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1 Introduction

The complex Ginzburg–Landau equation constitutes one of the most fundamental models in the theory of
nonlinear dissipative systems. Originally introduced in the context of superconductivity, it describes the
evolution of a complex order parameter whose modulus represents the density of superconducting electron
pairs, while its phase encodes macroscopic quantum coherence. Beyond this original setting, Ginzburg–
Landau type equations arise naturally in nonlinear optics, laser dynamics, superfluidity, Bose–Einstein
condensation, chemical reactions, and pattern formation in systems far from thermodynamic equilibrium
(see, for instance, the pioneering work of Ginzburg and Landau [25] in 1950 in superconductivity, the
monographs by Kuramoto [26], Temam [35] and Levy [27] and some survey papers as, e.g., Battogtokh
and Mikhailov [5], Aranson and Kramer [3]).

From a physical point of view, the relevance of the complex Ginzburg–Landau equation lies in its ability to
capture the coexistence and competition between diffusion, dispersion, nonlinear amplification, saturation
and dissipation. This mixture of mechanisms makes it a universal amplitude equation governing the
modulation of instabilities near criticality and the emergence of coherent structures such as vortices,
defects and spatio-temporal patterns.

From a mathematical perspective, the equation provides a paradigmatic example of an infinite-dimensional
dissipative dynamical system. As emphasized in the monograph of Temam [35] (see also Ginibre and
Velo [23, 24]), it plays a central role in the development of the theory of global attractors, asymptotic
compactness and long-time dynamics for nonlinear evolution equations.
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In several recent works (see, e.g., [12]), the strong stabilization of a damped nonlinear Schrödinger equation
with saturation effects was established on unbounded domains. That analysis demonstrates that suitably
chosen nonlinear damping mechanisms can overcome dispersive effects even in the absence of compactness
properties typically available in bounded domains. Such results are particularly relevant for physical
systems modeled in open space, where boundary confinement cannot be assumed. The main goal of this
paper is to extend the general approach taken in the theory presented in [12] in order to extend previous
results in the literature on complex Ginzburg–Landau equation in which the saturation term is understood
as an absorption term (see, e.g., Antontsev, Dias and Figueira [1] and [16, 17, 18, 19, 20]).

The damped nonlinear Schrödinger equation may be viewed as a limiting or simplified model within the
broader Ginzburg–Landau framework. Introducing a complex coefficient in front of the time derivative
allows one to interpolate continuously between purely dispersive Schrödinger dynamics and purely dissipa-
tive parabolic dynamics. This observation motivates the extension of the stabilization theory developed in
[12] to the complex Ginzburg–Landau equation posed on general domains Ω ⊆ RN (possible unbounded),
with boundary ∂Ω,

e−iθ ∂u

∂t
−∆u+ a|u|−(1−m)u+ b|u|p−1u+ γu = f, in (0,∞)× Ω,

u|∂Ω = 0, on (0,∞)× ∂Ω,

u(0) = u0, in Ω,

(1.1)

(1.2)

(1.3)

where θ ∈
(
−π

2 ,
π
2

)
, 0 ⩽ m ⩽ 1 and a, b, γ ∈ C. Here we write, for generality p ∈ (1,∞) but the physically

more often case considered in the literature corresponds to p = 3.

For θ ∈
[
−π

2 ,
π
2

]
and m ⩾ 0, we introduce the following set of complex numbers:

Cθ(m) =
{
z ∈ C; Re(zeiθ) > 0 and 2

√
mRe(zeiθ) ⩾ |1−m| |Im(zeiθ)|

}
. (1.4)

In the particular cases in which m ∈ {0, 1}, the set Cθ(m) becomes,

Cθ(0) =
{
z ∈ C; Re(zeiθ) > 0 and Im(zeiθ) = 0

}
, (1.5)

Cθ(1) =
{
z ∈ C; Re(zeiθ) > 0

}
, (1.6)

and actually,

Cθ(0) =
{
z ∈ C; ∃µ > 0 such that z = µ e−iθ

}
. (1.7)

We note that if θ =
π

2
, 0 ⩽ m ⩽ 1, a ∈ Cθ(m), b = 0, γ = −V (x) ∈ L1

loc(Ω;R) and f ∈ L1
loc

(
[0,∞);L2(Ω)

)
,

then equation (1.1) becomes

i
∂u

∂t
+∆u+ V (x)u− a|u|−(1−m)u = −f. (1.8)

It follows that the nonlinear Schrödinger equation (1.8) is a limit case of the Ginzburg–Landau equa-
tion (1.1), in terms of θ. But the Ginzburg–Landau equation (1.1) may also be considered as an interme-
diate equation between the nonlinear Schrödinger equation and the nonlinear heat equation

∂u

∂t
−∆u+ a|u|−(1−m)u = f,

by taking θ = 0, a ∈ R and b = γ = 0 in (1.1). In this last case, a ∈ C0(m) only means that a is a positive
real number.
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We point out that the analysis of the complex Ginzburg–Landau equation on unbounded domains presents
several intertwined difficulties. The complex prefactor e−iθ in front of the time derivative breaks both the
purely Hamiltonian structure of Schrödinger-type equations and the gradient-flow structure of parabolic
equations.

The strategy of the proof relies on the use of suitable energy methods, sharpening the ones presented in the
monograph [2]. Those methods capture the effective dissipation induced by the nonlinear terms, combined
with refined energy estimates adapted to unbounded domains. Singular nonlinearities with 0 ⩽ m < 1
require weak formulations and truncation arguments to control the dynamics near vanishing amplitudes.
In a different paper, [8], we will prove the strong stabilization of solutions in a finite time under suitable
conditions.

The nonlinear terms appearing in the complex Ginzburg–Landau equation introduce amplitude-dependent
dissipation that becomes particularly effective in regimes where linear mechanisms fail. The singular term
|u|−(1−m)u acts as a strong damping mechanism near low-amplitude states, suppressing residual oscillations
and preventing the persistence of small-amplitude coherent structures. From the physical point of view,
this term can be interpreted as a saturation or threshold effect that inhibits the survival of weak excitations.

The complex prefactor e−iθ plays a fundamental role in shaping the dynamics. For θ ̸= 0, the system no
longer conserves energy in the Hamiltonian sense, and the interaction between dispersive and dissipative
components leads to a gradual relaxation toward equilibrium. This behavior is characteristic of systems
far from equilibrium, where dissipation and dispersion coexist and compete.

In this paper, existence and uniqueness of the solutions are obtained under the assumption that a ∈ Cθ(m),
while for the equation (1.8), they are proved in the series of papers [6, 9, 10, 11, 12] under the assumption
that −a ∈ C(m), where

C(m) =
{
z ∈ C; Im(z) > 0 and 2

√
mIm(z) ⩾ (1−m)|Re(z)|

}
.

We note that assuming a ∈ Cπ
2
(m) is equivalent to assuming −a ∈ C(m).

The organization of this paper is the following. Section 2 presents the statements of the main results
concerning the existence and uniqueness of the solutions. Before to entering into the detailed proofs, we
collect in Section 3 a set of notations and some basic results of Functional Analysis which will be used in
this paper. Although several other alternatives are possible, in our approach to the proofs of the existence
of solutions we will use the abstract theory of maximal monotone operators, according the well-known
theory mainly developed by Häım Brezis and improving the results presented in Okazawa and Yokota [31].
Section 4 contains the detailed definition of the operators we will consider proving their monotonicity
and the range properties which show that they are maximal monotone operators. Finally, in Section 5, we
present the proofs of the results concerning the existence and uniqueness of the solutions.

2 Existence and uniqueness of the solutions

Our main assumptions concerning the existence and uniqueness of the solutions are the following:

Assumption 2.1. We assume the following.

Ω is any nonempty open subset of RN , (2.1)

−π

2
< θ <

π

2
, (2.2)

m ∈ [0, 1] and p ∈ (1,∞), (2.3)

a ∈ Cθ(m) and b ∈ Cθ(p) ∪ {0}, (2.4)

γ ∈ C with Re(γeiθ) ⩾ 0, (2.5)
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where Cθ is defined in (1.4).

Definition 2.2. Let O ⊆ RN be an open subset and let u ∈ L1
loc(O). A function U is said to be a saturated

section associated to u if U ∈ L∞(O), ∥U∥L∞(O) ⩽ 1 and U =
u

|u|
, almost everywhere where u ̸= 0.

Now, let us define the notion of solution.

Definition 2.3. Assume (2.1) and (2.3). Let θ ∈ [0, 2π], a, b, γ ∈ C, f ∈ L1
loc

(
[0,∞);L2(Ω)

)
and u0 ∈

L2(Ω). Let us consider the following assertions.

1. Let Xm,p = Lm+1(Ω) ∩ Lp+1(Ω). For q = m or q = p, we have that

u ∈ Lq+1
loc

(
[0,∞);H1

0 (Ω) ∩Xm,p

)
∩W

1, q+1
q

loc

(
[0,∞);H⋆ +X⋆

m,p

)
(2.6)

2. For almost every t > 0, ∆u(t) ∈ H⋆.

3. (a) If m > 0 then u satisfies (1.1) in D ′((0,∞)× Ω
)
.

(b) If m = 0 then there exists a saturated section U associated to u such that the pair (u, U)
satisfies

e−iθ ∂u

∂t
−∆u+ aU + b|u|p−1u+ γu = f, in D ′((0,∞)× Ω

)
. (2.7)

4. We have that u(0) = u0, in L2(Ω).

We shall say that u is a strong solution if u is an H2-solution or an H1
0 -solution. We shall say that u is an

H2-solution (respectively, an H1
0 -solution) to (1.1)–(1.3), if u satisfies the Assertions 1–4 with H = L2(Ω)(

respectively, with H = H1
0 (Ω)

)
.

We shall say that u is an L2-solution or a weak solution to (1.1)–(1.3) if there exists a pair,

(un, fn)n∈N ⊂ C
(
[0,∞);L2(Ω)

)
× L1

loc

(
[0,∞);L2(Ω)

)
, (2.8)

such that for any n ∈ N, un is an H2-solution to (1.1)–(1.3) where the right hand side of (1.1) is fn, and if

un
C([0,T ];L2(Ω))−−−−−−−−−→

n→∞
u and fn

L1((0,T );L2(Ω))−−−−−−−−−−→
n→∞

f, (2.9)

for any T > 0. Sometimes, we shall write (u, f), (u, U) or (u, U, f) to designate a solution with the obvious
meanings.

Remark 2.4. Below are some comments about Definition 2.3.

1. If a ∈ Cθ(0) then by (1.7) there exists µ > 0 such that a = µe−iθ. It follows that (2.7) may be
rewritten as,

e−iθ ∂u

∂t
−∆u+ µ e−iθU + b|u|p−1u+ γu = f, in D ′((0,∞)× Ω

)
. (2.10)

2. The assumption (2.6) is made to have that any solution belong to C
(
[0,∞);L2(Ω)

)
. Indeed, we have

by [9, Lemma A.4] and [12, Theorem 5.3] that for any q ∈ [0,∞],

Lq+1
loc

(
[0,∞);H1

0 (Ω) ∩Xm,p

)
∩W

1, q+1
q

loc

(
[0,∞);H−1(Ω) +X⋆

m,p

)
↪→ C

(
[0,∞);L2(Ω)

)
,

and then any strong solution belongs to C
(
[0,∞);L2(Ω)

)
. As a consequence, (2.8) and 4 of Defini-

tion 2.3 make sense and any weak solution also belongs to C
(
[0,∞);L2(Ω)

)
.
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3. Assume m = 0. Let (u, U) be a weak solution. It is clear from (2.7) that if u is unique in D ′((0,∞)×
Ω
)
then so is U.

4. We easily deduce from Definition 2.2 and (2.9) that if u is a weak solution then each term of equation
(1.1) belongs to D ′((0,∞) × Ω

)
, except possibly b|u|p−1u. It follows that the existence of a strong

solution implies the existence of a weak solution when b = 0. Otherwise, we have to show that
b|u|p−1u ∈ D ′((0,∞)× Ω

)
.

The goal of the next result is to clarify in which way the weak solutions satisfy the equation (1.1) in
the unsaturated case and without the presence of the superlinear term (m ̸= 0 and b = 0). This permits
to give a result without assumption on the parameters θ, a and γ. Note that if θ = ±π

2 then equation
(1.1) becomes the nonlinear Schrödinger equation and we recover the result by [11] (Proposition 2.5).
Nevertheless, in the presence of this superlinearity and in the unsaturated case (b ̸= 0 and m ̸= 0), we may
give a sense to the equation (1.1) better than in D ′((0,∞) × Ω

)
with the additional assumptions (2.2),

(2.4) and (2.5). A weaker statement holds in the saturated case. See Theorems 2.9 and 2.10 below.

Proposition 2.5 (The unsaturated case). Let Ω ⊆ RN be an open subset, θ ∈
[
−π

2 ,
π
2

]
, 0 < m ⩽ 1,

a, γ ∈ C, b = 0 and f ∈ L1
loc

(
[0,∞);L2(Ω)

)
. Let u be a weak solution to (1.1). Let (un, fn)n∈N be any

sequence of H2-strong solutions to (1.1)–(1.2) satisfying (2.9). Then,

u ∈ W 1,1
loc

(
[0,∞);H−2(Ω) + L

2
m (Ω)

)
, (2.11)

and u solves (1.1) in L1
loc

(
[0,∞);H−2(Ω) + L

2
m (Ω)

)
and so in D ′((0,∞)× Ω

)
. In addition,

un
W 1,1((0,T );H−2(Ω)+L

2
m (Ω))−−−−−−−−−−−−−−−−−−−→

n→∞
u. (2.12)

for any T > 0.

Proposition 2.6 (Uniqueness and continuous dependance). Let Assumption 2.1 be fulfilled, let

f, f̃ ∈ L1
loc

(
[0,∞);L2(Ω)

)
and X = H1

0 (Ω) ∩ Lm+1(Ω) ∩ Lp+1(Ω). Finally, let 1 ⩽ q ⩽ ∞ and let

u, ũ ∈ Lq
loc

(
[0,∞);X

)
∩W 1,q′

loc

(
[0,∞);X⋆

)
↪→ C

(
[0,∞);L2(Ω)

)
, (2.13)

be solutions in D ′((0,∞)× Ω
)
to,

e−iθut −∆u+ a|u|−(1−m)u+ b|u|p−1u+ γu = f,

e−iθũt −∆ũ+ a|ũ|−(1−m)ũ+ b|ũ|p−1ũ+ γũ = f̃ ,

respectively. Then,

∥u(t)− ũ(t)∥L2(Ω) ⩽ ∥u(s)− ũ(s)∥L2(Ω) +

t∫
s

∥f(σ)− f̃(σ)∥L2(Ω)dσ, (2.14)

for any t ⩾ s ⩾ 0. Finally, (2.14) also holds true for the weak solutions.

Remark 2.7. If m = 0 then it is understood in Proposition 2.6 that |u|−(1−m)u = U, where U is a
saturated section associated to u.

Theorem 2.8 (Existence and uniqueness of L2-solutions). Let Assumption 2.1 be fulfilled and let
f ∈ L1

loc

(
[0,∞);L2(Ω)

)
. For any u0 ∈ L2(Ω), there exists a unique weak solution to (1.1)–(1.3).
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Theorem 2.9 (Properties of the L2-solutions). Let Assumption 2.1 be fulfilled, let u0 ∈ L2(Ω),
f ∈ L2

loc

(
[0,∞);L2(Ω)

)
and u be the unique weak solution to (1.1)–(1.3) given by Theorem 2.8. Then,

u ∈ L2
loc

(
[0,∞);H1

0 (Ω)
)
, (2.15)

u ∈ Lm+1
loc

(
[0,∞);Lm+1(Ω)

)
∩ Lp+1

loc

(
[0,∞);Lp+1(Ω)

)
, (2.16)

and for any t ⩾ s ⩾ 0,

1

2
∥u(t)∥2L2(Ω) + cos θ

t∫
s

∥∇u(σ)∥2L2(Ω)dσ +Re(aeiθ)

t∫
s

∥u(σ)∥m+1
Lm+1(Ω)dσ +Re(beiθ)

t∫
s

∥u(σ)∥p+1
Lp+1(Ω)dσ

+Re(γeiθ)

t∫
s

∥u(σ)∥2L2(Ω)dσ ⩽
1

2
∥u(s)∥2L2(Ω) +Re

eiθ
t∫∫

s Ω

f(σ, x)u(σ, x) dxdσ

 ,

(2.17)

Finally, setting Ym,p = H1
0 (Ω) ∩ Lm+1(Ω) ∩ Lp+1(Ω), if m > 0 and if (un, fn)n∈N is any sequence of

H2-strong solutions to (1.1)–(1.2) satisfying (2.9) then,

u ∈ W 1,1
loc

(
[0,∞);Y ⋆

m,p

)
, (2.18)

∂un

∂t

L1
loc([0,∞);Y ⋆

m,p)w

−−−−−−−−−−−−⇀
n−→∞

∂u

∂t
, (2.19)

u satisfies (1.1) in L1
loc

(
[0,∞);Y ⋆

m,p

)
↪→ D ′((0,∞)× Ω

)
. (2.20)

Due to the lack of separability of L∞(Ω), we encounter some difficulties about the measurability of the
saturated nonlinearity U : [0,∞) −→ L∞(Ω). To avoid this, we introduce a sequence (Yn)n∈N0 of L1-
approximating sequence of RNP-spaces: (Yn)n∈N0

is a sequence of Banach spaces such that for any n ∈ N0,
D(Ω) ↪→ Yn ↪→ Yn+1 ↪→ L1(Ω) with dense embeddings, Yn is separable and reflexive when n ⩾ 1,
Yn ̸= Yn+1 ̸= L1(Ω) and for any f ∈ Y0, ∥f∥L1(Ω) ⩽ ∥f∥Yn

and lim
n→∞

∥f∥Yn
= ∥f∥L1(Ω). This sequence

exists with the help of [12, Lemma 5.8]. For more details, see [12, Section 5].

Theorem 2.10 (The saturated case). Let Assumption 2.1 be fulfilled with m = 0, let u0 ∈ L2(Ω), let
f ∈ L2

loc

(
[0,∞);L2(Ω)

)
and let (u, U) be the unique weak solution to (1.1)–(1.3) given by Theorem 2.8. Let

(Yℓ)ℓ∈N0
be any L1-approximating sequence of RNP-spaces. Finally, let (un, Un, fn)n∈N be any sequence of

H2-strong solutions to (1.1)–(1.2) satisfying (2.9). Then for any ℓ ∈ N0,

u ∈ W 1,1
loc

(
[0,∞);Z⋆

ℓ,p

)
, (2.21)

∂un

∂t

L1((0,T );Z⋆
ℓ,p)w

−−−−−−−−−−−−⇀
n−→∞

∂u

∂t
, (2.22)

(u, U) satisfies (1.1) in L1
loc

(
[0,∞);Z⋆

ℓ,p

)
↪→ D ′((0,∞)× Ω

)
, (2.23)

for any T > 0, where Zℓ,p = H1
0 (Ω) ∩ Yℓ ∩ Lp+1(Ω). In addition,

Un

L∞((0,T )×Ω)w⋆

−−−−−−−−−−−⇀
n→∞

U, (2.24)

for any T > 0. Finally there exists N0 ⊂ (0,∞) with |N0| = 0 such that for any t ∈ (0,∞) ∩N c
0 ,

u′(t) ∈ H−1(Ω) + L∞(Ω) + L
p+1
p (Ω). (2.25)

In particular, equation (1.1) makes sense in H−1(Ω) + L∞(Ω) + L
p+1
p (Ω), for almost every t > 0.
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Remark 2.11. Below are some comments about Theorem 2.10.

1. If |Ω| < ∞ then the spaces Z⋆
ℓ,p may be replaced with H−1(Ω) + L

p+1
p (Ω). See the end of the proof

of Theorem 2.10 for the details.

2. Whether or not u′ : (0,∞) −→ H−1(Ω) + L∞(Ω) + L
p+1
p (Ω) is measurable is an open question.

3. It follows from the properties of (Yℓ)ℓ∈N0 that for any ℓ ∈ N0,

∥U∥L∞((0,∞);Y ⋆
ℓ ) ⩽ ∥U∥L∞((0,∞)×Ω) ⩽ 1,

Theorem 2.12 (Additional regularity of the weak solutions). Let Assumption 2.1 be fulfilled, let
f ∈ L2

loc

(
[0,∞);L2(Ω)

)
, let u0 ∈ H1

0 (Ω) and let u be the unique weak solution to (1.1)–(1.3) given by
Theorem 2.8. Then we have that, u ∈ Cw

(
[0,∞);H1

0 (Ω)
)
,

∆u ∈ L2
loc

(
[0,∞);L2(Ω)

)
.

(2.26)

In addition, for any t ⩾ s ⩾ 0.,

∥∇u(t)∥2L2(Ω) + cos θ

t∫
s

∥∆u(σ)∥2L2(Ω)dσ ⩽ ∥∇u(s)∥2L2(Ω) +
1

cos θ

t∫
s

∥f(σ)∥2L2(Ω)dσ, (2.27)

Case m > 0. Then u ∈ W 1,q
loc

(
[0,∞);L2(Ω) + L

m+1
m (Ω) + L

p+1
p (Ω)

)
and u satisfies (1.1) in

Lq
loc

(
[0,∞);L2(Ω) + L

m+1
m (Ω) + L

p+1
p (Ω)

)
where q =

{
2, if b = 0,
p+1
p , if b ̸= 0.

Case m = 0. Assume further that |Ω| < ∞, let q be as above and let U be the saturated section associated
to u. Then

u ∈ W 1,q
loc

(
[0,∞);L2(Ω) + L

p+1
p (Ω)

)
, U ∈ L∞

loc

(
[0,∞);L2(Ω)

)
, (2.28)

and u satisfies (1.1) in Lq
loc

(
[0,∞);L2(Ω) + L

p+1
p (Ω)

)
. Finally, the map t 7−→ ∥u(t)∥2L2(Ω) belongs to

W 1,1
loc

(
[0,∞);R

)
and for almost every t > 0,

1

2

d

dt
∥u(t)∥2L2(Ω) + cos θ∥∇u(t)∥2L2(Ω) +Re(aeiθ)∥u(t)∥m+1

Lm+1(Ω)

+ Re(beiθ)∥u(t)∥p+1
Lp+1(Ω) +Re(γeiθ)∥u(t)∥2L2(Ω) = Re

eiθ
∫
Ω

f(t, x)u(t, x) dx

 ,
(2.29)

Theorem 2.13 (Existence and uniqueness of H1
0 -solutions). Let Assumption 2.1 be fulfilled and

assume that one of the following assumptions holds.
b = 0,

p(N − 2) ⩽ N + 2,

|Ω| < ∞.

(2.30)

(2.31)

(2.32)

If m = 0 then assume further that |Ω| < ∞. Finally, let

f ∈ L2
loc

(
[0,∞);L2(Ω)

)
∩ L

m+1
m

loc

(
[0,∞);H−1(Ω) + L

m+1
m (Ω) + L

p+1
p (Ω)

)
. (2.33)
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For any u0 ∈ H1
0 (Ω), there exists a unique H1

0 -solution u, and u satisfies (2.6) with{
q = m, if (2.30) or (2.31) is satisfied,

q = p, if (2.32) is satisfied.

Finally, u is also a weak solution, the map t 7−→ ∥u(t)∥2L2(Ω) belongs to W 1,1
loc

(
[0,∞);R

)
and (2.29) holds

for almost every t > 0.

Theorem 2.14 (Existence and uniqueness of H2-solutions). Let Assumption 2.1 be fulfilled and
f ∈ W 1,1

loc

(
[0,∞);L2(Ω)

)
. Then for any u0 ∈ H1

0 (Ω) ∩ L2m(Ω) ∩ L2p(Ω) with ∆u0 ∈ L2(Ω), there exists a

unique H2-solution u to (1.1)–(1.3). Furthermore, u satisfies (1.1) in L∞
loc

(
[0,∞);L2(Ω)

)
and the following

properties.

1. We have that,

u ∈ C
(
[0,∞);H1

0 (Ω)
)
∩W 1,∞

loc

(
[0,∞);L2(Ω)

)
∩ L∞

loc

(
[0,∞);L2p(Ω)

)
,

and, in addition, if m > 0 then u ∈ L∞
loc

(
[0,∞);L2m(Ω)

)
. If m = 0 then the saturated section U

associated to u satisfies (2.28).

2. We have ∆u ∈ Cw

(
[0,∞);L2(Ω)

)
and,

∥u(t)− u(s)∥L2(Ω) ⩽ ∥ut∥L∞((s,t);L2(Ω))|t− s|,

∥∇u(t)−∇u(s)∥L2(Ω) ⩽ M |t− s| 12 ,

∥ut∥L∞((0,t);L2(Ω)) ⩽ ∥e−iθAm
0 u0 − f(0)∥L2(Ω) +

∫ t

0

∥f ′(σ)∥L2(Ω)dσ,

(2.34)

(2.35)

(2.36)

for any t ⩾ s ⩾ 0, where M2 = 2∥ut∥L∞((s,t);L2(Ω))∥∆u∥L∞((s,t);L2(Ω)) and e−iθAm
0 u0 = −∆u0 +

a|u0|m−1u0 + b|u0|p−1u0 + γu0

(
e−iθA0

0u0 = −∆u0 + a u0

|u0|1{u0 ̸=0} + b|u0|p−1u0 + γu0, if m = 0).

3. The map t 7−→ ∥u(t)∥2L2(Ω) belongs to W 1,∞
loc

(
[0,∞);R

)
and (2.29) holds for almost every t > 0.

4. The map t 7−→ ∥∇u(t)∥2L2(Ω) belongs to W 1,∞
loc

(
[0,∞);R

)
and

d

dt
∥∇u(t)∥2L2(Ω) + cos θ∥∆u(t)∥2L2(Ω) ⩽

1

cos θ
∥f(t)∥2L2(Ω),

for almost every t > 0.

5. If f ∈ W 1,1
(
(0,∞);L2(Ω)

)
then ∆u ∈ L∞((0,∞);L2(Ω)

)
and

u ∈ Cb

(
[0,∞);H1

0 (Ω)
)
∩W 1,∞((0,∞);L2(Ω)

)
∩ L∞((0,∞);L2p(Ω)

)
,

u ∈ L∞((0,∞);L2m(Ω)
)
, if m > 0 and U ∈ L∞((0,∞);L2(Ω)

)
, if m = 0,

where U is the saturated section associated to u.

Remark 2.15. Theorem 2.14 appeals to some comments.

1. Since f ∈ W 1,1
loc

(
[0,∞);L2(Ω)

)
↪→ C

(
[0,∞);L2(Ω)

)
, estimate (2.36) with f(0) makes sense.

2. By Hölder’s inequality, ∥u∥p+1
Lp+1(Ω) ⩽ ∥u∥pL2p(Ω)∥u∥L2(Ω) and then u ∈ C

(
[0,∞);Lp+1(Ω)

)
. Futher-

more, if v is also an H2-solution then by Hölder’s inequality,

∥|u|p−1u− |v|p−1v∥
L

p+1
p (Ω)

⩽ C
(
∥u∥p−1

Lp+1(Ω) + ∥v∥p−1
Lp+1(Ω)

)
∥u− v∥Lp+1(Ω),

so that |u|p−1u ∈ C
(
[0,∞);L

p+1
p (Ω)

)
.
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3. In the same way, if m > 0 then u ∈ C
(
[0,∞);Lm+1(Ω)

)
and |u|m−1u ∈ C

(
[0,∞);L

m+1
m (Ω)

)
([9,

Lemma A.1]). Therefore, ∥u( . )∥2L2(Ω) ∈ C1
(
[0,∞);R

)
and (2.29) holds true for any t ⩾ 0. We then

infer by the equation (1.1) that
∂u

∂t
∈ Cw

(
[0,∞);L2(Ω) + L

m+1
m (Ω) + L

p+1
p (Ω)

)
,

u ∈ C1
(
[0,∞);H−1(Ω) + L

m+1
m (Ω) + L

p+1
p (Ω)

)
.

4. Due to the regularity of H2solutions, it follows that u satisfies (2.6) with q = m and q = p.

Remark 2.16. All the results in this section remain valid without the presence of the superlinear term
b|u|p−1u, which amounts to taking b = 0. In this case, one must ignore all Lebesgue and Sobolev spaces
that involve p. In particular, if u is a strong solution in the sense of the Definition 2.3, then (2.6) reads:

u ∈ Lm+1
loc

(
[0,∞);H1

0 (Ω) ∩ Lm+1(Ω)
)
∩W

1,m+1
m

loc

(
[0,∞);H⋆ + L

m+1
m (Ω)

)
, (2.37)

as in the series of papers [6, 9, 10, 11, 12].

3 Notations and some results of Functional Analysis

We collect here some notations that will be used along with this paper. Throughout this section, X
is a real Banach space, Ω is an arbitrary open subset of RN and I is an interval. The set of positive
integers is denoted by N, and N0 = N ∪ {0}. Unless if specified, all functions are complex-valued and all
the vector spaces are considered over the field R. For 1 ⩽ p ⩽ ∞, p′ is the conjugate of p defined by
1
p + 1

p′ = 1. X⋆ is the topological dual of X and ⟨ . , . ⟩X⋆,X ∈ R is the X⋆ − X duality product. The

scalar product in L2(Ω) between two functions u, v is, (u, v)L2(Ω) = Re
∫
Ω
u(x)v(x)dx. For p ∈ (0,∞],

u ∈ Lp
loc

(
[0,∞);X

)
means that u ∈ Lp

loc

(
(0,∞);X

)
and for any T > 0, u|(0,T ) ∈ Lp

(
(0, T );X

)
. In the

same way, we will use the notation u ∈ W 1,p
loc

(
[0,∞);X

)
. If p ∈ (0,∞] and r = 0 then L

p
r (Ω) = L∞(Ω) and

W 1, pr (Ω) = W 1,∞(Ω). L0(Ω) is the space of measurable functions u : Ω −→ C such that |u| < ∞, almost
eveywhere in Ω. The Lebesgue measure of a measurable set A ⊂ RN will be denoted by |A|. Cw(I;X)
is the space of continuous functions from I to

(
X,σ(X,X⋆)

)
(= Xw). Finally, we denote by C auxiliary

positive constants, and sometimes, for positive parameters a1, . . . , an, write as C(a1, . . . , an) to indicate
that the constant C depends only and continuously on a1, . . . , an (we will use this convention for constants
which are not denoted merely by “C”).

Throughout this paper, we shall always identify L2(Ω) with its topological dual. Let us recall some
important results of Functional Analysis that we will use without necessarily referring to them. Let E
and F be locally convex Hausdorff topological vector spaces. If E ↪→ F with dense embedding then
F ⋆ ↪→ E⋆, and for any L ∈ F ⋆ and x ∈ E, ⟨L, x⟩E⋆,E = ⟨L, x⟩F⋆,F . Moreover, if E and F are Banach
spaces then so are E ∩ F and E + F and if E ∩ F is dense in both E and F then (E ∩ F )⋆ = E⋆ + F ⋆

and (E + F )⋆ = E⋆ ∩ F ⋆. If D(Ω) ↪→ X with dense embedding then L1
loc

(
[0,∞);X⋆

)
↪→ D ′((0,∞)× Ω

)
.

Let p ∈ [1,∞). If X is separable then so is Lp(I;X), and if X is reflexive then Lp(I;X)⋆ ∼= Lp′
(I;X⋆).

Let X ↪→ Y be Banach spaces and u ∈ Cw(I;Y ). Assume that there exist C > 0 and a null set N0 ⊂ I
such that for any t ∈ I \ N0, u(t) ∈ X and ∥u(t)∥X ⩽ C. If X is reflexive then for any t ∈ I, u(t) ∈ X,
∥u(t)∥X ⩽ C and u ∈ Cw(I;X). Let u ∈ CΩ, 1 < p ⩽ ∞, and (un)n∈N ⊂ Lp(Ω) be bounded. If un −→ u,
as n → ∞, a.e. in Ω, then u ∈ Lp(Ω) and un−⇀ u, as n → ∞, in Lp(Ω)w, if p < ∞, and in L∞(Ω)w⋆,
if p = ∞. Finally, we recall that an operator (A,D(A)) on L2(Ω) is maximal monotone if, and only if,
it is m-accretive. For more details, see Bergh and Löfström [14], Brezis [15], Droniou [21], Edwards [22],
Strauss [33, 34], Trèves [36] and Bégout [7].
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4 Maximal monotone operators

Throughout this paper, we shall use the following notations and conventions. Letm ⩾ 0. Since
∣∣|z|−(1−m)z

∣∣ =
|z|m, we extend by continuity at z = 0 the map z 7−→ |z|−(1−m)z by setting |z|−(1−m)z = 0 if m > 0 and
z = 0. To solve (1.1), we rewrite the equation as du

dt + Am
0 u = f, where Am

0 is defined below, and use

the theory of maximal operators in L2(Ω). But the nonlinearities |u|−(1−m)u and |u|p−1u do not belong
to L2(Ω). To this end, we regularize the damping term around u = 0 and truncate the superlinearity for
large values of u. As a consequence, we define the operators below. Let ε ⩾ 0, p > 1 and M > 0. For
u ∈ L0(Ω), we define

gmε (u) = (|u|2 + ε)−
1−m

2 u, m+ ε > 0,

hp
M (u) = |u|p−1u1{|u|<M} +Mp−1u1{|u|⩾M},

g00(u) =
u

|u|
, u ̸= 0.

Obviously, for any ε ⩾ 0, M > 0 and u ∈ L0(Ω), g1ε(u) = h1
M (u) = u. In all this section, we suppose (2.1),

(2.2) and (2.5). Let a, b ∈ C, 0 ⩽ m ⩽ 1, p > 1 and ε ⩾ 0. Let us define the following operators on L2(Ω).

∀u ∈ D(L)
def
=
{
u ∈ H1

0 (Ω); ∆u ∈ L2(Ω)
}
, Lu = −eiθ∆u+ γeiθu,D(Bm

ε ) = L2(Ω), ε > 0 or m = 1,

∀u ∈ D(Bm
ε ), Bm

ε u = aeiθgmε (u) + beiθhp
M (u),

D(Am
ε ) = D(L), ε > 0,

∀u ∈ D(Am
ε ), Am

ε u = Lu+Bm
ε u,

D(B0
0) = L2(Ω),

∀u ∈ D(B0
0), B

0
0u =

{
U ∈ L2(Ω); U is a saturated section associated to u

}
,D(A0

0) = D(L) ∩ L2p(Ω),

∀u ∈ D(A0
0), A

0
0u =

{
Lu+ aeiθU + beiθgp0(u); U ∈ B0

0u
}
,D(Am

0 ) = D(L) ∩ L2m(Ω) ∩ L2p(Ω), m > 0,

∀u ∈ D(Am
0 ), Am

0 u = Lu+ aeiθgm0 (u) + beiθgp0(u).

We begin by establishing some preliminary lemmas on the monotonicity of the functions defined at the
beginning of this section.

Lemma 4.1. Let 0 ⩽ m ⩽ 1, p ⩾ 1, ε > 0 and M > 0. Then,

gmε , hp
M ∈ C

(
L2(Ω);L2(Ω)

)
∩ C

(
H1(Ω);H1(Ω)

)
∩ C

(
H1

0 (Ω);H
1
0 (Ω)

)
.

In addition, for any u ∈ H1(Ω),

∇gmε (u) = (m− 1)Re(u∇u)(|u|2 + ε)
m−3

2 u+ (|u|2 + ε)
m−1

2 ∇u, (4.1)

∇hp
M (u) = ∇gp0(u)1{|u|<M} +Mp−1∇u1{|u|⩾M}, (4.2)

almost everywhere in Ω, where ∇gp0(u) in (4.2) is given by (4.1) with m = p and ε = 0.

Remark 4.2. Let p and M be as in the lemma. For z ∈ C, we set

hp
M (z) = |z|p−1z1{|z|<M} +Mp−1z1{|z|⩾M}.
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Since hp
M is globally Lipschitz continuous, we would like to prove (4.2) with the help of the theory of

Nemytskii superposition operators. But the set on which hp
M , seen as a function from R2 to R2, is not C1

is infinite, since it is {|z| = M}. Therefore, the formula

∇hp
M (u) = Dhp

M (u)∇u,

is not valid and we have to proceed in another way.

Proof of Lemma 4.1. Let m, p, ε and M be as in the lemma. A straightforward calculation shows that
for any u, v ∈ L0(Ω),

|gmε (u)− gmε (v)|+ |hp
M (u)− hp

M (v)| ⩽ C(M,p,m, ε)|u− v|,

so that gmε , hp
M ∈ C

(
L2(Ω);L2(Ω)

)
. Let u ∈ H1(Ω). By Meyer-Serrin’s Theorem and the partial converse

of the dominated convergence Theorem, there exist (un)n∈N ⊂ H1(Ω) ∩ C∞(Ω) and Γ ∈ L2(Ω;R) such
that

un
H1(Ω)−−−−→
n→∞

u, un
a.e. in Ω−−−−−→
n→∞

u, ∇un
a.e. in Ω−−−−−→
n→∞

∇u and for any n ∈ N, |∇un|
a.e.
⩽ Γ. (4.3)

Let n ∈ N. A straightforward calculation gives that ∇gmε (un),∇hp
M (un) ∈ L2(Ω) and

∇gmε (un) = (m− 1)Re(un∇un)(|un|2 + ε)
m−3

2 un + (|un|2 + ε)
m−1

2 ∇un, (4.4)

∇hp
M (un) =

(p− 1)Re(un∇un)|un|p−3un + |un|p−1∇un, if |un| < M,

Mp−1∇un, if |un| > M.
(4.5)

We use (4.3), the dominated convergence Theorem, and we let n ↗ ∞ in (4.4). We then obtain that
gmε : H1(Ω) −→ H1(Ω) and (4.1). Now, let us recall that if v ∈ H1(Ω) then |v| ∈ H1(Ω;R), ∇|v| = 0,
a.e. in {|v| = M}, and thus Re(v∇v) = |v|∇|v| = 0, a.e. in {|v| = M} (see, for instance, Theorem 6.17,
p.152, in Lieb and Loss [28]). It follows that,

∇hp
M (un) = ∇gp0(un)1{|un|<M} +Mp−1∇un1{|un|⩾M}, (4.6)

Using (4.3), (4.5) and the dominated convergence Theorem, we may let n ↗ ∞ in (4.6). We get that
hp
M (u) ∈ H1(Ω) and (4.2). With the same arguments, we show that gmε , hp

M ∈ C
(
H1(Ω);H1(Ω)

)
. Now,

let us show that hp
M ∈ C

(
H1

0 (Ω);H
1
0 (Ω)

)
. Let u ∈ H1

0 (Ω). It is enough to swow that hp
M (u) ∈ H1

0 (Ω).
Let (φn)n∈N ⊂ D(Ω) be such that φn −→ u, as n → ∞, in H1

0 (Ω). Since (hp
M (φn))n∈N ⊂ H1(Ω)

and supphp
M (φn) is compact for any n ∈ N, it follows that (hp

M (φn))n∈N ⊂ H1
0 (Ω) and, by continuity,

that hp
M (u) ∈ H1

0 (Ω) and hp
M (φn) −→ hp

M (u), as n → ∞, in H1
0 (Ω). We show in the same way that

gmε ∈ C
(
H1

0 (Ω);H
1
0 (Ω)

)
. This ends the proof of the lemma.

Lemma 4.3. Let q, ε ⩾ 0 and let Ω′ ⊂ RN be measurable (not necessarily open). Assume that there exists
A : H1(Ω′) −→ H1(Ω′) such that for any u ∈ H1(Ω′),

∇A(u) = (q − 1)Re(u∇u)(|u|2 + ε)
q−3
2 u+ (|u|2 + ε)

q−1
2 ∇u, (4.7)

almost everywhere in Ω′, where both terms belong to L2(Ω′). Then,

|1− q|Re

∫
Ω′

∇u.∇A(u)dx

 ⩾ 2
√
q

∣∣∣∣∣∣Im
∫

Ω′

∇u.∇A(u)dx

∣∣∣∣∣∣ , (4.8)

for any u ∈ H1(Ω′).

11



Proof of Lemma 4.3. Let the assumptions of the lemma be fulfilled. We have by (4.7) that,

I
def
=

∫
Ω′

∇u.∇A(u)dx =

∫
Ω′

|∇u|2(|u|2 + ε)− (1− q)Re(u∇u).u∇u

(|u|2 + ε)
3−q
2

dx,

Using that |∇u|2|u|2 = |Re(u∇u)|2 + |Im(u∇u)|2, we get that

Re(I) = ε

∫
Ω′

|∇u|2

(|u|2 + ε)
3−q
2

dx+

∫
Ω′

q|Re(u∇u)|2 + |Im(u∇u)|2

(|u|2 + ε)
3−q
2

dx,

Im(I) = (1− q)

∫
Ω′

Re(u∇u).Im(u∇u)

(|u|2 + ε)
3−q
2

dx.

In particular, this gives the result if q = 0, so that we now assume that q > 0. By Young’s inequality,

2|Re(u∇u)| |Im(u∇u)| ⩽ √
q |Re(u∇u)|2 + |Im(u∇u)|2

√
q

.

It follows that,

2
√
q |Im(I)| ⩽ |1− q|

∫
Ω′

2
√
q |Re(u∇u)| |Im(u∇u)|

(|u|2 + ε)
3−q
2

dx

⩽ |1− q|
∫
Ω′

q|Re(u∇u)|2 + |Im(u∇u)|2

(|u|2 + ε)
3−q
2

dx ⩽ |1− q|Re(I),

which gives (4.8).

The lemma below concerns the accretivity of the operators defined at the beginning of this section. A
part of these results (estimate (4.10) below) can be found in Pazy [32] (proof of Theorem 3.6, p.215–216;
see also Okazawa [30]), but for the sake of completeness, we give the full proof.

Lemma 4.4. Let m ⩾ 0, ε > 0, M > 0, p > 1 and u ∈ D(L).

1. Suppose m = 0. Let U ∈ L1
loc(Ω) be such that U =

u

|u|
, a.e. in {u ̸= 0}. If U∆u ∈ L1(Ω) then

Re

∫
Ω

(−∆u)Udx

 ⩾ 0. (4.9)

In particular, if a ∈ Cθ(0) then Re

aeiθ
∫
Ω

(−∆u)Udx

 ⩾ 0.

2. Assume that m > 0. If um∆u ∈ L1(Ω) then we have

|1−m|Re

∫
Ω

(−∆u)gm0 (u)dx

 ⩾ 2
√
m

∣∣∣∣∣∣Im
∫

Ω

(−∆u)gm0 (u)dx

∣∣∣∣∣∣ . (4.10)

If a ∈ Cθ(m) then Re

aeiθ
∫
Ω

(−∆u)gm0 (u)dx

 ⩾ 0.
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3. Assume that m ∈ [0, 1]. We have,

(1−m)Re

∫
Ω

(−∆u)gmε (u)dx

 ⩾ 2
√
m

∣∣∣∣∣∣Im
∫

Ω

(−∆u)gmε (u)dx

∣∣∣∣∣∣ . (4.11)

If a ∈ Cθ(m) then Re

aeiθ
∫
Ω

(−∆u)gmε (u)dx

 ⩾ 0.

4. We have,

(p− 1)Re

∫
Ω

(−∆u)hp
M (u)dx

 ⩾ 2
√
p

∣∣∣∣∣∣Im
∫

Ω

(−∆u)hp
M (u)dx

∣∣∣∣∣∣ . (4.12)

If b ∈ Cθ(p) then Re

beiθ
∫
Ω

(−∆u)hp
M (u)dx

 ⩾ 0.

Proof. We first establish (4.11) (and so m ⩽ 1). By Lemma 4.1, we may apply Lemma 4.3 with q = m,
Ω′ = Ω and A = gmε , from which (4.11) follows since∫

Ω

(−∆u)gmε (u)dx =

∫
Ω

∇u.∇gmε (u)dx.

Letting ε ↘ 0 in (4.11) with the help of the dominated convergence Theorem, we obtain (4.10) for
0 < m ⩽ 1. We continue with the proof of (4.12). Still by Lemma 4.1, we may apply Lemma 4.3 with
q = p, Ω′ = ΩM = {|u| < M} and A = hp

M . It follows that

(p− 1)Re

(∫
Ω

∇u.∇hp
M (u)dx

)
= (p− 1)Re

(∫
ΩM

∇u.∇gp0(u)dx+Mp−1

∫
Ωc

M

|∇u|2dx

)

⩾ 2
√
p Im

(∫
ΩM

∇u.∇gp0(u)dx+Mp−1

∫
Ωc

M

|∇u|2dx

)
= 2

√
p Im

(∫
Ω

∇u∇hp
M (u)dx

)
,

from which (4.12) follows since by Lemma 4.1,∫
Ω

(−∆u)hp
M (u)dx =

∫
Ω

∇u.∇hp
M (u)dx.

With the help of the dominated convergence Theorem, we let M ↗ ∞ to the above and we get (4.10) for
m > 1. Now we turn out to the proof of the last inequalities of Properties 2–4. Let a ∈ Cθ(m) and let I
be the integral in (4.10). We have by (4.10) that,

2
√
mRe(aeiθI) = 2

√
mRe(aeiθ)Re(I) + 2

√
m Im(aeiθ)Im(I) ⩾ 0,

which is the last inequality of Property 2. The last inequalities of Properties 3–4 are obtained in the same
way. To conclude the proof of the lemma, it remains to establish Property 1. Assume that m = 0 and let
U be as in the lemma. Set ω =

{
u ̸= 0

}
. Since u ∈ D(L) then u ∈ H2

loc(Ω) and it follows that ∆u = 0,
a.e. in ωc. It follows that the integrals in (4.9) and (4.11) are the same if we replace Ω with ω. Then,
applying (4.11) applied with m = 0, and using Lebesgue’s Theorem, we let ε ↘ 0 in (4.11) and obtain
(4.9), while the last inequality is obvious.
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Lemma 4.5. The operator (L,D(L)) is maximal monotone on L2(Ω).

Proof. By (2.2), (2.5) and the Lax-Milgram Theorem, L is monotone and R(I + L) = L2(Ω).

Lemma 4.6. Let
(
0 ⩽ m ⩽ 1 and ε > 0

)
or
(
m > 0 and ε = 0

)
, and let u, v ∈ L1

loc(Ω) be such that(
gmε (u)− gmε (v)

)(
u− v

)
∈ L1(Ω). If a ∈ Cθ(m) then we have,

Re

aeiθ
∫
Ω

(
gmε (u)− gmε (v)

)
(u− v)dx

 ⩾ 0.

Proof. Let u, v ∈ L1
loc(Ω) be such that

(
gmε (u) − gmε (v)

)(
u− v

)
∈ L1(Ω), and let I be the integral in

the lemma. We have by Liskevich and Perel′muter [29, Lemma 2.2] (m > 0 and ε = 0), [10, Lemma 5.6]
(m ∈ [0, 1] and ε > 0) and (2.4) that 2

√
mRe(aeiθI) = 2

√
m
(
Re(aeiθ)Re(I)− Im(aeiθ)Im(I)

)
and

2
√
m
(
Re(aeiθ)Re(I)− Im(aeiθ)Im(I)

)
⩾
(
2
√
mRe(aeiθ)− |1−m| |Im(aeiθ)|

)
Re(I) ⩾ 0.

Hence the result.

Lemma 4.7. Let p > 1 and M > 0. Let for z ∈ C, ϕM (z) = |z|p−1z1{|z|<M} + Mp−1z1{|z|⩾M} and
ϕ(z) = |z|p−1z. Then for any (z1, z2) ∈ C2,

(p− 1)Re
((
ϕM (z1)− ϕM (z2)

)(
z1 − z2

))
⩾ 2

√
p
∣∣Im ((ϕM (z1)− ϕM (z2)

)(
z1 − z2

))∣∣ . (4.13)

In addition, if b ∈ Cθ(p) then for any u, v ∈ L1
loc(Ω) such that

(
hp
M (u)− hp

M (v)
)
(u− v) ∈ L1(Ω),

Re

beiθ
∫
Ω

(
hp
M (u)− hp

M (v)
)
(u− v)dx

 ⩾ 0, (4.14)

Proof. Let the assumption of the lemma be fulfilled. We begin by proving (4.13). This result is obvious if
z1z2 = 0 or if |z1|, |z2| ⩾ M. If |z1|, |z2| < M then (4.13) due to Liskevich and Perel′muter [29, Lemma 2.2].
So, without loss of generality, we may assume that 0 < |z2| < M ⩽ |z1|. Let,

ZM =
(
ϕM (z1)− ϕM (z2)

)(
z1 − z2

)
and FM (t, s, θ) =

|Im(ZM )|
Re(ZM )

.

(By [10, Lemma 5.3], Re(ZM ) > 0.) Setting t = |z1|, s = |z2| and θ = Arg(z1z2), we have to show that,

FM (t, s, θ)2 ⩽
(p− 1)2

4p
. (4.15)

We have that,

FM (t, s, θ)2 =
t2s2((Mp−1 − sp−1)2(1− cos2 θ)(

(Mp−1t2 + sp+1)− ts(Mp−1 + sp−1) cos θ
)2 def

=
A(1− cos2 θ)

(B − C cos θ)2
,

where we have used that Re(z1z2) = ts cos θ and Im(z1z2) = ts sin θ. We claim that

FM (t, s, θ)2 ⩽
t2s2(Mp−1 − sp−1)2

(t2 − s2)(M2p−2t2 − s2p)
. (4.16)
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We write σ = cos θ and g(σ) = FM (t, s, θ)2. Note that since t ⩾ M > s > 0 and Re(ZM ) > 0, we have
A > 0, and B − Cσ > 0, for any σ ∈ [−1, 1]. Since, max

σ∈[−1,1]
g(σ) = g

(
C
B

)
= A

B2−C2 , it follows that,

sup
θ∈R

Fε(t, s, θ)
2 ⩽ A

B2−C2 , which gives (4.16). Moreover, by Cauchy-Schwarz’ inequality, we have,

(Mp−1 − sp−1)2

(p− 1)2
=

 M∫
s

σp−2dσ

2

=

 M∫
s

σp− 1
2σ− 3

2 dσ

2

⩽

M∫
s

σ2p−1dσ

t∫
s

σ−3dσ =
(M2p − s2p)(s−2 − t−2)

4p
⩽

t2 − s2

4 p t2s2
(M2p−2t2 − s2p).

Putting together (4.16) with above, we get (4.15) and then (4.13). Now we turn out to the proof of (4.14)
by using (4.13). Let (z1, z2) ∈ C2. We have that,

2
√
pRe

(
beiθ
(
ϕM (z1)− ϕM (z2)

)(
z1 − z2

))
= 2

√
p
(
Re(beiθ)Re

((
ϕM (z1)− ϕM (z2)

)(
z1 − z2

))
− Im(beiθ)Re

((
ϕM (z1)− ϕM (z2)

)(
z1 − z2

)))
⩾
(
2
√
pRe(beiθ)− (p− 1)|Im(beiθ)|

)
Re
((
ϕM (z1)− ϕM (z2)

)(
z1 − z2

))
⩾ 0,

from which we get (4.14).

Now, Let us prove the monotonicity of the operators introduced at the beginning of this section.

Lemma 4.8. Let (m, p) ∈ [0, 1]× (1,∞) and (a, b) ∈ Cθ(m)× Cθ(p). Then (Am
0 , D(Am

0 )) is monotone.

Proof. If m > 0 then the result comes from Lemmas 4.5 and 4.6. Now, assume that m = 0. Since
a ∈ Cθ(0), we have by (1.7) that a = µe−iθ, for some positive real number µ. Let u1, u2 ∈ D(A0

0) and
(V1, V2) ∈ A0

0u1 × A0
0u2. Then for each j ∈ {1, 2}, there exists Uj ∈ B0

0uj such that Vj = Luj + µUj +
beiθgp0(uj). By accretiveness of the operator L (Lemma 4.5) and Lemma 4.6,

(V1 − V2, u1 − u2)L2(Ω) ⩾ µ(U1 − U2, u1 − u2)L2(Ω).

By [12, Lemma 6.1], we have for any n ∈ N that Re
(∫

Ω∩B(0,n)
(U1 − U2)

(
u1 − u2

)
dx
)

⩾ 0. The result

follows from Lebesgue’s Theorem.

Proposition 4.9. Let M > 0, (m, p) ∈ [0, 1] × (1,∞), (a, b) ∈ Cθ(m) × Cθ(p) and ε > 0. Then the
operators (Am

ε , D(Am
ε )), with m < 1, and (A1

0, D(A1
0)) are maximal monotone on L2(Ω).

Proof. Let u, v ∈ L2(Ω). By Lemmas 4.6 and 4.7, the operators (Bm
ε , L2(Ω)) and (B1

0 , L
2(Ω)) are

monotone. In addition, Bm
ε , B1

0 ∈ C
(
L2(Ω);L2(Ω)

)
(Lemma 4.1) and we then deduce that (Bm

ε , L2(Ω))
and (B1

0 , L
2(Ω)) are maximal monotone (Brezis [15, Corollary 2.5, p.33]). With the help of Lemma 4.5

and Brezis [15, Corollary 2.7, p.36], we obtain the desired result.

Proposition 4.10. Under Assumption 2.1, the operator (Am
0 , D(Am

0 )) is maximal monotone.

Proof. By Proposition 4.9, we may assume that m ∈ [0, 1). In addition, by Lemma 4.8, we only have to
show that R(I +Am

0 ) = L2(Ω). Let F ∈ L2(Ω). We proceed with the proof in four steps.
Step 1: Let ε > 0. There exists uε ∈ D(Am

ε ) satisfying,

−eiθ∆uε + aeiθgmε (uε) + beiθhp
ε−1(uε) + γeiθuε + uε = F, in L2(Ω). (4.17)

Since (Am
ε , D(Am

ε )) is maximal monotone (Proposition 4.9), we have R(I +Am
ε ) = L2(Ω).

Step 2: The family (uε)ε>0 is bounded inH1
0 (Ω), and the families (∆uε)ε>0, (g

m
ε (uε))ε>0 and (hε−1(uε))ε>0
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are bounded in L2(Ω). In addition, there exist a u ∈ D(Am
0 ) and a decreasing sequence (εn)n∈N ⊂ (0, 1)

converging toward 0 such that,

uεn

D′(Ω)−−−−→
n→∞

u, (4.18)

uεn
a.e. in Ω−−−−−→
n→∞

u, (4.19)

gmεn(uεn)
D′(Ω)−−−−→
n→∞

gm0 (u), m > 0, (4.20)

hp

ε−1
n
(uεn)

D′(Ω)−−−−→
n→∞

gp0(u). (4.21)

Let ε > 0 and Ωε =
{
|uε| ⩽ ε−1

}
. We take the L2-scalar product of (4.17) with uε. We get,

cos θ∥∇uε∥2L2(Ω) +Re(aeiθ)

∫
Ω

|uε|2

(|uε|2 + ε)
1−m

2

dx+Re(beiθ)

∫
Ω

hp
ε−1(uε)uεdx

+
(
Re(γeiθ) + 1

)
∥uε∥2L2(Ω) = Re

∫
Ω

F uεdx, (4.22)

Applying Cauchy-Schwarz’ and Young’s inequalities to (4.22), we obtain that

cos θ∥uε∥2H1
0 (Ω) +Re(aeiθ)

∫
Ω

|uε|2

(|uε|2 + ε)
1−m

2

dx

+ Re(beiθ)
(
∥uε∥p+1

Lp+1(Ωε)
+ ε−(p−1)∥uε∥2L2(Ωc

ε)

)
⩽ ∥F∥2L2(Ω).

(4.23)

Repeating the process with −∆uε, we get with the help of Lemma 4.4 that

cos θ∥∆uε∥2L2(Ω) ⩽ ∥F∥2L2(Ω). (4.24)

Taking the L2-scalar product of (4.17) with gmε (uε), we obtain,

Re

eiθ
∫
Ω

(−∆uε)gmε (uε)dx

+Re(aeiθ)∥gmε (uε)∥2L2(Ω) +Re

beiθ
∫
Ω

hp
ε−1(uε)gmε (uε)dx


+
(
Re(γeiθ) + 1

) ∫
Ω

|uε|2

(|uε|2 + ε)
1−m

2

dx = Re

∫
Ω

F gmε (uε)dx

 . (4.25)

Since Re(beiθ) ⩾ 0 and∫
Ω

hp
ε−1(uε)gmε (uε)dx =

∫
Ωε

|uε|p+1

(|uε|2 + ε)
1−m

2

dx+ ε−(p−1)

∫
Ωc

ε

|uε|2

(|uε|2 + ε)
1−m

2

dx ⩾ 0,

we get from (4.24), (4.25) and the Cauchy-Schwarz and Young inequalities that

sup
ε>0

∥gmε (uε)∥L2(Ω) < ∞. (4.26)

It then follows from the equation (4.17), (4.23), (4.24) and (4.26) that,

sup
ε>0

∥hp
ε−1(uε)∥L2(Ω) < ∞. (4.27)
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By (4.23) and (4.24), there exist u ∈ D(L) and a decreasing sequence εn ↘ 0 satisfying (4.18)–(4.19). By

(4.19), we have that hp

ε−1
n
(uεn)

a.e. in Ω−−−−−→
n→∞

gp0(u), which gives with (4.27) that u ∈ L2p(Ω) and (4.21). Note

that if m = 0, we have shown that u ∈ D(L) ∩ L2p(Ω) = D(A0
0) and Step 2 is ended. Assume m > 0. By

(4.19), we have that

gmεn(uεn)
a.e. in Ω−−−−−→
n→∞

gm0 (u). (4.28)

By (4.26) and (4.28), we obtain that u ∈ L2m(Ω) and (4.20), so that u ∈ D(Am
0 ).

Step 3: If m = 0 then there exists U ∈ B0
0u such that, renumbering the sequence if necessary,

g0εn(uεn)
D′(Ω)−−−−→
n→∞

U.

We have for any n ∈ N, ∥g0εn(uεn)∥L∞(Ω) ⩽ 1. Then, renumbering the sequence if necessary, there exists
U ∈ L∞(Ω) such that ∥U∥L∞(Ω) ⩽ 1 and g0εn(uεn)−⇀ U, as n → ∞, in L∞(Ω)w⋆. Hence, g0εn(uεn) −→ U,
as n → ∞, in D ′(Ω). By (4.19), g0εn(uεn) −→ g00(u), as n → ∞, a.e. where u ̸= 0. It follows from [13,
Lemma 6.1] that U = g00(u), a.e. where u ̸= 0. Finally by Step 2, (g0ε(uε))ε>0 is bounded in L2(Ω). It
follows that U ∈ L2(Ω) and g0εn(uεn)−−−−⇀

n→∞
U, in L2(Ω)w. Hence, U ∈ B0

0u.

Step 4: Conclusion.
By (4.17) and Steps 2 and 3, if m = 0 then U ∈ B0

0u and −eiθ∆u+ aeiθU + beiθ|u|p−1u+ γeiθu+ u = F,
in D ′(Ω), so in L2(Ω), since (u, U) ∈ D(A0

0)×B0
0u. In other words, u ∈ D(A0

0) and (I +A0
0)u ∋ F. In the

same way, if m > 0 then by Step 2, u ∈ D(Am
0 ) and (I +Am

0 )u = F, in L2(Ω).

5 Proofs of the theorems of existence and uniqueness

Proof of Proposition 2.5. Let (u, f) be a weak solution and let (un, fn)n∈N be a sequence of strong
solutions to (1.1) satisfying (2.8)–(2.9). By Remark 2.16, each un satisfies (2.37) with H = L2(Ω). Set

Y = H2
0 (Ω) ∩ L

2
2−m (Ω). Then Y ⋆ = H−2(Ω) + L

2
m (Ω), and by [9, Lemma 6.2], we have for any T > 0,

∆un
C([0,T ];H−2(Ω))−−−−−−−−−−−→

n→∞
∆u and gm0 (un)

C([0,T ];L
2
m (Ω))−−−−−−−−−−→

n→∞
gm0 (u). (5.1)

It follows from the equation satisfied by each un, (2.9) and (5.1) that for any T > 0, (un)n∈N is a Cauchy
sequence in W 1,1

(
(0, T );Y ⋆

)
, so that (2.5) hold true. We use (2.9), (2.12) and (5.1) to pass to the limit

in the equation satisfied by each un. Then, u satisfies (1.1) in L1
loc

(
[0,∞);Y ⋆

)
.

Proof of Proposition 2.6. The embedding in (2.13) comes from [9, Lemma A.4] (1 < q < ∞) and [12,
Theorem 5.3] (q = 1 or q = ∞). We make the difference between the two equations satisfied by u and ũ,
respectively. It follows that u− ũ satisfies the equation obtained in L1

loc

(
(0,∞);X⋆

)
. We take the X⋆−X

duality product with e−iθ(u − ũ). By [9, Lemma A.5], [12, Theorem 5.3, Lemma 6.1], Lemma 4.6 and
Cauchy-Schwarz’ inequality, we get,

1

2

d

dt
∥u− ũ∥2L2(Ω) ⩽ ∥f − f̃∥L2(Ω)∥u− ũ∥L2(Ω),

almost everywhere on (0,∞). Integrating over (s, t), we obtain (2.14). Finally, we note that the strong
solutions satisfy (2.13) with q = m + 1 or q = p + 1, and that (2.14) is stable by passing to the limit in
C
(
[0, T ];L2(Ω)

)
×L1

(
(0, T );L2(Ω)), for any T > 0. By using (2.9), we then deduce that (2.14) still holds

true for the weak solutions.

Proof of Theorem 2.14. Let the assumptions of the theorem be fulfilled. With the help of Proposi-
tion 4.10, we may apply Barbu [4, Theorem 4.5, p.141] (and also Vrabie [37, Theorem 1.7.1, p.23]). It
follows that there exists a unique u ∈ W 1,∞

loc

(
[0,∞);L2(Ω)

)
satisfying u(t) ∈ D(Am

0 ) and (1.1) in L2(Ω),
for almost every t > 0, u(0) = u0 and (2.36). This last estimate yields (2.34). Let us take the L2-scalar
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product of (1.1) with e−iθu. Since u ∈ W 1,∞
loc

(
[0,∞);L2(Ω)

)
, we may apply [9, Lemma A.5] to obtain

(2.29), for a.e. t > 0. By (2.29), the Cauchy-Schwarz inequality and integration, we get that

∀t ⩾ 0, ∥u(t)∥L2(Ω) ⩽ ∥u0∥L2(Ω) +

∫ t

0

∥f(s)∥L2(Ω)ds, (5.2)

cos θ∥∇u(t)∥2L2(Ω) +Re(aeiθ)∥u(t)∥m+1
Lm+1(Ω) +Re(beiθ)∥u(t)∥p+1

Lp+1(Ω)

⩽
(
∥ut(t)∥L2(Ω) + ∥f(t)∥L2(Ω)

)
∥u(t)∥L2(Ω), (5.3)

for a.e. t > 0. We have by (5.2)–(5.3) that, u ∈ L∞
loc

(
[0,∞);H1

0 (Ω) ∩ Lm+1(Ω) ∩ Lp+1(Ω)
)
and that u is

an H2-solution. In particular, u ∈ Cw

(
[0,∞);H1

0 (Ω)
)
. Now, we take the L2-scalar product of (1.1) with

−e−iθ∆u. Using Lemma 4.4 and Cauchy-Schwarz’ inequality, we get that

cos θ∥∆u∥L2(Ω) ⩽
(
∥ut∥L2(Ω) + ∥f∥L2(Ω)

)
, (5.4)

a.e. on (0,∞). Therefore, there exists C > 0 such that for a.e. t > 0, ∥∆u(t)∥L2(Ω) ⩽ C, and since

∆u ∈ Cw

(
[0,∞);H−1(Ω)

)
, we infer that ∆u ∈ Cw

(
[0,∞);L2(Ω)

)
. Taking the L2-scalar product of (1.1)

with e−iθgp0(u), we obtain,

Re

∫
Ω

utg
p
0(u)dx

+Re

eiθ
∫
Ω

(−∆u)gp0(u)dx

+Re

aeiθ
∫
Ω

gm0 (u)gp0(u)dx


+ Re(beiθ)∥u∥2pL2p(Ω) +

(
Re(γeiθ) + 1

) ∫
Ω

|u|p+1dx = Re

eiθ
∫
Ω

f(t)gp0(u)dx

 .

But Re(aeiθ) ⩾ 0 and
∫
Ω
gm0 (u)gp0(u)dx =

∫
Ω
|u|m+pdx. We then deduce from the above estimates and the

Cauchy-Schwarz and Young inequalities that

∥u(t)∥2pL2p(Ω) ⩽ C
(
∥ut(t)∥L2(Ω) + ∥f(t)∥L2(Ω)

)
. (5.5)

for a.e. t > 0. In particular, u ∈ L∞
loc

(
[0,∞);L2p(Ω)

)
and we infer with the help of (1.1) that if m > 0

then u ∈ L∞
loc

(
[0,∞);L2m(Ω)

)
, and if m = 0 then the saturated section U asssociated to u satisfies (2.28).

Since we have for any t ⩾ 0,

∥∇u(t)∥2L2(Ω) ⩽ ∥u(t)∥L2(Ω)∥∆u(t)∥L2(Ω), (5.6)

we get (2.35) with the help of (2.34) and (5.4). In particular, u ∈ C
(
[0,∞);H1

0 (Ω)
)
. Taking the L2-scalar

product of (1.1) with −e−iθ∆u, it follows from [9, Lemma A.5], Lemma 4.4 and the Cauchy-Schwarz and
Young inequalities that for any n ∈ N and almost every t > 0,

1

2

d

dt
∥∇u(t)∥2L2(Ω) + cos θ∥∆u(t)∥2L2(Ω)

⩽ ∥f(t)∥L2(Ω)∥∆u(t)∥L2(Ω) ⩽
1

2 cos θ
∥f(t)∥2L2(Ω) +

cos θ

2
∥∆u(t)∥2L2(Ω),

from which we get Property 4. It remains to prove Property 5. This comes from (1.1), (2.36), (5.2) and
(5.4)–(5.6). This ends the proof of the theorem.
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Lemma 5.1. Let Assumption 2.1 be fulfilled, let (u, f) and (un, fn)n∈N satisfy (2.9), where (un, fn)n∈N
((un, Un, fn)n∈N, if m = 0) is any sequence of H2-strong solutions to (1.1)–(1.2). Then u is a weak solution
to (1.1)–(1.2) and satisfies (2.15), (2.16) as well as

un −−−−⇀
n→∞

u, in L2
(
(0, T );H1

0 (Ω)
)
w
, (5.7)

∆un −−−−⇀
n→∞

∆u, in L2
(
(0, T );H−1(Ω)

)
w
, (5.8)

gq0(un)−−−−⇀
n→∞

gq0(u), in L
q+1
q
(
(0, T );L

q+1
q (Ω)

)
w
, q > 0, (5.9)

Un

L∞((0,T )×Ω)w⋆

−−−−−−−−−−−⇀
n−→∞

U, if m = 0, (5.10)

∂un

∂t
−−−−→
n−→∞

∂u

∂t
, in D ′((0, T )× Ω

)
, (5.11)

for any T > 0 and q ∈ {m, p}, where U is the saturated section associated to u when m = 0. Finally, u
satisfies (2.17), for s = 0 and any t ⩾ 0.

Proof. Let (u, f) and (un, fn)n∈N be as in the statement of the lemma. Let T > 0 and q ∈ {m, p}. By
(2.9) and the diagonal procedure, there exists a subsequence (unk

)k∈N ⊂ (un)n∈N satisfying

unk

a.e. in (0,∞)×Ω−−−−−−−−−−→
k→∞

u, (5.12)

from which we get

gq0(unk
)

a.e. in (0,∞)×Ω−−−−−−−−−−→
k→∞

gq0(u), q > 0, (5.13)

Unk
=

unk

|unk
|

a.e. in ω−−−−−→
k→∞

u

|u|
, if m = 0, (5.14)

where ω =
{
(t, x) ∈ (0,∞)× Ω;u(t, x) ̸= 0

}
. By (2.29), we have for any n ∈ N,

1

2
∥un(T )∥2L2 + cos θ

T∫
0

∥∇un(t)∥2L2dt+Re(aeiθ)

T∫
0

∥un(t)∥m+1
Lm+1dt+Re(beiθ)

T∫
0

∥un(t)∥p+1
Lp+1dt

+Re(γeiθ)

T∫
0

∥un(t)∥2L2dt =
1

2
∥un(0)∥2L2 +Re

eiθ
T∫∫

0 Ω

fn(t, x)un(t, x) dxdt

 . (5.15)

We infer with the help of (2.9) and Cauchy-Schwarz’ inequality that

(un)n∈N is bounded in L2
(
(0, T );H1

0 (Ω)
)
, (5.16)

un is bounded in Lq+1
(
(0, T );Lq+1(Ω)

)
, (5.17)

gq0(un) is bounded in L
q+1
q
(
(0, T );L

q+1
q (Ω)

)
, q > 0. (5.18)

We claim that u satisfies (2.15), (2.16), (5.7), (5.8), (5.9) and

∇un −−−−⇀
n→∞

∇u, in L2
(
(0, T );L2(Ω)

)N
w
, (5.19)∫ T

0

∥u(t)∥q+1
Lq+1(Ω)dt ⩽ lim inf

n→∞

∫ T

0

∥un(t)∥q+1
Lq+1(Ω)dt, (5.20)

for the whole sequence. Indeed, first of all, since for any r ∈ [1,∞),

Lr
(
(0, T );Lr(Ω)

) ∼= Lr((0, T )× Ω), (5.21)
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we have by (5.12), (5.17), (5.21) and Fatou’s Lemma that u satisfies (2.16) and (5.20). Next, we notice
that

C
(
[0, T ];L2(Ω)

)
↪→ D ′((0, T )× Ω

)
, (5.22)

and that the spaces involved in (5.7) and (5.9) are reflexive and also continuously embedded in D ′((0, T )×
Ω
)
. We deduce from (2.9), (5.16) and (5.18) that (2.15) holds true and, for a subsequence, that u satisfies

(5.7) and (5.9). But if (5.7) does not hold for the whole sequence, by density of L2
(
(0, T );L2(Ω)

)
in

L2
(
(0, T );H−1(Ω)

)
, we obtain, for a subsequence, that un��−⇀u, as n → ∞, in L2

(
(0, T );L2(Ω)

)
w
, which

contradicts (2.9). Hence (5.7) holds for the whole sequence, from which (5.8) and (5.19) follow. In addition,
if (5.9) does not hold for the whole sequence then by (5.21), there exists a sequence (nℓ)ℓ∈N ⊂ N for which
we have that gq0(unℓ

)���−−⇀gq0(u), as ℓ → ∞, in Lq+1
(
(0, T )×Ω

)
w
. Still by (2.9) and the diagonal procedure,

there exists a subsequence (nℓj )j∈N ⊂ (nℓ)ℓ∈N such that unℓj
−→ u, as j → ∞, a.e. in (0,∞)× Ω, and so

we have gq0(unℓj
) −→ gq0(u), as j → ∞, a.e. in (0,∞)×Ω. This yields, with (5.18) that gq0(unℓj

)−−⇀ gq0(u),

as j → ∞, in Lq+1
(
(0, T )×Ω

)
w
, a contradiction. Therefore (5.9) holds true. Hence the claim. Moreoever,

(5.11) comes from (2.9) and (5.22). Finally, by (2.9), (5.19), (5.20) and the weak lower semicontinuity
of the norm, we obtain (2.17) for any t = T > 0 and s = 0, with the help of (5.15). Now, assume that
m = 0 and let us establish (5.10) for a subsequence. Since supn∈N ∥Un∥L∞((0,∞)×Ω) ⩽ 1, there exists
U ∈ L∞((0,∞)× Ω) such that, renumembering (nk)k∈N if necessary, we have

Unk

L∞((0,T )×Ω)w⋆

−−−−−−−−−−−⇀
k−→∞

U. (5.23)

By (5.14) and (5.23), we get that U is a saturated section associated to u ([13, Lemma 6.1]). Now, we
return to the general case m ∈ [0, 1]. Using (2.9) and (5.8)–(5.11) with the sequence (nk)k⊂N in (5.23) to
pass to the limit as k → ∞ in the equation (1.1) satisfied by (unk

)k∈N, we obtain that (u, f) (or (u, U, f),
if m = 0) satisfied (1.1) in D ′((0,∞) × Ω

)
, so that u is a weak solution to (1.1)–(1.2). Finally, assume

that m = 0. Writing that for any n ∈ N,

Un − U = e−iθ

(
∂u

∂t
− ∂un

∂t

)
− (∆u−∆un) + b(gp0(u)− gp0(un)) + γ(u− un)− (fn − f)

and passing to the limit in D ′((0,∞) × Ω
)
, we again obtain thanks to (2.9), (5.7)–(5.9) and (5.11), that

Un −−−−→
n→∞

U, in D ′((0,∞)× Ω
)
, and therefore (5.10) is also true. The proof is ended.

Proof of Theorem 2.8. Apply the densities of D
(
(0,∞);L2(Ω)

)
in L1

loc([0,∞);L2(Ω)) and D(Ω) in

L2(Ω), Theorem 2.14, Proposition 2.6, completeness of C
(
[0, T ];L2(Ω)

)
and Lemma 5.1.

Proof of Theorem 2.9. Let (u, f) be a weak solution and let (un, fn)n∈N be a any sequence of H2-strong
solutions to (1.1) satisfying (2.8)–(2.9). We first establish (2.17). By Lemma 5.1, (2.17) holds on any time
interval [0, T ], T ⩾ 0. Let t ⩾ s ⩾ 0. For σ > 0, let g(σ) = f(σ + s) and let (v, g) be the weak solution to
(1.1) such that v(0) = u(s). By uniqueness of weak solutions, v(σ) = u(σ + s), for any σ ⩾ 0. Applying
(2.17) on the time interval [0, t− s] to (v, g), we obtain the general case (2.17). By Lemma 5.1, it remains
to prove (2.18)–(2.20). Let T > 0 and let v ∈ L∞((0, T );Ym,p

)
. It follows from (1.1), (2.9), (5.8) and (5.9)

that

lim
n→∞

〈
e−iθ ∂un

∂t
, v

〉
L1((0,T );Y ⋆

m,p),L
∞((0,T );Ym,p)

= ⟨∆u, v⟩L1((0,T );H−1),L∞((0,T );H1
0 )

− ⟨agm0 (u), v⟩
L1((0,T );L

m+1
m ),L∞((0,T );Lm+1)

− ⟨bgp0(u), v⟩
L1((0,T );L

p+1
p ),L∞((0,T );Lp+1)

− ⟨γun, v⟩L1((0,T );L2),L∞((0,T );L2) + ⟨f, v⟩L1((0,T );L2),L∞((0,T );L2),

from which (2.18)–(2.20) follow, by embedding L1
(
(0, T );Y ⋆

m,p

)
↪→ D ′((0, T )× Ω

)
and (5.11).
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Proof of Theorem 2.10. Let (u, U, f) be a weak solution and let (un, Un, fn)n∈N be a sequence of strong
solutions to (1.1) satisfying (2.8)–(2.9). Let (Yℓ)ℓ∈N0

be any L1-approximating sequence of RNP-spaces
([12, Lemma 5.8]). Let T > 0 and let ℓ ∈ N. Since Yℓ ↪→ L1(Ω) with dense embedding, it follows that

L∞((0, T );Yℓ)
)
↪→ L1

(
(0, T );Yℓ)

)
↪→ L1

(
(0, T );L1(Ω)

) ∼= L1
(
(0, T )× Ω

)
, (5.24)

with dense embeddings. By duality, since Yℓ is reflexive, we obtain that

L∞((0, T )× Ω
)
↪→ L1

(
(0, T );Yℓ)

)⋆ ∼= L∞((0, T );Y ⋆
ℓ

)
↪→ L1

(
(0, T );Y ⋆

ℓ

)
, (5.25)

L1
(
(0, T );Y ⋆

ℓ )
)⋆ ∼= L∞((0, T );Yℓ

)
. (5.26)

It follows that for any v ∈ L∞((0, T );Yℓ) and n ∈ N,

⟨Un − U, v⟩L∞((0,T )×Ω),L1((0,T )×Ω) = ⟨Un − U, v⟩L1((0,T );Y ⋆
ℓ ),L∞((0,T );Yℓ)

(5.27)

from which we deduce that with the help of (5.10) that

Un

L1((0,T );Y ⋆
ℓ ))w

−−−−−−−−−−−⇀
n−→∞

U. (5.28)

Using (5.8), (5.9), (5.11), (5.28) and that for any T > 0, L1
(
(0, T );Z⋆

ℓ,p

)
↪→ D ′((0, T )×Ω

)
, we prove (2.21)–

(2.23) in the same way as for Theorem 2.10. Finally, (2.24) comes from (5.10), and (2.25) comes from the
equation (1.1) and Lemma 5.1. Notice that D(Ω) ↪→ Y0 with dense embedding and that Y ⋆

ℓ ↪→ Y ⋆
0 , so that

(2.21)–(2.23) hold true for ℓ = 0. Finally, if |Ω| < ∞ then H1
0 (Ω) ∩ L1(Ω) ∩ Lp+1(Ω) = H1

0 (Ω) ∩ Lp+1(Ω),
which is reflexive and separable. In this case, the above arguments work for H1

0 (Ω) ∩ Lp+1(Ω) in place of
Zℓ,p.

Proof of Theorem 2.12. Let u0 ∈ H1
0 (Ω) and f ∈ L2

loc

(
[0,∞);L2(Ω)

)
. Let u be the unique weak solution

to (1.1)–(1.3) given by Theorem 2.8. Let (φn)n∈N ⊂ D(Ω) and (fn)n∈N ⊂ D
(
(0,∞);L2(Ω)

)
be such that

φn
H1

0 (Ω)−−−−→
n→∞

u0 and fn
L2((0,T );L2)−−−−−−−−→

n→∞
f, for any T > 0. For each n ∈ N, let (un, fn) be the unique H2-solution

to (1.1) such that un(0) = φn given by Theorem 2.14. By Proposition 2.6, we have for any T > 0,

un
C([0,T ];L2(Ω))−−−−−−−−−→

n−→∞
u, ∇un

C([0,T ];H−1(Ω))N−−−−−−−−−−−−→
n−→∞

∇u and ∆un
C([0,T ];H−2(Ω))−−−−−−−−−−−→

n−→∞
∆u. (5.29)

Since each un satisfies Property 4 of Theorem 2.14, we get after integration that for any n ∈ N and t ⩾ 0,

∥∇un(t)∥2L2(Ω) + cos θ

t∫
0

∥∆un(s)∥2L2(Ω)ds ⩽ ∥∇φn∥2L2(Ω) +
1

cos θ

t∫
0

∥fn(s)∥2L2(Ω)ds. (5.30)

We infer with the help of (5.29) and (5.30) that for any T > 0, (un)n∈N and (∆un)n∈N are bounded in
C
(
[0, T ];H1

0 (Ω)
)
and in L2

(
(0, T );L2(Ω)), respectively. It follows from (5.29) that for any T > 0,

u ∈ Cw

(
[0,∞);H1

0 (Ω)
)
and ∆u ∈ L2

loc

(
[0,∞);L2(Ω)

)
, (5.31)

un −−−−⇀
n→∞

u, in L∞((0, T );H1
0 (Ω)

)
w⋆
, (5.32)

∇un(t)−−−−⇀
n→∞

∇u(t), in L2(Ω)Nw , ∀t ∈ [0, T ], (5.33)

∆un −−−−⇀
n→∞

∆u, in L2
(
(0, T );L2(Ω)

)
w
. (5.34)

Using (5.33), (5.34), and the weak lower semicontinuity of the norm to pass to the limit in (5.30), we
obtain (2.27) with s = 0, for any t > 0. Now, we fix s > 0. Let (v, f( . + s)) be the weak solution
to (1.1) such that v(0) = u(s). By uniqueness of weak solutions, v(t) = u(t + s), for any t ⩾ 0. We
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then obtain the general case (2.27). Now, if m > 0 then by (2.16), (5.31) and (1.1), we get that u ∈
W 1,q

loc

(
[0,∞);L2(Ω) + L

m+1
m (Ω) + L

p+1
p (Ω)

)
, where q is as the statement of the theorem. Finally, if m = 0

and |Ω| < ∞ then U ∈ L∞((0,∞)×Ω)
)
↪→ L2

loc

(
[0,∞);L2(Ω)

)
, so that U : [0,∞) −→ L2(Ω) is measurable

and satisfies (2.28). Using again (2.16), (5.31) and (1.1), we get the desired regularity for u which allows
to apply [9, Lemma A.5], from which (2.29) follows.

Proof of Theorem 2.13. Let the assumptions of the theorem be fulfilled. Let u0 ∈ H1
0 (Ω) and let u be

the unique weak solution to (1.1)–(1.3) given by Theorem 2.8. We begin with the case b = 0. By (2.16),

(2.26), (2.28) and (1.1), we have that u ∈ W
1,m+1

m

loc

(
[0,∞);X⋆

)
, where X = H1

0 (Ω) ∩ Lm+1(Ω). Hence u
satisfies (2.6) with q = m and is an H1

0 -solution. If we have (2.31) with m > 0 then by (2.26) and Sobolev’
embedding, we have for any T > 0,

T∫
0

∥gp0(u(t))∥
m+1
m

L
p+1
p (Ω)

dt =

T∫
0

∥u(t)∥p
m+1
m

Lp+1(Ω)dt ⩽ C(N, p)T∥u∥p
m+1
m

L∞((0,T );H1
0 (Ω))

,

while if m = 0 then U ∈ L∞
loc

(
[0,∞);L2(Ω)

)
by (2.28). Hence with (2.16), (2.26) and (1.1), u satisfies (2.6)

with q = m and is an H1
0 -solution. Now, assume that we have (2.32) (which includes the case m = 0). If

m > 0 then we have by Hölder’s inequality that

T∫
0

∥gm0 (u(t))∥
p+1
p

L
p+1
p (Ω)

dt =

∫∫
(0,T )×Ω

|u(t, x)|m
p+1
p dtdx ⩽ (T |Ω|)

p−m
p

 T∫
0

∥u(t)∥p+1
Lp+1(Ω)dt


m
p

,

for any T > 0, while if m = 0 then U ∈ L∞
loc

(
[0,∞);L2(Ω)

)
by (2.28). We infer with (2.16), (2.26),

(2.28) and (1.1), that u satisfies (2.6) with q = p and is an H1
0 -solution. So, in these three cases,

u is an H1
0 -solution, which is unique with the help of Proposition 2.6. It remains to show that the

map t 7−→ ∥u(t)∥2L2(Ω) belongs to W 1,1
loc

(
[0,∞);R

)
and that (2.29) holds for almost every t > 0. Let

Y = H1
0 (Ω) ∩ Lm+1(Ω) ∩ Lp+1(Ω). By the regularity of u, we may take the Y ⋆ − Y duality product of

(1.1) with e−iθu. Then [9, Lemma A.5] gives the desired result.

Remark 5.2. The assumptions f ∈ L2
loc

(
[0,∞);L2(Ω)

)
in Theorem 2.12, and (2.33) in Theorem 2.13,

may be replaced with

f ∈ L1
loc

(
[0,∞);H1

0 (Ω)
)
,

f ∈ L1
loc

(
[0,∞);H1

0 (Ω)
)
∩ L

m+1
m

loc

(
[0,∞);H−1(Ω) + L

m+1
m (Ω) + L

p+1
p (Ω)

)
,

respectively, as for the H1
0 -solutions of the Schrödinger equation in [10, 11, 12] (which corresponds to

θ = ±π
2 in (1.1)

)
. In this case, (2.29) is no more valid and (2.27) has to replaced by

1

2
∥∇u(t)∥2L2(Ω) + cos θ

t∫
s

∥∆u(σ)∥2L2(Ω)dσ

⩽
1

2
∥∇u(s)∥2L2(Ω) +

∥∇u(s)∥L2(Ω) +

t∫
s

∥f(σ)∥L2(Ω)dσ

 t∫
s

∥f(σ)∥L2(Ω)dσ,

(5.35)

for any t ⩾ s ⩾ 0. In addition, the regularity of u is no more W 1,2
loc but W 1,1

loc , and the equation is no more
satisfied in L2

loc but in L1
loc. We proceed as follows. We use the notation of the proof of Theorem 2.12, but

with the assumption that (fn)n∈N ⊂ D
(
(0,∞);H1

0 (Ω)
)
with fn

L1((0,T );H1
0 )−−−−−−−−→

n→∞
f, for any T > 0. Taking the
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L2-scalar product of (1.1) with −e−iθ∆un, we obtain for any n ∈ N and a.e. t > 0 ([9, Lemma A.5] and
Lemma 4.4),

1

2

d

dt
∥∇un(t)∥2L2(Ω) + cos θ∥∆un(t)∥2L2(Ω) ⩽ ∥∇fn(t)∥L2(Ω)∥∇un(t)∥L2(Ω), (5.36)

from which we get,

∥∇un(t)∥L2(Ω) ⩽ ∥∇φn∥L2(Ω) +

t∫
0

∥∇fn(s)∥L2(Ω)ds, (5.37)

for any n ∈ N and t ⩾ 0. Putting (5.37) in (5.36) and integrating the result, we get

1

2
∥∇un(t)∥2L2(Ω) + cos θ

t∫
0

∥∆un(s)∥2L2(Ω)ds

⩽
1

2
∥∇φn∥2L2(Ω) +

∥∇φn∥L2(Ω) +

t∫
0

∥fn(s)∥L2(Ω)ds

 t∫
0

∥fn(s)∥L2(Ω)ds,

(5.38)

for any n ∈ N and t ⩾ 0, instead of (5.32). Finally, we proceed as in the proof of Theorem 2.12 to obtain
(5.35), whereas the proof of Theorem 2.13 is unchanged. In the same way, we get from (5.37) that

∥∇u(t)∥L2(Ω) ⩽ ∥∇u(s)∥L2(Ω) +

t∫
s

∥∇f(σ)∥L2(Ω)dσ, (5.39)

for any t ⩾ s ⩾ 0.
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