N+ is bounded.

Proof. The proof is similar to the proof of Theorem 4.2 in [15]. i) If u ∈ N0, u ̸= 0, then
u/∥u∥ ∈ L0 ∩B0 ⊂ L− ∩B+, which is impossible.
ii) If not, there exists un ∈ N− such that un → 0. We have

0 >

∫
Ω

(
|∇un|2 − λu2n

)
=

∫
Ω

m(x) |un|α+1 → 0,

and if vn = un

∥un∥ , we may suppose that vn ⇀ v0 and vn → v0 in Lr(Ω), 1 ≤ r < 2∗. Then

0 >

∫
Ω

(
|∇vn|2 − λv2n

)
= ∥un∥α−1

∫
Ω

m(x) |vn|α+1
, (48)

and

0 ≥ lim

∫
Ω

(
|∇vn|2 − λv2n

)
= 1− λ lim

∫
Ω

v2n = 1− λ

∫
Ω

v20

giving v0 ̸= 0. Since the left-hand side in (48) is bounded and ∥un∥α−1
goes to +∞, it should be

lim

∫
Ω

m(x) |vn|α+1
=

∫
Ω

m(x) |v0|α+1
= 0

and v0
∥v0∥ ∈ B+. We also have vn → v0, if not∫

Ω

(
|∇v0|2 − λv20

)
< lim

∫
Ω

(
|∇vn|2 − λv2n

)
≤ 0

and v0
∥v0∥ ∈ L− ∩ B+, a contradiction. Hence vn → v0 and again v0

∥v0∥ ∈ L− ∩ B+, again a

contradiction.
iii) We have N− ∩N+ ⊂ N− ∩ (N+ ∪N0) = N− ∩ (N+ ∪ {0}) ⊂ (N− ∩N+) ∪ (N− ∩ {0}) = ∅.
iv) Suppose that N+ is unbounded. Then there exists un ∈ N+ such that ∥un∥ → +∞, where∫

Ω

(
|∇un|2 − λu2n

)
=

∫
Ω

m(x) |un|α+1
> 0.

If vn = un

∥un∥ , vn ⇀ v0 and vn → v0 in Lr(Ω), 1 ≤ r < 2∗. We get∫
Ω

(
|∇vn|2 − λv2n

)
= ∥un∥α−1

∫
Ω

m(x) |vn|α+1 → 0

and 0 = 1− λ lim
∫
Ω
v2n = 1− λ

∫
Ω
v20 , v0 ̸= 0 and v0

∥v0∥ ∈ B+ since
∫
Ω
m(x) |vn|α+1

> 0. If vn ↛ v0
we have ∫

Ω

(
|∇v0|2 − λv20

)
< lim

∫
Ω

(
|∇vn|2 − λv2n

)
= 0

and v0
∥v0∥ ∈ L− ∩B+, again a contradiction. Hence

lim

∫
Ω

(
|∇vn|2 − λv2n

)
=

∫
Ω

(
|∇v0|2 − λv20

)
= 0

and v0
∥v0∥ ∈ L− ∩B+, a contradiction. 2

Lemma 12 The functional Eλ is bounded below on N+, for any λ < λ∗.
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Proof. If ∥u∥ ≤M (iv) in Lemma 11) we have

|Eλ(u)| =

∣∣∣∣ α− 1

2(α+ 1)

∫
Ω

m(x) |u|α+1

∣∣∣∣
≤ 1− α

2(α+ 1)
∥m∥L∞(Ω) ∥u∥

α+1
Lα+1(Ω) ≤

(1− α)c

2(α+ 1)
∥m∥L∞(Ω)M

α+1

by Sobolev’s embedding. 2

Theorem 12 The functional Eλ attains its minimum on N+, for any λ < λ∗.

Proof. Let (un) be a minimizing sequence. Then

Eλ(un) =
α− 1

2(α+ 1)

∫
Ω

(
|∇un|2 − λu2n

)
=

α− 1

2(α+ 1)

∫
Ω

m(x) |un|
α+1 → inf

N∗
Eλ < 0,

with ∫
Ω

(
|∇un|2 − λu2n

)
=

∫
Ω

m(x) |un|α+1
> 0.

N+ is bounded and then un ⇀ u0 and un → u0 in Lr(Ω), 1 ≤ r < 2∗, giving

lim

∫
Ω

m(x) |un|α+1
=

∫
Ω

m(x) |u0|α+1
> 0,

u0 ̸= 0, u0

∥u0∥ ∈ B+. But L− ∩ B+ = ∅ and then B+ ⊂ L+,

∫
Ω

(
|∇u0|2 − λu20

)
> 0 and

t(u0)u0 ∈ N+. Now, if un ↛ u0∫
Ω

(
|∇u0|2 − λu20

)
< lim

∫
Ω

(
|∇un|2 − λu2n

)
= lim

∫
Ω

m(x) |un|α+1
=

∫
Ω

m(x) |u0|α+1

and t(u0) > 1 (both integrals are positive).
Now we have

inf
N+

Eλ =
α− 1

2(α+ 1)

∫
Ω

m(x) |u0|α+1
.

On the other hand, since t(u0)u0 ∈ N

t(u0)
2

∫
Ω

(
|∇u0|2 − λu20

)
= t(u0)

α+1

∫
Ω

m(x) |u0|α+1

and then

Eλ(t(u0)u0) =
1

2
t(u0)

2

∫
Ω

(
|∇u0|2 − λu20

)
− t(u0)

α+1

α+ 1

∫
Ω

m(x) |u0|α+1

=
t(u0)

α+1

2

∫
Ω

m(x) |u0|α+1 − t(u0)
α+1

α+ 1

∫
Ω

m(x) |u0|α+1

=
(α− 1)t(u0)

α+1

2(α+ 1)

∫
Ω

m(x) |u0|α+1
< inf
N+
Eλ,

since t(u0) > 1, a contradiction. If un → u0 we have

limEλ(un) =
α− 1

2(α+ 1)

∫
Ω

(
|∇u0|2 − λu20

)
=

α− 1

2(α+ 1)

∫
Ω

m(x) |u0|
α+1

= inf
N+

Eλ,

and u0 ∈ N+ is a minimizer since u0 /∈ N0. 2

Now we study the case of the component N−. Again, we prove first some auxiliary results.
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Lemma 13 All minimizing sequences for N− are bounded.

Proof. Let (un) be a minimizing sequence in N−, we have

Eλ(un) =
α− 1

2(α+ 1)

∫
Ω

(
|∇un|2 − λu2n

)
=

α− 1

2(α+ 1)

∫
Ω

m(x) |un|α+1 → inf
N−

Eλ > 0.

If ∥un∥ → +∞, with vn = un

∥un∥ we have vn ⇀ v0 and vn → v0 in Lr(Ω), 1 ≤ r < 2∗. This implies∫
Ω

(
|∇vn|2 − λv2n

)
= ∥un∥α−1

∫
Ω

m(x) |vn|α+1 → 0

and 0 = 1− λ lim
∫
Ω
v2n = 1− λ

∫
Ω
v20 , giving v0 ̸= 0. If vn ↛ v0 we have∫

Ω

(
|∇v0|2 − λv20

)
< lim

∫
Ω

(
|∇vn|2 − λv2n

)
= 0.

It follows that v0
∥v0∥ ∈ L−. On the other hand,

lim

∫
Ω

m(x) |un|α+1
= lim ∥un∥α+1

∫
Ω

m(x) |vn|α+1
= c < 0.

Now we should have

lim

∫
Ω

m(x) |vn|α+1
=

∫
Ω

m(x) |v0|α+1
= 0,

and v0
∥v0∥ ∈ L− ∩B+, a contradiction. 2

Lemma 14 We have inf
N−

Eλ>0.

Proof. If u ∈ N−, Eλ(u) ≥ 0. If inf
N−
Eλ = 0, there exists un ∈ N− such that limEλ(un) = 0.

Then

Eλ(un) =
α− 1

2(α+ 1)

∫
Ω

(
|∇un|2 − λu2n

)
=

α− 1

2(α+ 1)

∫
Ω

m(x) |un|α+1 → 0.

Since un is bounded by Lemma 13, un ⇀ u0 and un → u0 in Lr(Ω), 1 ≤ r < 2∗. Now,∫
Ω
m(x) |u0|α+1

= 0 and u0

∥u0∥ ∈ B+. If un ↛ u0 we have∫
Ω

(
|∇u0|2 − λu20

)
< lim

∫
Ω

(
|∇un|2 − λu2n

)
= 0,

and u0

∥u0∥ ∈ L− ∩ B+ , again a contradiction. Hence un → u0 ̸= 0 by ii) in Lemma 11. Then
u0

∥u0∥ ∈ L− ∩B+, another contradiction. 2

Theorem 13 The functional Eλ attains its minimum on N−.

Proof. Let (un) be a minimizing sequence. From Lemmas 13 and 14 we have

Eλ(un) =
α− 1

2(α+ 1)

∫
Ω

(
|∇un|2 − λu2n

)
=

α− 1

2(α+ 1)

∫
Ω

m(x) |un|α+1 → inf Eλ > 0,

and then ∫
Ω

(
|∇un|2 − λu2n

)
=

∫
Ω

m(x) |un|α+1 → c,

for some c < 0. Since un is bounded by Lemma 13, un ⇀ u0 and un → u0 in Lr(Ω), 1 ≤ r < 2∗.
We have

lim

∫
Ω

m(x) |un|α+1
=

∫
Ω

m(x) |u0|α+1
< 0,
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which gives u0 ̸= 0 and u0

∥u0∥ ∈ B−. If un ↛ u0 we get∫
Ω

(
|∇u0|2 − λu20

)
< lim

∫
Ω

(
|∇un|2 − λu2n

)
= lim

∫
Ω

m(x) |un|α+1
=

∫
Ω

m(x) |u0|α+1

and then t(u0) < 1 (both integrals are negative). Moreover u0

∥u0∥ ∈ L− and then t(u0)u0 ∈ N−.

Then we have

inf
N−

Eλ =
α− 1

2(α+ 1)

∫
Ω

m(x) |u0|α+1
.

On the other side, since t(u0)u0 ∈ N

t(u0)
2

∫
Ω

(
|∇u0|2 − λu20

)
= t(u0)

α+1

∫
Ω

m(x) |u0|α+1

and we obtain

Eλ(t(u0)u0) =
t(u0)

2

2

∫
Ω

(
|∇u0|2 − λu20

)
− t(u0)

α+1

α+ 1

∫
Ω

m(x) |u0|α+1

=
(α− 1)t(u0)

α+1

2(α+ 1)

∫
Ω

m(x) |u0|α+1
< inf
N−

Eλ

since t(u0) < 1, a contradiction. The proof ends as in Theorem 12. 2

Theorem 14 Assume (46). For λ1 < λ < λ∗, there are (at least) two non-negative solutions
to (45). Both are in C1,γ(Ω) for any γ ∈ (0, 1).

Proof. Existence follows from Theorems 12 and 13 and N0
λ = {0} insuring that both minimizers

on N+ and N− are critical points of the functional ([15]). That they are different follows from iii)
in Lemma 11. Since Eλ(|u|) = Eλ(u) both solutions are nonnegative The last part is proved as in
Lemma 7. 2

Proposition 6 Assume (46) and that Eλn
(un) = infN−

λn

Eλn
where λn ↓ λ1 (in fact, it refers to a

subsequence, as in Proposition 3). We have,
i) ∥un∥ → +∞,
ii) un

∥un∥ → φ1,

iii) lim inf
λn↓λ1

Eλn
(un) = lim

λn↓λ1

Eλn
(un) = +∞.

Proof. i) If not ∥un∥ ≤ C, un ⇀ u0, un → u0 in Lr(Ω), 1 ≤ r < 2∗. If un ↛ u0 we have∫
Ω

(
|∇u0|2 − λ1u

2
0

)
< lim

∫
Ω

(
|∇un|2 − λnu

2
n

)
= lim

∫
Ω

m(x) |un|α+1
=

∫
Ω

m(x) |u0|α+1 ≤ 0.

which is impossible. Then un → u0 and

∫
Ω

(
|∇u0|2 − λ1u

2
0

)
≤ 0 giving v0 = kφ1, for some k.

Finally ∫
Ω

(
|∇u0|2 − λ1u

2
0

)
= 0 =

∫
Ω

m(x)kα+1φα+1
1 .

Hence k = 0 and un → 0, a contradiction with 0 /∈ N− in Lemma 11, ii).
ii) As in Proposition 3.
iii) Assume the result is false. Then∣∣∣∣∫

Ω

(
|∇un|2 − λnu

2
n

)∣∣∣∣ = ∣∣∣∣∫
Ω

m(x) |un|α+1

∣∣∣∣ ≤ C

with ∥un∥ → +∞ by i). If vn = un

∥un∥ we have vn → φ1 by ii) and then by i)
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∫
Ω

(
|∇φ1|2 − λ1φ

2
1

)
= lim

∫
Ω

(
|∇vn|2 − λnv

2
n

)
= lim ∥un∥α−1

∫
Ω

m(x) |vn|α+1
= 0.

This means that, by ii),

lim

∫
Ω

m(x) |vn|α+1
=

∫
Ω

m(x)φα+1
1 = 0,

a contradiction. 2

We have proved existence of non-negative solutions for an interval “close” to λ1. Moreover, we
know from Proposition 6, parts i) and ii), that there is bifurcation at infinity at λ1 and that “close”
to (λ1,+∞) solutions are not only positive but in the interior of the positive cone of C1

0 (Ω).
We recall that we already proved that there are not positive solutions for λ > λ1 “large” without

requiring condition (46).
We have just seen that condition (46) implies existence of solutions for λ > λ1. There is a

converse result for positive solutions (not for compact support solutions in general).

Proposition 7 If there exists a positive solution u > 0 of{
−∆u = λu+m(x) |u|α−1

u in Ω,
u = 0 on ∂Ω,

(49)

with 0 < α < 1 and λ > λ1, then (46) holds.

Proof. We follow the one in ([2]) for α > 1. If we divide the equation by uα, multiply by φα+1
1

and integrate by parts twice, we get∫
Ω

m(x)φα+1
1 = −

∫
Ω

∆u
φα+1
1

uα
− λ1

∫
Ω

φα+1
1

uα−1
− (λ− λ1)

∫
Ω

φα+1
1

uα−1

=
(α+ 1)α

α− 1

∫
Ω

|∇φ1|2
φα−1
1

uα−1
− 2λ1α

α− 1

∫
Ω

φα+1
1

uα−1
− α

∫
Ω

|∇u|2 φ
α+1
1

uα−1

−(λ− λ1)

∫
Ω

φα+1
1

uα−1
.

On the other hand we have
|∇φ1|2 = −φ2

1∆ lgφ1 − λ1φ
2
1,

by using the identity ∫
Ω

w∆(logw) = −4

∫
Ω

∣∣∇√
w
∣∣2

and
|∇u|2 = −m(x)uα+1 − u2∆ lg u− λu2

and replacing above we obtain

−(α− 1)

∫
Ω

m(x)φα+1
1 = − (α+ 1)α

α− 1

∫
Ω

φα+1
1

uα−1
∆ lgφ1 + α

∫
Ω

φα+1
1

uα−1
∆ lg u

− 4λ1α

α− 1

∫
Ω

φα+1
1

uα−1
+ (λ− λ1)(α− 1)

∫
Ω

φα+1
1

uα−1

≤ 4
α

α− 1

∫
Ω

∣∣∣∣∣∣∇
√
φα+1
1

uα−1

∣∣∣∣∣∣
2

− λ1

∣∣∣∣∣∣
√
φα+1
1

uα−1

∣∣∣∣∣∣
2
 < 0

since

√
φα+1
1

uα−1
/∈ [φ1] and hence (46) holds. 2
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Corollary 4 If we assume

∫
Ω

m(x)φα+1
1 ≥ 0, then there is no positive solution for λ > λ1.

In particular, this means that bifurcation at infinity at λ1 is necessarily from the left in this
case.

5.1 Case λ = λ1

The problem under consideration is now{
−∆u = λ1u+m(x) |u|α−1

u in Ω,
u = 0 on ∂Ω.

(50)

The functional in this case becomes

J(u) =
1

2

∫
Ω

(
|∇u|2 − λ1u

2
)
− 1

α+ 1

∫
Ω

m(x) |u|α+1

and the Nehari manifold is defined by

N =

{
u |
∫
Ω

(
|∇u|2 − λ1u

2
)
=

∫
Ω

m(x) |u|α+1

}
̸= {0}.

The fibering functions are defined as

ϕu(t) =
t2

2

∫
Ω

(
|∇u|2 − λ1u

2
)
− tα+1

α+ 1

∫
Ω

m(x) |u|α+1
. (51)

Calculating as above we obtain

N+
λ1

=

{
u ∈ Nλ1

:

∫
Ω

(
|∇u|2 − λ1u

2
)
> 0

}
=

{
u ∈ N :

∫
Ω

m(x) |u|α+1
> 0

}
(52)

(53)

and similarly

N− =

{
u ∈ N :

∫
Ω

(
|∇u|2 − λ1u

2
)
< 0

}
= ∅ (54)

and

N0 =

{
u ∈ N :

∫
Ω

(
|∇u|2 − λ1u

2
)
= 0

}
, (55)

by (46). Analogously

L+ =

{
u : ∥u∥ = 1,

∫
Ω

(
|∇u|2 − λ1u

2
)
> 0

}
= {u : ∥u∥ = 1, u ⊥ φ1} ,

L− =

{
u : ∥u∥ = 1,

∫
Ω

(
|∇u|2 − λ1u

2
)
< 0

}
= ∅,

L0 =

{
u : ∥u∥ = 1,

∫
Ω

(
|∇u|2 − λ1u

2
)
= 0

}
= {±φ1}

and in a similar way for B+, B− and B0. Notice that we can show as in Section 3 that N+ ̸= ∅. 2

We can prove easily

Lemma 15 If u > 0 is a solution to (50) then∫
Ω

m(x)uα+1 ≥ 0. (56)

2
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Lemma 16 If u > 0 is a solution to (50) then∫
Ω

m(x)uαφ1 = 0.

2

The following result is a counterpart of Lemma 4.

Lemma 17 There exists δ > 0 such that for any u ∈ N+ we have∫
Ω

(
|∇u|2 − λ1u

2
)
≥ δ ∥u∥2 .

Proof. If not, there exists un ∈ N+ and δn > 0 with δn → 0 such that∫
Ω

(
|∇un|2 − λ1u

2
n

)
< δn ∥un∥2 ≤ δnC

where ∥un∥ ≤ C (Lemmas 9 and 11, iv). Then

lim

∫
Ω

(
|∇un|2 − λ1u

2
n

)
= 0.

Using again that N+ is bounded, there exists a subsequence such that un ⇀ u0 and un → u0 in
L2(Ω). If un ↛ u0 we have∫

Ω

(
|∇u0|2 − λ1u

2
0

)
< lim

∫
Ω

(
|∇un|2 − λ1u

2
n

)
= 0,

which is impossible. Hence If un → u0 and∫
Ω

(
|∇u0|2 − λ1u

2
0

)
= 0,

giving u0 = Kφ1 and finally∫
Ω

m(x) |u0|α+1
= lim

∫
Ω

m(x) |un|α+1
=

∫
Ω

m(x)Kα+1φα+1
1 ≥ 0,

a contradiction. 2

We see immediately that for any u ∈ N+,

J(u) =
α− 1

2(α+ 1)

∫
Ω

(
|∇u|2 − λ1u

2
)
≤ 0.

Lemma 18 We have inf
N+
J(u) > −∞.

Proof. Indeed, let u ∈ N+, if v = u
∥u∥ we have

|J(u)| = |J(t(v)v)| =
1− α

2(α+ 1)
t(v)2

∫
Ω

(
|∇v|2 − λ1v

2
)

=
1− α

2(α+ 1)

∫
Ω

m(x) |v|α+1

 2
1−α

∫
Ω

(
|∇v|2 − λ1v

2
) 1+α

1−α

≤ c1
∥v∥

2(1+α)
1−α

L1+α

δ
1+α
1−α ∥v∥

2(1+α)
1−α

≤ c2

by Lemma 17 and Sobolev embedding. 2
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Lemma 19 We have inf
N+
J(u) < 0.

Proof. Assume that there exists un ∈ N+ such that

lim

∫
Ω

(
|∇un|2 − λ1u

2
n

)
= lim

∫
Ω

m(x) |un|α+1
= 0.

Since (un) is bounded by Lemma ??, un ⇀ u0, un → u0 in Lr(Ω), 1 ≤ r < 2∗. If un ↛ u0∫
Ω

(
|∇u0|2 − λ1u

2
0

)
< lim

∫
Ω

(
|∇un|2 − λ1u

2
n

)
= lim

∫
Ω

m(x) |un|α+1
=

∫
Ω

m(x) |u0|α+1
= 0,

with u0 ̸= 0, which is impossible. Now un → u0 and
∫
Ω

(
|∇u0|2 − λ1u

2
0

)
= 0, u0 = kφ1 a

contradiction since ∫
Ω

m(x)kα+1φα+1
1 = 0,

if k ̸= 0. 2

Theorem 15 Assume (46), then infN+ J is attained and there is a solution to (50).

Proof. By Lemma ?? the minimizing sequence (un) is bounded and then un ⇀ u0, un → u0 in
Lr(Ω), 1 ≤ r < 2∗. If un ↛ u0∫

Ω

(
|∇u0|2 − λ1u

2
0

)
< lim

∫
Ω

(
|∇un|2 − λ1u

2
n

)
= lim

∫
Ω

m(x) |un|α+1
=

∫
Ω

m(x) |u0|α+1
,

which gives u0 ̸= 0 and t(u0) > 1. But in this case u0

∥u0∥ ∈ L+ ∩B+, t(u0)u0 ∈ N+ and

inf
N+

Jλ =
α− 1

2(α+ 1)

∫
Ω

m(x) |u0|α+1

and, on the other hand, since t(u0)u0 ∈ N

t(u0)
2

∫
Ω

(
|∇u0|2 − λ1u

2
0

)
= t(u0)

α+1

∫
Ω

m(x) |u0|α+1
,

giving

Jλ(t(u0)u0) =
1

2
t(u0)

2

∫
Ω

(
|∇u0|2 − λ1u

2
0

)
− t(u0)

α+1

α+ 1

∫
Ω

m(x) |u0|α+1

=
(α− 1)t(u0)

α+1

2(α+ 1)

∫
Ω

m(x) |u0|α+1
< inf
N+

Jλ,

a contradiction following from t(u0) > 1. Moreover u0 /∈ N0, since u0 ̸= 0. 2

5.2 Case λ = λ∗

Theorem 16 There exists u0 ∈ H1
0 (Ω), u0 ≥ 0 which is a minimizer of Eλ∗ on N+

λ∗ .

Proof. Let us pick a sequence λn ↗ λ∗ and let un ∈ N+
λn

such that un ≥ 0 and

Eλn(un) = inf
N+

λn

Eλn

with {
−∆un = λnun +m(x) |un|α−1

un in Ω,
un = 0 on ∂Ω.

(57)
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Then, the sequence (un) is bounded. Indeed, if not λ∗ will be a bifurcation point for solutions
un ≥ 0 such that un

∥un∥ → φ1 (use Proposition 3, ii) and Proposition 6. ii)) and then λ∗ = λ1, a

contradiction.
Since (un) is bounded, ∃ un ⇀ u0 and un → u0 in Lr(Ω), 1 ≤ r < 2∗. This implies that u0 ≥ 0 is
a weak solution of {

−∆u = λ∗u+m(x) |u|α−1
u in Ω,

u = 0 on ∂Ω.
(58)

Indeed, for any function φ ∈ H1
0 (Ω) we have∫

Ω

∇un · ∇φ = λn

∫
Ω

unφ+

∫
Ω

m(x) |un|α−1
unφ.

and going to the limit we obtain∫
Ω

∇u0 · ∇φ = λ∗
∫
Ω

u0φ+

∫
Ω

m(x) |u0|α−1
u0φ

since |un|α−1
un → |u0|α−1

u0 in L
2N

α(N−2) (Ω). Next, we prove that

limEλn
(un) < 0.

If w ∈ N+
λ∗ ∫

Ω

(
|∇w|2 − λ∗w2

)
> 0

and by continuity ∫
Ω

(
|∇w|2 − λnw

2
)
> 0,

for n “large”. Then tn(w)w ∈ N+
λn

. Hence

Eλn(un) = inf
N+

λn

Eλn ≤ Eλn(tn(w)w) = inf
t>0

Eλn(tw) ≤ Eλn(w)

and passing to the limit we obtain

lim
n→+∞

Eλn
(un) = lim

n→+∞
( inf
Nλn

Eλn
) ≤ Eλ∗(w) < 0

and then
Eλ∗(u0) ≤ Eλ∗(w)

and u0 ̸= 0. This means that ∫
Ω

(
|∇u0|2 − λ∗u20

)
> 0

and then

Eλ∗(u0) =
α− 1

2(α+ 1)

∫
Ω

m(x) |u0|α+1
< 0,

u0 ∈ N+
λ∗ , u0 /∈ N0

λ∗ , and hence u0 is a minimizer of Eλ∗ on N+
λ∗ . 2

6 Positive and compact support solutions

As it was pointed out in the Introduction, our main interest is to find, among all non-negative
solutions, obtained by using the Nehari manifold method, those which are positive on Ω (including
flat solutions such that ∂u

∂n = 0 on ∂Ω), or solutions u ≥ 0 with supp u ⊂ Ω.
In the one-dimensional case N = 1, classical energy methods in ordinary differential equations

allow to provide a complete description of the solution set. We exhibit above the example of
equation (1) with Ω = (−1, 1) and m ≡ −1, showing also the “transition” along the bifurcation
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branch (from λ1) of non-negative solutions, going from solutions u > 0 with u′(±1) ̸= 0 to compact
support solutions through a flat solution u > 0 with u′(±1) = 0 for a unique value λ∗ of λ (see
[23] and [25] for details).

For the general case N > 1 only partial results seem to be available. In [28] we study the
case m(x) ≤ 0, and a necessary condition is given for the existence of solutions such that ∂u

∂n = 0
on ∂Ω if Ω is star-shaped by using an identity of Pohozaev type and, in this case, it is possible
to obtain estimates on the parameter λ concerning the situation of the (possible) solutions with
this property. We apply below these ideas to our problem. But we start by giving some sufficient
conditions to get solutions with compact support by using the method of local supersolutions such
as presented in [21]. In fact the following results extend Theorem 5.1 and other results presented
in [28].

First of all we will construct some local supersolutions defined in some suitable balls BR(x0)
for x0 ∈ Ω−. To get more global conclusions we will need a certain uniformity on the coefficient
m−(x). Thus, given q0 ∈ (0, ∥m−∥L∞(Ω)] we introduce the subset of Ω− given by

Ω−
q0 =

{
x ∈ Ω− : m−(x) ≥ q0

}
.

On this subset, Ω−
q0 , m

+(x) = 0, and then any uλ solution of (1) satisfies

−∆uλ + q0 |uλ|α−1
uλ − λuλ ≤ −∆uλ +m−(x) |uλ|α−1

uλ − λuλ = 0.

The behavior on Ω−
q0 , of uλ solution of (1), depends of the sign of parameter λ. This will be proved

with the help of the following auxiliary result.

Proposition 8 Let x0 ∈ Ω− such that

BR(x0) ⊂ Ω−
q0 , for some R > 0. (59)

i) Assume λ ≤ 0. Then, for any R > 0 satisfying (59) the function

U(x : x0) = C |x− x0|2/(1−α) (60)

is a local supersolution on BR(x0), in the sense that

−∆U + q0 |U |α−1
U − λU > 0, in BR(x0)− {x0} , respectively,

−∆U + q0 |U |α−1
U − λU = 0, in BR(x0),

depending on whether C is such that

C <

[
q0(1− α)2

2(2α+N(1− α)

]1/(1−α)
, or (61)

C =

[
q0(1− α)2

2(2α+N(1− α)

]1/(1−α)
, respectively. (62)

ii) Assume λ > 0. Define

f(u) := q0u
α − λu, F (u) =

∫ u

0

f(t)dt = αq0
uα+1

α+ 1
− λ

2
u2,

τM =
[q0α
λ

]1/(1−α)
, τf =

[q0
λ

]1/(1−α)
, τF =

[
2q0

(α+ 1)λ

]1/(1−α)
.

(63)

Then f(u) ≥ 0 iff u ∈ [0, τf ], f
′(u) ≥ 0 iff u ∈ [0, τM ] and F (u) ≥ 0 iff u ∈ [0, τF ]. Moreover, if

for µ > 0 we define ψµ : [0, τF ) → [0,+∞) by

ψµ(τ) :=
1√
2µ

∫ τ

0

ds√
F (τ)

, (64)
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then ψµ(τ) is strictly increasing and we have:

ψµ(τ) =
2

(1− α)
√
µλ

arcsin

(√
λ(α+ 1)

2q0
τ1−α

)
, 0 ≤ τ < τF ,

ψµ([0, τF )) =
[
0,

π

(1− α)
√
µλ

)
:=
[
0, RF

)
,

ψµ([0, τf )) =
[
0,

2

(1− α)
√
µλ

arcsin
(√α+ 1

2

))
:=
[
0, Rf

)
,

ψµ([0, τM )) =
[
0,

2

(1− α)
√
µλ

arcsin
(√ (α+ 1)α

2

))
:=
[
0, RM

)
.

Let now η(., µ) : [0, RF ) → [0, τF ) be the inverse function,.i.e. defined by

√
2µτ =

∫ η(τ,µ)

0

ds√
F (τ)

. (65)

Then,

η(r, µ) =

[
2q0

λ(α+ 1)
sin2

(
(1− α)

√
µλ

2
r

)] 1
1−α

, 0 ≤ r < RF . (66)

In particular, the function

U(x : x0) = η(|x− x0| , µ)

satisfies that

−∆U + q0|U |α−1U − λU ≥ 0 in BR(x0), (67)

if

0 < µ ≤ 1
N and R ∈ [0, RM ). (68)

Figure 4: Functions f and F for α = 1/2, q0 = 30, λ = 10.

Proof. Part i) was shown, for λ = 0, in Lemma 1.6 of [21], and it applies also to λ < 0 since
U(x : x0) ≥ 0.
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To prove ii) we observe that the positive zeros of f and F verify τf < τF . In order to get an

explicit form of ψµ(τ), let A :=
q0

α+ 1
, B :=

λ

2
, so that F (s) = Asα+1 −Bs2.

We introduce the change of variables U(s) :=
B

A
s1−α =

λ(α+ 1)

2q0
s1−α. Then Asα+1 − Bs2 =

Asα+1(1− U), and dU = (1− α)
B

A
s−αds. Hence

ds√
F (s)

=
1

(1− α)
√
B
U−1/2(1− U)−1/2 dU.

Substituting this we get

ψµ(τ) =
1√
2µ

· 1

(1− α)
√
B

∫ U(τ)

0

U−1/2(1− U)−1/2 dU

=
1

(1− α)
√
µλ

∫ U(τ)

0

U−1/2(1− U)−1/2 dU.

On the other hand, by well-known properties of the Euler Beta functions (see, e.g. [43])

Bz

(
1

2
,
1

2

)
=

∫ z

0

t−1/2(1− t)−1/2 dt = 2arcsin(
√
z).

Then, we obtain the closed form (8), i.e.,

ψµ(τ) =
2

(1− α)
√
µλ

arcsin
(√

U(τ)
)
, U(τ) =

λ(α+ 1)

2q0
τ 1−α.

This formula is valid for 0 ≤ τ < τF (where U(τ) ≤ 1). Then, as τ → τF , we have U(τ) → 1−.
Therefore

ψµ([0, τF )) =

[
0,

2

(1− α)
√
µλ

arcsin(1)

)
=
[
0,

π

(1− α)
√
µλ

)
.

If one includes the endpoint τ = τF as a limit, ψµ(τF ) reaches the finite value
π

(1− α)
√
µλ

.

Analogously, at τ = τf ,

U(τf ) =
λ(α+ 1)

2q0
τf =

α+ 1

2
,

since 0 < α < 1, this value lies in (0, 1) and thus

ψµ([0, τf )) =
[
0,

2

(1− α)
√
µλ

arcsin
(√

α+1
2

))
.

Notice that ψµ is strictly increasing on [0, τF ) and that ψ′
µ(τ) =

1√
2µ

1√
F (τ)

diverges as τ → τF .

Consequently, the image ψµ([0, τF )) is a finite open interval, with the derivative blowing up at its
right endpoint.
Let us compute now of the inverse function η(r, µ). Let r = ψµ(τ) and solve for τ as a function
of r. We have

r =
2

(1− α)
√
µλ

arcsin

(√
λ(α+ 1)

2q0
τ 1−α

)
.

Then

τ 1−α =
2q0

λ(α+ 1)
sin2

(
(1− α)

√
µλ

2
r

)
.
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Hence, we get the explicit expression of function η given in (66). Its domain is clear. The endpoint
RF corresponds to τ → τF , where the argument of the arcsine tends to 1. This happens when

RF =
π

(1− α)
√
µλ

.

Therefore

η(·, µ) : [0, RF ) −→ [0, τF ), RF =
π

(1− α)
√
µλ

, τF =

(
2q0

(α+ 1)λ

) 1
1−α

.

Moreover, as r → R−
F , the sine term tends to 1 and hence η(r, µ) → τF , and the derivative

∂η

∂r
(r, µ) =

√
µλ√
2

sin((1− α)
√
µλ r) cos((1− α)

√
µλ r)

[
2q0

λ(α+ 1)
sin2

(
(1− α)

√
µλ

2
r

)] α
1−α

converges to 0 as r → R−
F , since cos((1− α)

√
µλ r) → 0+.

Figure 5: Profile of the barrier function η
.

Finally, let us show the supersolution property of the radial function U(x) = η(|x − x0|, µ). Dif-
ferentiating ψµ(η(r, µ)) = r yields

ψ′
µ(η) η

′(r) = 1,

ψ′
µ(τ) =

1√
2µF (τ)

and then η′(r) =
√
2µF (η(r)).

Differentiating again we get

η′′(r) = µ f(η(r)). (69)

Let r = |x− x0|. The Laplacian of a radial function is

∆U = η′′(r) +
N − 1

r
η′(r).
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Hence

−∆U + q0U
α − λU = −η′′(r)− N − 1

r
η′(r) + f(η(r))

= (1− µ) f(η(r))− N − 1

r
η′(r), (70)

where we used (69). Now we will use now an argument in the proof of Theorem 1.5 of [21]. Let
us consider the case 0 < µ ≤ 1/N and prove that then we get a supersolution if R ∈ [0, RM ). For
general µ > 0, equation (70) can be rewritten as

−∆U + q0U
α − λU = (1− µ) f(η)− N − 1

r
η′

= (1− µ) f(η)− N − 1

r

√
2µF (η(r)).

Now, if R ∈ [0, RM ) we know that η′′(r) = µ f(η(r)) ≥ 0, so η(r) is a convex function. Consider
now the auxiliary function

Φ(r) =
√
2µF (η(r)) for 0 ≤ r ≤ RM .

Then Φ(0) = 0, Φ(r) > 0 and moreover Φ(r) is a convex function since Φ′(r) = µf(η(r)), which
is an increasing function if 0 ≤ r ≤ RM (since in this range of values f is increasing). Then, by
elementary results

Φ(r) ≤ Φ′(r)r for all 0 < r < RM ,

and then

−∆U + q0U
α − λU ≥ (1− µ) f(η)− (N − 1)µf(η(r)) = (1− µN) f(η) ≥ 0 for all 0 < r < RM .

2

What Proposition 8 indicates us is that for λ > 0 the useful barrier function η(r, .) has a limited

height and a limited set of definition r ∈ (0, RM ], RM =
2

(1− α)
√
µλ

arcsin
(√ (α+ 1)α

2
)), given

by τM =
[q0α
λ

]1/(1−α)
, which is inversely proportional to λ, and τM → +∞ when λ ↘ 0. This

coincides with the fact that the barrier function (60) is well defined for any r > 0, when λ ≤ 0,
and does not have any height limitation.

Since the function f(u) := q0u
α − λu is monotone increasing if u ∈ [0, τM ], when λ > 0, in

order to have an estimate on the location of the support of the solution uλ it is enough to know
where is located the level set [uλ ≤ τM ] =

{
x ∈ Ω−

q0 : uλ(x) ≤ τM
}
.

Theorem 17 Let λ > 0 and let uλ be a solution of (1). Assume 0 < µ ≤ 1
N and that

Ω−
q0 ∩ [uλ ≤ τM ] is not empty.

Let x0 ∈ Ω−
q0 ∩ [uλ ≤ τM ] be such that

BRM
(x0) ∩ Ω ⊂ Ω−

q0 ∩ [uλ ≤ τM ], (71)

with

RM =
2

(1− α)
√
µλ

arcsin
(√ (α+ 1)α

2
). (72)

Then
uλ(x0) = 0.

In particular, if
[uλ ≤ τM ] ⊂ Ω−

q0

then
supp uλ ⊂ Ω∖ {x ∈ Ω−

q0 such that d(x, [uλ = τM ]) ≥ RM}.
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Figure 6: Estimate on the compact support.

Proof. We can apply the method of local super and subsolution, such as presented in the
monograph [21] since f(u) := q0u

α − λu is monotone increasing if u ∈ [0, τM ]. By Proposition 8

−∆U + q0 |U |α−1
U − λU ≥ 0 on BRM

(x0).

Thus, from (71), given any uλ solution of (1) on Ω− we know that m+(x) = 0 and then

−∆uλ +m−(x) |uλ|α−1
uλ − λuλ = 0 ≤ −∆U + q0 |U |α−1

U − λU in BRM
(x0) ∩ Ω−.

Moreover, we have

uλ(x) = 0 ≤ U(x;x0) on ∂Ω ∩ ∂(BRM
(x0) ∩ Ω)

and, from (72) we get

uλ(x) = τM = U(x;x0) on (BRM
(x0) ∩ Ω)∖ ∂Ω.

Then, since the comparison principle applies for the operator v → −∆v + q0 |v|α−1
v − λv with

Dirichlet boundary conditions, when v(x) ∈ [0, τM ], we deduce that

0 ≤ uλ(x) ≤ U(x;x0) on BRM
(x0) ∩ Ω−,

and, in particular, uλ(x0) = 0 and the proof is complete. 2

Remark 11 The similar statement when λ ≤ 0 is more standard since there is no constraints for
the barrier function, the level τM is replaced by any level τ (for instance τ = ∥uλ∥L∞(Ω)) and the

radius RM is replaced by ψµ(τ) (see the exposition made in [21]). We also point out that when
λ > 0 it is possible to use the barrier function (66) at a level lower than τM , but then the location
estimate is more limited.

The proof that under suitable conditions the non-negative solutions uλ have a compact support
(strictly contained on Ω) is a consequence of Theorem 17, nevertheless we can make explicit a more
global supersolution which illustrate this fact. For simplicity we will assume now that Ω is a ball.
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Theorem 18 Let λ > 0, Ω = BRΩ
(0), and assume that there exists Rq0 < RΩ such that Rq0+RM ≤

RΩ and
[uλ ≤ τM ] ⊂ Ω−

q0 := BRΩ(0) \BRq0
(0). (73)

Then, if uλ(x) is a radially symmetric solution of (1),
0 ≤ uλ(x) ≤ η(Rq0 − |x| , 1) on the ring BRq0

+RM
(0) \BRq0

(0)
and
uλ(x) = 0 on the ring BRΩ

(0) \BRq0+RM
(0),

where η(., 1) is the function given in (66) corresponding to µ = 1, i.e.,

η(r, 1) =

[
2q0

λ(α+ 1)
sin2

(
(1− α)

√
λ

2
r

)] 1
1−α

, 0 ≤ r < RM (74)

and

RM =
2

(1− α)
√
λ
arcsin

(√ (α+ 1)α

2

)
.

Proof. It suffices to show that the function

U(x) =

{
η(Rq0 − |x| , 1) if x ∈ BRq0

+RM
(0) \BRq0

(0),

0 if x ∈ BRΩ
(0) \BRq0

+RM
(0),

is a supersolution of the problem
−∆w + q0 |w|α−1

w − λw = 0, in BRΩ(0) \BRq0
(0)

w = τM =
[q0α
λ

]1/(1−α)
, on ∂BRq0

(0)

w = 0 on BRΩ
(0).

(75)

Indeed, as in the precedent result, we know that if uλ is a radially symmetric solution of (1) (since
on BRq0

(0) ⊂ Ω− m+(x) = 0), then

−∆uλ + q0 |uλ|α−1
uλ − λuλ ≤ −∆uλ +m−(x) |uλ|α−1

uλ − λuλ = 0 in BRM
(x0) ∩ Ω−.

Moreover, from the assumption (73) it follows necessarily,

∂uλ
∂r

(r) ≤ 0, r = |x| ,

and

uλ(Rq0) ≤ τM ,

and thus uλ is a subsolution of the problem (75). Finally, since functions U(x) and uλ(x) take
values in [0, τM ] and there the function f(u) := q0u

α−λu is monotone increasing, by the comparison
principle, we get that

0 ≤ uλ(x) ≤ U(x) on BRΩ
(0) \BRq0

(0),

which is the wanted conclusion (74). Now, to check that U(x) is a supersolution of (75) it suffices
to remark that now since µ = 1

−∆U + q0U
α − λU =

N − 1

r
η′(Rq0 − r, 1) > 0 if r ∈ (Rq0 , Rq0 +RM ).

On the other hand,
U = 0 and ∇U = 0 on ∂BRq0+RM

(0)
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and thus the prolongation by zero verifies that U ∈ H1(BRΩ
(0) \ BRq0

(0)), it is a supersolution
of (75), and the proof is complete. 2

It is then interesting to know when assumption (73) holds, i.e. when the level set [uλ ≤ τM ]
is localized near the boundary ∂Ω, since our main interest now is the study of compact support
solutions, arising when Ω+ ⊂⊂ Ω. This can be done in several ways. One possibility is to construct
a global supersolution. We already know that if uλ(x) is a solution of (1), with Ω bounded non-
necessarily symmetric, then ∥uλ∥L∞(Ω) ≤M(m,α, λ) for some M(m,α, λ) > 0. Then uλ(x) is also
a subsolution of the problem {

−∆v = H(x) in Ω,
v = 0 on ∂Ω,

(76)

with
H(x) = λM(m,α, λ) +m+(x)M(m,α, λ)α,

and then if v is the unique solution of (76), by the comparison principle for the Laplacian operator,
we have that

0 ≤ uλ(x) ≤ v(x) on Ω.

A better estimate can be obtained for small values of λ. The case λ ≤ 0 is more standard and
we send the reader to the presentation made in [21]. A different case corresponds to when

0 < λ < λ1. (77)

Then we can construct a sharper auxiliary problem in order to estimate uλ, since uλ coincides with
the unique solution of the problem{

−∆v +m−(x) |v|α−1
v − λχΩ−(x)v = G(x) in Ω,

u = 0 on ∂Ω,
(78)

with
G(x) = λχΩ+(x)uλ(x) +m+(x) |uλ(x)|α−1

uλ(x).

Notice that G ∈ L∞(Ω), G = 0 on Ω−. Since the comparison principle holds for the problem (78),
thanks to the assumption (77), it suffices now to construct a global supersolution for problem (78).
It is useful to simplify its formulation by considering the problem{

−∆w + q0χΩ− |w|α−1
w − λχΩ−(x)w = G(x) in Ω,

w = 0 on ∂Ω,
(79)

with the assumption
0 ≤ q0χΩ− ≤ m−(x) on Ω− (80)

Corollary 5 Assume (77) and (80). Let w be the unique solution of problem (79). Then 0 ≤ uλ ≤ w
in Ω.

It suffices now to construct an explicit supersolution for the semilinear problem (79). We will do
that for the case of a ball, but it can adapted to the a general open bounded set Ω.

Proposition 9 Let Ω = BRΩ
(0) and assume q0 > 0, Ω− = Ω−

q0 := BRΩ
(0)\BR+

(0), Ω+ = BR+
(0),

for some R+ ∈ (0, RΩ), R++RM ≤ RΩ with RM given in (72) for µ = 1. Assume the data balance
condition

(q0α)
1/(1−α)

λ−(1+α)/(2(1−α)

√
(1− α)(2 + α)

α(α+ 1)
>

∥G∥L∞(Ω)

2N
R+. (81)

Then, the function

U(x) =


K0 −K1 |x| −K2 |x|2 if x ∈ BR+

(0),

η(R+ +RM − |x| , 1) if x ∈ BR++RM
(0) \BR+

(0),

0 if x ∈ BRΩ
(0) \BR++RM

(0),

is a supersolution to problem (79) for some suitable positive constants Ki, i = 0, 1, 2.
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Proof. Once K1 > 0, on BR+
(0) we have

−∆U + q0χΩ− |U |α−1
U − λχΩ−(x) = −∆U ≥ 2NK2 ≥ ∥G∥L∞(Ω)

if

K2 ≥
∥G∥L∞(Ω)

2N
.

On the other hand, to get that U ∈ H1(BRΩ
(0)) we must have{

K0 −K1R+ −K2R
2
+ = η(RM , 1),

K1 + 2K2R+ = η′(RM , 1).

From the second equation we can take, for instance

K1 = η′(RM , 1)−
∥G∥L∞(Ω)

2N
R+.

Thanks to the information on the function η given in Proposition 8 we know that K1 > 0 if the

balance inequality (81) holds. Indeed, we recall that uM =
(q0α
λ

)1/(1−α)
, η(RM , 1) = uM , and

then

η′(RM , 1) =
√
2F (uM ) = um

√
λ
(1− α)(2 + α)

α(α+ 1)
= (q0α)

1/(1−α)
λ−(1+α)/(2(1−α)

√
(1− α)(2 + α)

α(α+ 1)
,

which proves that K1 > 0. Finally, we take

K0 = η(RM , 1) +

(
η′(RM , 1)−

∥G∥L∞(Ω)

2N
R+

)
R+ +

∥G∥L∞(Ω)

2N
R2

+,

and the proof is complete. 2

Remark 12 Assumption (81) is of the same nature than the so called “balance among the data”
made when λ = 0, Ω− = Ω, and in the presence of a non-zero right hand side forcing term G(x)
(see Section 1.2b in [21]).

Remark 13 In a future paper (in preparation) we will obtain some a priori estimate on ∥uλ∥L∞(Ω)

when uλ is solution of a degenerate problem in which λ > λ1, Ω
+ = ϕ and Ω− ⊊ Ω, as in

problem (79).

Finally, we will use the super and subsolution method to get a solution with compact support,
under suitable conditions, but now for the case

λ ≥ λ1. (82)

Notice that this solution does not have to coincide with a possible variational solution to the
problem.

Theorem 19 Let Ω = BRΩ(0) and assume q0 > 0, Ω− = Ω−
q0 := BRΩ(0) \ BR+(0), Ω

+ = BR+(0).
Assume (82), (80). There exists a R ∈ (0,min(1,RM )) such that, if we assume

R+ small enough, and λ ≤ λ(R+, R,
∥∥m+

∥∥
L∞(Ω+)

, α), (83)

for some λ(R+, R, ∥m+∥L∞(Ω+) , α)) ∈ [λ1, λ1(BR+
(0))), with λ1(BR+

(0)) the first eigenvalue of

the Laplacian operator on the set BR+
(0) with homogeneous Dirichlet boundary conditions, then

there exists at least a solution u ≥ 0 with compact support to problem (1).
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Proof. The function Λ(u) = λu+m+(x) |u|α−1
u is monotone increasing and the problem{

−∆w + q0χΩ− |w|α−1
w = G in Ω,

w = 0 on ∂Ω,
(84)

satisfies the maximum principle when G ∈ L2(Ω). Then, we can apply the super and subsolution
method: if we construct a supersolution u0 and a subsolution u0, of problem (1) such that

0 ≤ u0(x) ≤ u0(x) a.e. x ∈ Ω, (85)

then, problem (1) has a maximal solution u∗ and a minimal solution u∗ on the “interval” [u0, u
0]

of H1
0 (Ω), i.e., any other solution u ∈ [u0, u

0] is such that

u0 ≤ u∗ ≤ u ≤ u∗ ≤ u0 a.e. x ∈ Ω. (86)

Here we are using the iterative algorithm{
−∆u1 + q0χΩ−

∣∣u1∣∣α−1
u1 ≤ λu0 +m+(x)

∣∣u0∣∣α−1
u0 in Ω,

u1 = 0 on ∂Ω,
(87)

with {
−∆u0 + q0χΩ−

∣∣u0∣∣α−1
u0 ≥ λu0 +m+(x)

∣∣u0∣∣α−1
u0 in Ω,

u0 = 0 on ∂Ω,
(88)

and similarly for the case of the subsolution u0. We will construct u0 by adapting the function
U(x) used in Proposition 9. For R ∈ (0, RM ], we consider the function

U(x) =


K0 −K1 |x| −K2 |x|2 if x ∈ BR+

(0),

C(R+ +R− |x|)2/(1−α) if x ∈ BR++R(0) \BR+
(0),

0 if x ∈ BRΩ
(0) \BR++R(0),

for some suitable positive constants, C and Ki, i = 0, 1, 2, to be chosen now. So, in BR++R(0) \
BR+

(0) we must have

−∆U + q0χΩ− |U |α−1
U ≥ λχΩ−U. (89)

It is easy to see that

−∆U + q0χΩ− |U |α−1
U ≥ (q0C

α − 2(1 + α)

(1− α)2
C)(R+ +R− |x|)2α/(1−α)

and , since α < 1, condition (89) holds if

0 < R ≤ 1 (90)

(since 0 ≤ s ≤ sα, when α ∈ (0, 1) and s ∈ [0, 1]), and

q0C
α − 2(1 + α)

(1− α)2
C ≥ λC,

which holds if

C ≤

 q0
2(1+α)
(1−α)2 + λ

1/(1−α)

. (91)

Now, let us chose Ki, i = 0, 1, 2 taking into account the rest of conditions in order to get U ∈ H1,
U supersolution. If K1 ≥ 0, in BR+(0), we have

−∆U + q0χΩ− |U |α−1
U ≥ 2NK2 ≥ λK0 +

∥∥m+
∥∥
L∞(Ω+)

Kα
0 ≥ λχΩ−U +m+(x) |U |α−1

U, (92)
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by taking, e.g.,

K2 =
λK0 + ∥m+∥L∞(Ω+)K

α
0

2N
. (93)

Moreover, in order to get U ∈ H1(Ω) we must verify the two following conditions: continuity on
|x| = R+

K0 −K1R+ −K2R
2
+ = CR

2
(1−α) , (94)

and continuity of the gradient on |x| = R+

K1 + 2K2R+ =
2C

(1− α)
R

(1+α)
(1−α) . (95)

Substituting (93) in (95) we get

K1 =
2C

(1− α)
R

(1+α)
(1−α) −

λK0 + ∥m+∥L∞(Ω+)K
α
0

N
R2

+.

Then condition (94) is equivalent to

K0

(
1 +

λK0

2N
R2

+ +
∥m+∥L∞(Ω+)K

α
0

2N
R2

+

)
= CR

2
(1−α) +

2C

(1− α)
R

(1+α)
(1−α) , (96)

which determines K0 and then K2. We must ensure now that K1 ≥ 0. Since

K0 ≥ CR
2

(1−α) +
2C

(1− α)
R

(1+α)
(1−α) ,

we see that K1 ≥ 0 once we have

2C

(1− α)
R

(1+α)
(1−α) ≥

λK0 + ∥m+∥L∞(Ω+)K
α
0

N
R2

+. (97)

But, from (96) we can write

K0 = Ψ−1
R+

(CR
2

(1−α) +
2C

(1− α)
R

(1+α)
(1−α) ),

where ΨR+
: [0.+∞) → [0.+∞) is the strictly increasing function defined by

ΨR+(s) = s(1 +
λ

2N
R2

+s+
∥m+∥L∞(Ω+)

2N
R2

+s
α).

Notice that
lim
R+→0

ΨR+
(s) = s.

Then,

λK0 + ∥m+∥L∞(Ω+)K
α
0

N
R2

+ =
CR

2
(1−α) + 2C

(1−α)R
(1+α)
(1−α)

Ψ−1
R+

(CR
2

(1−α) + 2C
(1−α)R

(1+α)
(1−α) )

− 1.

Notice that
s

Ψ−1
R+

(s)
> 1 since s < Ψ(s),

and that

lim
R+→0

[
λK0 + ∥m+∥L∞(Ω+)K

α
0

N
R2

+

]
= 0.
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Thus, if we prescribe R ≤ 1, condition (97) is verified when R+ is small enough (which also implies
that λ is bounded by some λ(R+, R, ∥m+∥L∞(Ω+) , α)). We know that λ(R+, R, ∥m+∥L∞(Ω+) , α) ≥
λ1 since condition (97) also holds, in this case, for R+ small enough.
Once we have constructed a supersolution u0 = U let us construct now a subsolution u0, of
problem (1), such that

0 ≤ u0(x) ≤ u0(x) a.e. x ∈ Ω. (98)

We consider the function

U(x) =


v(x) if x ∈ BR+

(0),

C(R+ +R− |x|)2/(1−α) if x ∈ BR++R(0) \BR+
(0),

0 if x ∈ BRΩ
(0) \BR++R(0)

for some suitable positive constants R < R and C > 0 to be chosen. The subsolution condition
over BR++R(0) \BR+

(0) holds if we have

−∆U + q0χΩ− |U |α−1
U ≤ 0 in BR++R(0) \BR+(0),

and it is satisfied if

C ≥
[

q0(1− α)2

2(2α+N(1− α)

]1/(1−α)
(see [21]). On BR+

(0) we have

−∆U + q0χΩ− |U |α−1
U = −∆v.

Thus we will take v ≥ 0 such that {
−∆v = λv in BR+

(0),
v = τ on BR+

(0),

where τ ∈ (0, τM ] related with R by the expression

τ = CR2/(1−α). (99)

By well-known results, we know that λ1 < λ1(BR+
(0))). Let λ ∈ [λ1, λ1(BR+

(0))).Then we know
(see, e.g, [59]) that defining w = v − τ , we obtain

(−∆− λ)w = λτ, w|∂BR
= 0. (100)

This is an inhomogeneous Dirichlet problem which admits a unique solution and then v = w + τ .
For a radial solution v(x) =W (r), the equation becomes

W ′′(r) +
n− 1

r
W ′(r) + λW (r) = 0, 0 < r < R, W (R) = τ. (101)

It follows that

W ′′(r) = −n− 1

r
W ′(r)− λW (r). (102)

Since W ′(r) < 0 and W (r) > 0, the sign of W ′′ is not fixed. The function is concave (W ′′ ≤ 0)

if and only if
n− 1

r
(−W ′(r)) ≤ λW (r) ∀ r ∈ (0, R]. This is the case for N = 1 (for N ≥ 2: W ′′

can change sign because the geometric term
N − 1

r
W ′ may dominate near the boundary). In any

case, we can get a bound of the boundary derivative W ′(R). Indeed, let ν =
n

2
− 1 and β =

√
λR.

The regular radial solution is

W (r) = Ar−νJν(
√
λ r), A =

τRν

Jν(β)
. (103)
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Hence

W ′(R) = τ

(
− ν

R
+

√
λ
J ′
ν(β)

Jν(β)

)
. (104)

For 0 < λ < λ1(BR+(0))), Jν(β) > 0 and Jν+1(β) > 0, which implies

W ′(R) = τ

(
− ν

R
+

√
λ
J ′
ν(β)

Jν(β)

)
< 0. (105)

As λ↗ λ1(BR+
(0))), Jν(β) → 0+, J ′

ν(β) remains finite (negative), and hence W ′(R) → −∞.
In addition, we can estimate the maximum of v(x). Because W ′(r) < 0 for r > 0, the maximum of
W occurs at the center:

max
BR

W =W (0). (106)

Using the series expansion (see [59]) Jν(z) ∼
zν

2νΓ(ν + 1)
as z → 0, we find

W (0) = τ
βν

2νΓ(ν + 1) Jν(β)
(107)

or equivalently,

max
BR

v =W (0) = τ
(
√
λR)ν

2νΓ(ν + 1) Jν(
√
λR)

. (108)

(for N = 1,W (0) =
τ

cos(β)
). Then we get that, as λ ↗ λ1(BR+

(0))), since Jν(β) → 0+ while

J ′
ν(β) remains finite we conclude that W (0) → +∞.

In conclusion, to get a comparison with U we will not ask U ∈ H1(Ω). This time, we can apply
some well-known results ([44], [6]) saying that if a measure is generated in the transmission curve,
it is enough to verify that the measure have the correct sign. So, as said before, the continuity on

|x| = R+ requires the condition (99), τ = CR
2

(1−α) , and the negative sign of the measure generated
by the gradient, on |x| = R+, is automatic if we take |W ′(r)| large enough (i.e., λ near λ1(BR+(0))
since |W ′(R)| → +∞). Finally, to have u0(x) ≤ u0(x) a.e. x ∈ Ω, it is enough to take R small (i.e.
τ small), so that, for instance,

τ
(
√
λR)ν

2νΓ(ν + 1) Jν(
√
λR)

≤ CR
2

(1−α) .

This completes the proof. 2

Remark 14 Results of this kind for (1) or related problems giving information on the existence (or
not) of internal “dead cores” can be found, e.g., in [5], where positive solutions are not considered.
Necessary and / or sufficient conditions for these “dead cores” can be found in several papers dealing
with the version of problem (1) for the p−Laplacian. A sufficient condition for the existence of
“dead cores” for λ ≤ λ1 is given in [51], Theorem 1.8 and also in Proposition 5.2 ( see Remark
1.9 for details). Another sufficient condition is given in Proposition 2.19 in [9]. On the other
side, sufficient conditions for the existence of positive solutions are given in Theorem 1.6 and
Propositions 4.5 and 4.6 of [51].

In the next Section we will make some comments and study the necessary conditions for the
formation of the free boundary for the case N > 1.

7 Application of Pohozaev’s Identity

Next, in order to study the existence (or not) of flat (u > 0 in Ω, with ∂u
∂n = 0 on ∂Ω) or compact

support solutions (u ≥ 0 in Ω, with supp u ⊂ Ω), we make the following additional assumption

m ∈ C1(Ω). (109)

The following result was proved in [28]
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Lemma 20 Assume that Ω is starshaped, ∂Ω is C2-manifold and (109) holds. Let u ∈ C1(Ω) be a
weak solution of (1). Then the following Pohozaev Identity holds

(N − 2)

2N

∫
Ω

|∇u|2 − λ
1

2

∫
Ω

|u|2 − 1

α+ 1

∫
Ω

m(x)|u|α+1 (110)

− 1

N(α+ 1)

∫
Ω

(x · ∇m(x))|u|α+1 = − 1

2N

∫
∂Ω

∣∣∣∣∂u∂ν
∣∣∣∣2 (x · ν(x))dσ(x). (111)

If u is a solution such that ∂u
∂n = 0 on ∂Ω we have

(N − 2)

2N

∫
Ω

|∇u|2 − λ

2

∫
Ω

|u|2 − 1

α+ 1

∫
Ω

m(x)|u|α+1 − 1

N(α+ 1)

∫
Ω

(x · ∇m(x))|u|α+1 = 0.

In order to study the existence of compactly support solution at λ, we introduce the Pohozaev
functional Pλ : H1

0 (Ω) → R

Pλ(u) :=
(N − 2)

2N

∫
Ω

|∇u|2 − λ
1

2

∫
Ω

|u|2 − 1

α+ 1

∫
Ω

m(x)|u|α+1

− 1

N(α+ 1)

∫
Ω

(x · ∇m(x))|u|α+1 .

Thus, we have

Corollary 6

• If u ∈ C1(Ω) is a weak solution of (4) then Pλ(u) ≤ 0.

• If u ∈ C1(Ω) is a compactly supported weak solution of (4) then Pλ(u) = 0.

• Under an additional assumption that Ω is strictly star-shaped the converse is also true: if
Pλ(u) = 0 and u ∈ C1(Ω) is a weak solution of (4), then it has a compact support or it is a
flat solution.

With the notations

T (u) =

∫
Ω

|∇u|2, G(u) =

∫
Ω

|u|2,

M(u) =

∫
Ω

m(x)|u|α+1, M∇(u) =

∫
Ω

(x · ∇m(x))|u|α+1

we have 
T (u)− λG(u)−M(u) = 0,

N − 2

2N
T (u)− λ

2
G(u)− 1

α+ 1
M(u)− 1

N(α+ 1)
M∇(u) = 0.

(112)

Notice that if u is a compactly support solution,

Pλ(u) = Eλ(u)−
1

N
T (u)− 1

N(α+ 1)
M∇(u).

Hence, we obtain

Corollary 7 If (x · ∇m(x)) ≥ 0, x ∈ Ω, any compactly supported weak solution u ∈ C1(Ω) of (4)
belongs to the set N−

λ = {u ∈ H1
0 (Ω) ∩ C1(Ω) | E′

λ(u) = 0, E′′
λ(u) < 0}, and thus, Eλ(u) > 0. 2

Recall that if E′
λ(u) = 0 and E′′

λ(u) < 0, then M(u) < 0 and T (u)− λG(u) < 0, and therefore,
λ > λ1 and Ω− ̸= 0.
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By multiplying the first equation in (112) by 1/2 and then subtracting the second equation
from it, we derive:

T (u) = −N(1− α)M(u) + 2M∇(u)

2(1 + α)
(113)

Hence N(1− α)M(u) + 2M∇(u) < 0. Furthermore, under this assumption we obtain

λ = Λ(u) :=
T (u)

G(u)
+

2(1 + α)T (u)M(u)

G(u)[N(1− α)M(u) + 2M∇(u)]
. (114)

Therefore, if u ∈ C1(Ω) is a compactly supported weak solution of (4), and M(u) < 0, then

Λ(u) = T (u)
G(u) +

2(1 + α)T (u)M(u)

G(u)[N(1− α)M(u) + 2M∇(u)]

≥ λ1 + λ1
2(1 + α)M(u)

N(1− α)M(u) + 2M∇(u)
> λ1.

Thus by Corollary 6 we have

Corollary 8 Assume that Ω is starshaped, ∂Ω is C2-manifold and (109) holds. Let λ ∈ R, and
u ∈ C1(Ω) be a compactly supported weak solution of (4). Then

•
∫
Ω

[N(1− α)m(x) + 2(x,∇m(x))]|u|α+1 dx < 0,

• λ = Λ(u),

• if M(u) < 0, λ > λ1.

Introduce

Em := {u ∈ N−
λ :

∫
Ω

[N(1− α)m(x) + 2(x,∇m(x))]|u|α+1 dx < 0}

Consider
λc = inf

u∈Em

Λ(u), (115)

where λc = +∞ if Em = ∅. From [28] we have

Lemma 21 Assume that Ω is starshaped, ∂Ω is C2-manifold and (109) holds. Then λc > λ1, and
there exists a nonnegative minimizer wc ∈ Em of (115), i.e., λc = Λ(wc) and wc ≥ 0 in Ω.

Furthermore, for any λ < λc, equation (4) has no compactly supported weak solution u ∈ C1(Ω)
with Eλ(u) ≥ 0.

In the case M(u) =

∫
Ω

m(x)|u|α+1 < 0, the inequality N(1 − α)M(u) + 2M∇(u) < 0 holds if

M∇(u) < 0. This condition is particularly holds if (x · ∇m(x)) ≤ 0 and (x · ∇m(x)) < 0 on some
domain D ⊂ Ω with |D| > 0. Note that while this is a sufficient condition, it is not necessary.

Remark 15 Consider
m(x) = β − k |x|ω , β, k,> 0, ω > 1.

Then m ∈ C1(Ω), and
x · ∇m(x) = −kω |x|ω < 0, x ̸= 0.

Hence, the necessary condition N(1− α)M(u) + 2M∇(u) < 0 can be rewritten as follows

{x ∈ Ω | N(1− α)β < k(N(1− α) + 2ω) |x|ω} ̸= ∅.

Thus, we have the following sufficient condition on the nonexistence of compactly supported solu-
tions for (4). Indeed, let Ω = {x : |x| < R}. Then the assumptions of Corollary 8 are satisfied,
and therefore, equation (4) has no solutions with compact support if

N(1− α)β > k(N(1− α) + 2ω)Rω. (116)
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In the case M(u) =

∫
Ω

m(x)|u|α+1 dx ≥ 0, the inequality N(1−α)M(u)+ 2M∇(u) < 0 holds only

if M∇(u) < 0. Consequently, if m(x) ≥ 0 and (x · ∇m(x)) ≥ 0 for all x ∈ Ω, then all solutions to
equation (4) satisfy ∂u

∂n ̸= 0 on a subset D ⊂ ∂Ω with |D| > 0. In particular, this includes solutions

u > 0 for which ∂u
∂n < 0 on ∂Ω.

Remark 16 It is clear that condition (116) on the nonexistence of compactly supported solutions
of (4) does not conflict with the result of Theorem 19 on the existence of such solution.
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[34] P. Drábek, and Pohozaev, S.I., Positive solutions for the p-Laplacian: application of the
fibrering method. Proceedings of the Royal Society of Edinburgh Section A: Mathematics,
127(4), (1997), 703-726..

[35] L. Dupaigne, Stable Solutions of Elliptic Partial Differential Equations, Chapman & Hall/CRC
Monographs and Surveys in Pure and Applied Mathematics 143, Boca Raton, FL, 2011.

[36] J. Fernandes and L. A. Maia, The Nehari Manifold for a degenerate logistic parabolic equation,
Differential and Integral Equation, 2024.

[37] W.H. Fleming, A selection-migration model in population genetics, J. Math., Biology 2 (1975),
219-233.

[38] D. Gilbarg and N.S. Trudinger, Elliptic Partial Differential Equations of Second Order.
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