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Abstract. We study the complex Ginzburg—Landau equation posed on possibly unbounded do-
mains, including some singular and saturated nonlinear damping terms. This model interpolates
between the nonlinear Schrodinger equation and dissipative parabolic dynamics through a complex
time-derivative prefactor, capturing the interplay between dispersion and dissipation. As a continu-
ation of our previous study on the existence and uniqueness of solutions, we prove here some strong
stabilization properties. In particular, we show the finite time extinction of solutions induced by
the nonlinear saturation mechanism, which, sometimes, can be understood as a bang-bang control.
The analysis relies on refined energy methods. Our results provide a rigorous justification of nonlin-
ear dissipation as an effective stabilization mechanism for this class of complex equations where the
maximum principle fails.
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1 Introduction

The complex Ginzburg-Landau equation constitutes one of the most fundamental models in the theory
of nonlinear dissipative systems. For a more detailed introduction to the model we will consider in
this paper we send the reader to the Part I of our study (see [5]).

In several recent works (see, e.g., [9]), the strong stabilization of a damped nonlinear Schrodinger
equation with saturation effects was established on unbounded domains. That analysis demonstrates
that suitably chosen nonlinear damping mechanisms can overcome dispersive effects even in the ab-
sence of compactness properties typically available in bounded domains. Such results are particularly
relevant for physical systems modeled in open space, where boundary confinement cannot be assumed.
The main goal of this paper is to extend the general approach taken in the theory presented in [9]
in order to extend previous results in the literature on complex Ginzburg—Landau equation in which
the saturation term is understood as an absorption term (see, e.g., Antontsev, Dias and Figueira [I]
and [11, 12} (13, 14} [15]).

The damped nonlinear Schrédinger equation may be viewed as a limiting or simplified model within
the broader Ginzburg-Landau framework. Introducing a complex coefficient in front of the time
derivative allows one to interpolate continuously between purely dispersive Schrodinger dynamics and



purely dissipative parabolic dynamics. This observation motivates the extension of the stabilization
theory developed in [9] to the complex Ginzburg-Landau equation posed on general domains Q C RY
(possible unbounded), with boundary 052,

719% — Au+ alu| ™y 4 buP "+ yu = f, in (0,00) x Q, (1.1)

ujpn = 0, on (0,00) x 09, (1.2)

u(0) = uo, in Q, (1.3)

where 6 € (*%, g), 0 <m < 1andab,y € C. Here we write, for generality p € (1,00) but the

physically more often case considered in the literature corresponds to p = 3.
For 6 € [—g, g] and m > 0, we introduce the following set of complex numbers:
Cy(m) = {z € C; Re(ze!%) > 0 and 2¢/mRe(ze?) > [1 — m| \Im(zei9)|}.
In the particular cases in which m € {0,1}, the set Cy(m) becomes,
Cy(0) = {z € C; Re(ze'?) > 0 and Im(ze'?) = O},
Co(1) = {z € C; Re(ze?) > O},
and actually,

Cy(0) = {z € C; 3u > 0 such that z = ue*ie}.

We note that if § = g, 0<m<1,a€ Cylm),b=0~v=—-V() € LL(KER) and f €
L} .([0,00); L?(€2)), then equation (I.1)) becomes

loc

0

ia—? + Au+ V(z)u — alu| "™y = — . (1.4)

It follows that the nonlinear Schrédinger equation (1.4) is a limit case of the Ginzburg—Landau

equation (|1.1), in term of #. But the Ginzburg—Landau equation (|1.1) may also be considered as an

intermediate equation between the nonlinear Schrodinger equation and the nonlinear heat equation
0

% — Au+afu| " Mu = f,

by taking # =0, a € R and b =+ = 0 in (L.1). In this last case, a € Cp(m) only means that a is a

positive real number.

The strategy of the proofs in this paper relies on the use of suitable energy methods, sharpening the
ones presented in the monograph [2]. Those methods capture the effective dissipation induced by the
nonlinear terms, combined with refined energy estimates adapted to unbounded domains. Singular
nonlinearities with 0 < m < 1 require weak formulations and truncation arguments to control the
dynamics near vanishing amplitudes.

In stabilization problems, the presence of a damped saturated term plays a crucial role. Linear
mechanisms and Lipschitz nonlinear terms alone produce only exponential decay but not strong
stabilization properties.



From a physical standpoint, the stabilization mechanism analyzed in this work can be interpreted as an
effective dissipation process capable of counterbalancing dispersion and diffusion in open systems. In
unbounded spatial domains, energy injected locally can escape to infinity through wave propagation
or diffusive transport, preventing the formation of confined modes and undermining stabilization
mechanisms based solely on linear damping.

The nonlinear terms appearing in the complex Ginzburg-Landau equation introduce amplitude-
dependent dissipation that becomes particularly effective in regimes where linear mechanisms fail.
The singular term |u|’(1*m)u acts as a strong damping mechanism near low-amplitude states, sup-
pressing residual oscillations and preventing the persistence of small-amplitude coherent structures.
From the physical point of view, this term can be interpreted as a saturation or threshold effect that
inhibits the survival of weak excitations.

The complex prefactor e % plays a fundamental role in shaping the dynamics. For § # 0, the system
no longer conserves energy in the Hamiltonian sense, and the interaction between dispersive and dis-
sipative components leads to a gradual relaxation toward equilibrium. This behavior is characteristic
of systems far from equilibrium, where dissipation and dispersion coexist and compete.

From the perspective of nonlinear dynamics, the stabilization results obtained in this work indi-
cate that the complex Ginzburg-Landau equation on unbounded domains behaves as a genuinely
dissipative system, despite the absence of geometric confinement and the presence of continuous
spectrum. The nonlinear damping mechanisms effectively restore asymptotic stability by suppress-
ing long-wavelength excitations and dispersive tails, leading to strong convergence toward stationary
states.

These results provide a rigorous mathematical justification for the physical intuition that nonlinear
dissipation and saturation can stabilize extended systems even in open geometries, a phenomenon
observed in a variety of physical contexts ranging from superconductivity and nonlinear optics to
pattern-forming systems far from equilibrium.

One of our main motivations is the rigorous proof of the strong stabilization (in a finite time) to u = 0.
This qualitative property is also called in the literature as the Finite Time Extinction property and
it is also related with the so-called Finite Time Null controllability in Control Theory. For instance,
the case of a pure saturation m = 0 nonlinearity, as the one considered in can be understood
also in the framework of Control Theory as a special case of a feed-back control y(¢, ) of “bang-bang
type” for the complex Ginzburg-Landau equation when we write in the form

—ig Ou

5~ Dutbul " et qyu = f 4 y(t2), in (0,00) x O,

with

~

y(t2) = mm.

where p > 0. This type of control has been considered in the applications to many dissipative evolution
equations (see [9] and its references). Nevertheless, the controllability for the complex Ginzburg—
Landau equation is more delicate (for some related results, see, e.g., Rosier and Zhang [20] and Fenza,
Labbadi and Ouzahra [17]).

In this paper, finite time extinction property (finite stabilization) of the solutions are obtained under
the assumption that a € Cy(m), while for the equation (1.4)), they are proved in the series of papers



[3, 6, [7, [8, 9] under the assumption that —a € C(m), where
C(m) = {z € C; Im(z) > 0 and 2y/mlIm(z) > (1 — m)|Re(z)|}.
Finally, notice that a € Cz (m) if, and only if, —a € C(m).

The organization of this paper is the following. Section [2| presents the statements of the main results
concerning the strong stabilization. In Section [3| we present the proofs of the results concerning the
strong stabilization of the solutions.

We collect here some notations that will be used along with this paper. For ¢ € R, t; = max{t, 0} is
the positive part of ¢. Unless if specified, all functions are complex-valued and all the vector spaces
are considered over the field R. For a Banach space X, we denote by X* e o (X;R) its topological
dual and by (., .)x+x € R the X* — X duality product. The product iT' € X*, for T' € X*,
is defined in [4]. For 1 < p < oo, p’ is the conjugate of p defined by % + 1% = 1. For a Banach
space X and p € (0,00], u € L ([0,00); X) means that v € L} ((0,00); X) and for any T > 0,

w0,y € LP((O,T);X). In the same way, we will use the notation u € Wl’p([O7 oo);X). If p € (0, 0]

loc
and r = 0 then L*(Q) = L>®(Q) and W7 (Q) = WH(Q). Finally, we denote by C' auxiliary positive
constants, and sometimes, for positive parameters ay,...,a,, write as C(aq,...,a,) to indicate that
the constant C' depends only and continuously on ay, . .., a, (we will use this convention for constants
which are not denoted merely by “C”).

2 Finite time extinction property

Let us recall that if € [—Z,Z] and m > 0 then Cy(m) is defined by
Cyp(m) = {z € C; Re(ze'’) > 0 and 2y/mRe(ze'?) > |1 — m| \Im(zei9)|}.

In order to have existence of solution, we make the following assumptions.

Assumption 2.1. We assume the following.

) is any nonempty open subset of RY,

™ s
—— << =,
2 2

m € [0,1] and p € (1,00),
a € Cyp(m) and b€ Cy(p) U{0},
v € C with Re(vel?) > 0.

Definition 2.2. Let ¢ C RY be an open subset and let w € L (). A function U is said to be

loc

a saturated section associated to u if U € L>(0), ||U|p=) < 1 and U = i, almost everywhere

|ul
where u # 0.
Now, let us recall the notion of solution.

Definition 2.3. Let Assumption [2.1] be fulfilled, let f € L ([0,00); L*(2)) and let ug € L*(2). We

loc

shall say that u is an H?2-solution to (1.1)—(1.3)), if u satisfies the following properties.



1. We have that

m+1

we Lm+1([0,00);H6 Q)N vap) AWL o ([Ovoo);LQ(Q) + X;%p)a (2.1)

loc loc
where X, , = L™ (Q) N LPHL(Q).
2. For almost every t > 0, Au(t) € L*().
3. (a) If m > 0 then u satisfies in 2'((0,00) x ).

(b) If m = 0 then there exists a saturated section U associated to u such that the pair (u,U)
satisfies

e_ieg—? —Au+aU +blulP u+yu = f, (2.2)
in 7'((0,00) x Q).
4. We have that u(0) = ug, in L*(Q).
We shall say that v is an L2-solution or a weak solution to f if there exists a pair,
(ttns fa)mens © C([0,50); L)) x Lhe (10,0005 L), (2.3)
such that for any n € N, u,, is an H?-solution to 7 where the right hand side of is fn,
and if

72
w, C([0,T];L7(2)) u and ,
n—oo n—oo

L ((0,T);L% ()

[ (2.4)

for any T > 0. Sometimes, we shall write (u, f), (u,U) or (u,U, f) to designate a solution with the
obvious meanings.

We recall that under Assumptions if f € LL([0,00); L*(£2)) then for any ug € L?(2), there exists

loc

a unique weak solution to (L.1)—(1.3)) ([5, Theorem 2.8]).
Theorem 2.4 (Infinite time extinction property). Let Assumption|2.1|be fulfilled, let ug € L2(2),
let f e L'((0,00); L2(2)) and let u be the unique weak solution to (L.1)—(1.3). Then,

Jim Jlut)]| 2@ = 0.

Proposition 2.5 (Infinite time extinction property). Let Assumption be fulfilled with m = 1,
let f € L'((0,00); L*()), let ug € L*(Q) and let u be the unique weak solution to (L.I)-(1.3). If
f =0 almost everywhere on (Ty, 00), for some Ty = 0, then

- eaeig —_
u(®)]| 20 < [u(To)|| 2 e Re@e I E=To),

for any t > Tp.
In order to have finite time extinction of the solutions, we make the following assumptions.

Assumption 2.6. Let Assumption be fulfilled with m < 1, let f € L} ([O,oo);LQ(Q)), let

loc

ug € L%(Q2) and let u be the unique weak solution u to (1.1)—(1.3). We assume that there exists a
finite time Ty > 0 such that

for almost every (¢, z) € (Tp,00) x Q, f(t,z) = 0. (2.5)
If m = 0, then we may make a weaker hypothesis. Instead of (2.5)), we may assume that
f € L®((To, 00); L=()) and. || f[| o= (10 ,00)): Lo (02)) < Re(ae®). (2.6)

Finally, we set § = U202 ¢ (11) and A = 2(1 - 6) = g



Theorem 2.7 (Finite time extinction property). Let Assumption be fulfilled.

1. For anyt > Tp,

N(1—m)+4

4(1—m) _ 4 4(1—m))
lu(®)]|z2@) < (WATMIEQQWH4 AA{CG§<-WH4Q-Tm> : (2.7)
+
where Can is given by (3.18) below and
M = min {cos ¥, Re(ae'?) — | £l Lo (T 00): Lo (€2)) | - (2.8)
In particular,
vt 2T, [Ju(t)]z22) =0, (2.9)
where
CN(l m)+4 4(1—m)
N((1-—m)+4
T* X THU(TO)”LQ((Q) + + To. (210)

2. There exists e, = ex(m, N) satisfying the following property. If

2(1-6
luol75 ) < &xTh,

IFOIsq) < (T - 1)1

for almost every t > 0, then (2.9)) holds true with Ty, = Tg.

(2.11)

Remark 2.8. Here are some comments about Theorem

1. If f satisfies (2.5) then || || 1o ((7y,00);(02)) = 0 and (2.8) reads as: M = min {cos 6, Re(ae'?)} .

2. We have that: 21‘5 =1 = N‘é(‘fﬁl,j)“m.

3 Proof of the finite time extinction property
If u is an H*-strong solution then the map t +— [lu(t)||72 g, belongs to W2 ([0, 00); R) and

1d i m
iaHU(t)II%z(m +cos 0| Vu(t)[|22(q) + Re(ae)[u(t)|| 75 o)
(3.1)

+ Re(bei9)||u(t)||iﬁ1(m +Re(ve”) [u(t)|72(q) = Re eie/f(tw’f) u(t,z)dz |,
!

for almost every ¢ > 0 ([5, Theorem 2.14]). The proof of Property [l of Theorem (as well as
Property [2) relies on the estimate of the time derivative of the mass (3.1]) to arrive at the estimate
y' (1) +vy(t) <O, (3-2)

where y(.) = [lu(.)|3 » for some v > 0 and ¢ € (0,1). But (3.1) does not hold for the weak

2(Q
solutions, as well as (3.2). As a consequence, we first prove Property [l| for the strong solutions
and then proceed by density. The passage to the limit is possible with the help of the continuous



dependance (see below) and the weak solutions are approached by strong solutions with the
help of Lemma below. This proves the extinction of the solution in finite time. But the proof of
Property [2| of Theorem which permits us to choose at which time the solution vanishes, is more
delicate. To this end, we use again the estimate of the time derivative of the mass and the
assumption

26-1
||f(t)||%2(sz) < e(To - t)+176 ; (3.3)

for almost every ¢ > 0. We then obtain and we then apply [0 Lemma 5.2] to obtain the extinction
of the solution at time Ty. Again, we have to consider strong solutions. But the key assumption
cannot be obtained for a smooth sequence (f,,)nen that approaches the external source f. Rather, we
first prove a more general result (Lemma below) than [6, Lemma 5.2], which permits us to prove
Property [2| by density.

Lemma 3.1. Let I be an interval (not necessarily open) with —oo < inf I < supl < oo, let1 < p < oo,
let X be a Banach space and let f € L}, (I; X). Then there exist (fn)neN C2I;X)andg € LIOC(I7 ]R)
such that,

Lloc(I X)
e

fu Lo, (3.4
fora.e.t €1, fo(t) Tfo—: (1), (3.5)
fora.et el and anyn €N, || fo(®)|x < g(t), (3.6)
for any n € N, supp f, Csupp f + B <O, ;) (3.7
If, in addition, f € LP(I; X) then
fn % f and g € LP(I;R). (3.8)

Finally, if for some g € [1,00] and a Banach space Y, f € LY(I;Y) then (fn)nen C 2(1;Y) and

[fallzayy < 1fllzayys (3.9)
for any n € N.

Proof. Let f € LY (I; X). Let for each n € N, I,, = (inf I + 2, sup I — 1) . Finally, let (p,)nen be a

sequence of mollifiers. Let us denote by fthe extension of f by 0 outside I. Let n, 7 € N. We define
Gn,j = Pj* (fILI )11 It is well-known that for any n € N, (gn,j)j>n C 2(I; X) and gy, ECLIN fi, ,as

Jj — 00. See, for instance, Droniou [16, Théoreme 1.7.1, p.27]. See also Brezis [10] (Proposition 4.18,

p-106 and Theorem 4.22, p.109). It follows that there exists an increasing function ¢ : N — N
such that for any n € N, setting f, = gn yn), we have f, — flg, M 0, as n — oo. By

the partial converse of the dominated convergence theorem for vector-valued functions (Droniou [I6]
Théoreme 1.3.4, p.16]), we may assume, by renumbering the sequence if necessary, that for a.e.t € I,

fu(t) — f15,(2) 250, as n — oo, and Ifn — fl5,llx < g € LP(I;R), a.e.in I and for any n € N.

Since for any compact interval J C I and ¢t € I (the interior of I), there exists ng € N such that for
any n > no, J C I, and t € I, we easily conclude that (fy)nen C Z(I; X) satisfies and (3.5)
(and also ( if f € LP(I; X)). Since for any n € N, supp p,, = B (0, n) , comes from a classical
result of the Convolutlon of two functions (Brezis [10, Proposition 4.18]). Flnally, it f e LYI;Y) for
some q € [1,00] and a Banach space Y, then we have that (f,)neny € 2(I;Y) and comes from
Young’s inequality for vector-valued functions (Droniou [16, Proposition 1.7.1, p.25]). O



Lemma 3.2. Let ,d > 0. Let g € LL ([0,00);R) be a nonnegative function and let to > 0.

loc

1. For any zy = 0, there exists a unique solution z € Wli)’cl([to, oo);]R) to

vt 2 t07 Z(t) 2 0’
(3.10)
for a.e.t > to, 2/(t) + az(t)’ = g(t),
such that

Let g1, g2 € LL ([0, 00); R) be nonnegative functions and let 21, zo € W,5! ([to, 0); R) be solutions
to

Vit > to, Zj(t) > 07

(3.12)
fora.e.t >0, 25(t) + azj(t)? = g;(t),
for j € {1,2}. Then,
|21(t) = 22(8)] < |21(s) — 22(s)] +/|91(0) — g2(0)|do, (3.13)

foranyt>s>tg.

2. Let z € VVli’Cl([to,oo);R) be a solution to (3.10) and let y € Wli’cl([to, 00); R) be a nonnegative
solution to

for a.e.t >to, y'(t) + ay(t)® < g(t), (3.14)
If for some t, € [to,T), y(tsx) < z(t«) then

Vi > t,, y(t) < z(t). (3.15)

Proof. Let a,d > 0. Let g € L] _([0,00); R) with g > 0, a.e.in (0,00), and let ¢y > 0.

Proof of Property Let ([to, Tmax), 2) be any maximal solution to (3.10) with Tihax < co. Then
for any t € [to, Tmax)

TII)aX
Yt € [to, Tmax), 0 < 2(t) < 2(to) + / g(s)ds < oo. (3.16)

0

Now, let zg > 0 and set for a.e.t > 0 and any = € R, f(t,z) = g(t) — « (xl[o’oo)(x))é. Then by
Carathéodory’s Theorem and Zorn’s Lemma, there exist tg < Thax < 00 and a maximal solution
z € Wlf)’cl([to,Tmax);R) to 2/ = f(.,2), a.e.on (tg, Tmax), that is

for a.e. t € (to, Tmax), 2'(t) + o (2() 1 {210} (t))(S =g(t), (3.17)

such that z(tg) = zo. In addition, the following blow-up alternative holds true: if Tiax < oo then
lim |z(¢)| = co. Now, assume by contradiction that for some t; € (to, Tmax), 2(t1) < 0. Then, since

t, " Tmax

2(to) = 0, we obtain by continuity the existence of a T € [tg, Tmax) and of a § € (0, Tinax — T') such



that z(T) = 0 and for any ¢ € (1,7 + ¢], 2(t) < 0. It then follows from (3.17) that 2’ > 0, a.e.on
(T, T+ 0), so that 0 = z(T') < 2(T + J) < 0, a contradiction. It follows that,

vt € [thTmax)v Z(t) = 07

and by (3.16) and the blow-up alternate, we obtain T,.x = co. As a consequence, any maximal
solution to (3.10) is global. Now, let g1,g2 and 21,22 be as in the statement of the lemma. Let
z =12z —z2 and g = g1 — g2. It follows that,

for a.e. t > to, 2'(t) + alz1 (1) — z(t)%) = g(t).

)

Multiplying by z, using that s — «as? in increasing over [0, 00) and integrating, we get that z satisfies,

> to, [21(t) — 22(8)] < |2 (s) — 2a(s)] + / 191(0) — ga(0)[do

In particular, this implies uniqueness of the solution, and Property [1| is proved.

Proof of Property [2l Let the assumptions be fulfilled. If does not hold then since y(t,) <
z(t+), we have by continuity that there exist t, < Ty < oo and € > 0 such that y(7%) = 2(T%) and
y(t) > z(t), for any t € (T, T, + ). This leads with and to y' < 2/, almost everywhere
on (T, T, + €). Integrating over (T,t) for t € (T4, Tx + €), we obtain that y(t) < z(¢), for any
t € [Ty, Ty + €], a contradiction. Hence the result. O

Let us recall the following Gagliardo-Nirenberg inequality (Gagliardo [I8], Nirenberg [19]). Let © be
an open subset of RY and let 0 < m < 1. Then there exists Cagn = Cgn(m, N) such that for any
u € HH Q) NL™H(Q),

(N42)—m(N—2 N(1—m)

Hu||L2(Q) 2 < CGNHU”?IL(Q)||Vu||L2(52)) . (3-18)

It follows that,

(N+2)—m(N—2)
||u||L2(Q) :
N(1—m)

m 4
< Can (HVUH%Z’(Q) + [lul L’ﬂl(ﬂ))

Tt (IVulla) + I

N(1—m)+4

m 4
= Con (IVul32(0) + lulftt o) ,
and then
4
ey < COT7 (I9ul3eq) + el o)) - (3.19)

for any u € H}(Q) N L™T1(2), where § is defined in Assumption Finally, let us recall that if

(u, f) and (@, f) are (strong or weak) solutions to (1.1))—(1.2)) then
¢
[u(t) = u®)l2 (@) < lluls) —u(s)llL2@) + / 1f(0) = f(o)llL2(@do, (3.20)
for any t > s > 0 ([, Proposition 2.6]). Now, we are able to prove Theorem

Proof of Theorem Let f, ug, v and M be as in the statement of the theorem and set for any
t>0,y(t) = lu®)72(0)-



Proof of Property (1 We only show that u satisfies (2.7]), from which (2.9) and (2.10]) will follow. We
first assume that f € 2((0,0); L*(9) i and ug € (), so that u is an H?-solution (|5, Theorem 2.14]).

We have by (3.1)), (3.19)), (2.5) and (2.6|) that for a.e.t > T,
Y1) + 20yt <0, (3.21)

4
where o = MCqy @ ™" After integration, we obtain that for any t > Tp,

N(1—m)+4
4(1—m) 2(1—-m))

[u(t)]|72(q) < (||u(To \\52<(1Qm>+4 —AMCgn ™ N (t_T0)> , (3.22)
+

which is (2.7]).

End of the proof when m > 0. Now, we consider the general case: uy € L2?(2) and f €
Ll((O,oo);Lz(Q)) which satisfies (2.5). We apply Lemma let (pn)nen € 2(0) and (fn)nen C
2((0,00); L*(£2)) be such that,

2 1 2
o DO g g, ORI,
n— o0

I (3.23)

n—oo

Flnally, for each n €N, let (uy, fn) be the H2-solution to such that u,(0) = ¢,. By .,
(3-7) and (3:22) WegetthatforanyneNandt>To+f
a4 1
— AMC YO <t T — > . (3.24)
n

1
+

By (3.23) and (3.20), we may pass to the limit in (3.24)), so that u satisfies (2.7).
[0,00); L2(€2)) which

End of the proof when m = 0. Assume that ug € L*(Q) and f € L]

satisfies (2.6). By Lemma there exist (¢n)nen C 2(Q) and (fn)nen C 2((0,00); L?(2)) such
that,

4(1—m) N4<(1117Zz))4)>4
N(—m)+4
[un(®)llL2@) <

L2(9)

2
©n -—(@% u(Tp) and for any T > To, fn M 1 (3.25)
for any n € N, || full Lo ((70,00):2% (@) < 1|2 ((70,00):L5 (©2))- (3.26)

Let n € N. Let (uy, fn) be the H2-solution to (1.1)—(1.2) such that u,(Tp) = ¢, (which is possible
by uniqueness of the solution and the invariance of (1.1) by time translation). By (3.26| -, each f,

satisfies (2.6). Then by (3.22]), we have for any n € N and ¢ > Ty,

A1) N(1—m)+4

_all-m) 4 2(1—m))
lun ()220 < (nun(To)nf;lQ;"”‘* M, Co™ ™ (1 —TO>) 7
+

where M,, = min {cos 6, Re(ae'?) — | frllos (7,00 Lo Q))} By - M < M, so that

N(1—m)+4
4(1—m) 2(1—m))

_4(-m) a4
lonOey < (I TGy ™ — AMCGT™7 (0 10)) e
+
for any n € N and ¢t > Tp. By (3.25)) and (3.20)), we may pass to the limit in (3.27) and then u satisfies

7).
Proof of Property EI. We first note by (2.11)) that f € L?((0,00); L*(€2)), where p = 26 ; > 1. By

10



Lemma there exist b € LP((0,00);R), (¢n)nen C 2(Q) and (fn)nen C 2((0,00); L*(2)) such
that,

2 P .12
©n L@, ug and f, L0007 (@), /s (3.28)

n— oo n—00

L2(9)
for a.e.t > 0 and any n € N, || f,,(¢)|[z2() < h(t). (3.30)
For each n € N, let (uy, f,) be the H?-solution to ((1.1] b 1 ) such that u,(0) = ¢,, and set for any
t>0,y,(t) = ||un(t)||2LQ(Q) Let n € N. We have by (3.1)), (3.19) and Cauchy-Schwarz’ inequality that
for a.e.t > 0,
1

Y () +2ayn(t)’ < 2| fu(t)llL2() yn(t)?, (3.31)

4
where o = min {cos 0, Re(ae'?) } C, ™. Now, we set

25—1 1 251
6*:min{(25—1)7 7 (aa)mu—5)a<1—s>,a5(1—5)}.

Applying Young’s inequality to (3.31)) we arrive at,

20 —1
)

Yo () +2ay,(t)’ < (@8) 7T | fi (t >||26 b+ aya(t),

for a.e.t > 0, and then

for a.e. t > 0, yl(t) + ayn ()’ < gn(t),

where g, (t) = 2‘iffl(ozé)_flfl||fn( )||z‘; (12) Let z, € VV&)CI([O, 00); R), with z, > 0 everywhere in
[0,0), be the unique solution to

for a.e. t > 0, 2/, (t) + azn(t)’ = gn(t),

such that z,(0) = y,,(0). By Lemma we have for any ¢ > 0, y,(t) < z,(t). By (3.29), (3.30) and
L"((0,00);R)

the dominated convergence Theorem, we have that g, g, where for a.e.t > 0,

20 —1 — 55 Preay

o(t) = 20 T 2

We then infer with the help of (3.28)), (3.20)) and Lemma [3.2| that

V>0, y(t) < 2(t), (3.32)
where z € Wlt)cl ([O 00); R) is the unique nonnegative solution to

for a.e. t > 0, /() + az(t)’ = g(t),

such that z(0) = y(0). By (2.11)), it follows that

_6
for a.e. t > 0, 2'(t) + az(t)’ < z (To — t)jr*‘s,

11



where z, = (ad’(1 — 6))ﬁ Finally, let ¢, = (ad(1 — 6)To)ﬁ, and let ¢ € Wlf)’cl([O,oo);R), with
¢ > 0 everywhere in [0, 00), be the unique solution to

for a.e. t >0, ¢'(t) + aC(t)’ = 2. (Tp — t)j%,
such that ((0) = (.. By (2.11)), we have z(0) < (. and then Lemma [3.2] implies that
Yt >0, 2(t) < (%), (3.33)
Finally, by the uniqueness of the solution, we obtain
Ve 0, C(t) = Ty T (T - )T (3.31)
Putting together 7, we get that
Ve 0, y(t) < GTy T (To— )

from which the result follows. O

Proof of Proposition By density (in particular (3.7)) and continuous dependence ([3.20)), we
may assume f € Z((0,00); L*(Q)), ug € 2(Q) so that u is an H?-solution ([5, Theorem 2.14]). We

then have by (3.1)),

1d ;
vt > To, 55”?6@)\\%2(9) +Re(ae'”)[u(t) |22 () <O,
from which the result follows. U
Proof of Theorem By ([3.20)), density and Proposition we may assume that ug € 2(Q),
f€2((0,00); L*(Q)) and m < 1. The result then comes from Theorem O
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