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ABSTRACT. We study the size of the range of the derivatives of a smooth func-
tion between Banach spaces. We establish conditions on a pair of Banach spaces
X and Y to ensure the existence of a C? smooth (Fréchet smooth or a contin-
uous Gateaux smooth) function f from X onto Y such that f vanishes outside
a bounded set and all the derivatives of f are surjections. In particular we de-
duce the following results. For the Gateaux case, when X and Y are separable
and X is infinite-dimensional, there exists a continuous Gateaux smooth func-
tion f from X to Y, with bounded support, so that f(X) = £(X,Y). In the
Fréchet case, we get that if a Banach space X has a Fréchet smooth bump and
dens X = dens £L(X,Y), then there is a Fréchet smooth function f : X — Y with
bounded support so that f'(X) = £(X,Y). Moreover, we see that if X has a C?
smooth bump with bounded derivatives and dens X = dens L7*(X;Y’) then there
exists another C? smooth function f : X — Y so that f®)(X) = £F(X;Y) for
all k =0,1,...,m. As an application, we show that every bounded starlike body
on a separable Banach space X with a (Fréchet or Gateaux) smooth bump can
be uniformly approximated by smooth bounded starlike bodies whose cones of
tangent hyperplanes fill the dual space X™*. In the non-separable case, we prove
that X has such property if X has smooth partitions of unity.

1. INTRODUCTION

Although Rolle’s theorem fails in infinite dimensions [2], Ekeland’s Variational
Principle [7, Proposition I1.5.2] easily determines that if b is a continuous Gateaux
smooth bump on X then the norm closure of b’'(X) contains 0 as an interior point. If,
in addition, X is finite dimensional and b is C! then b'(X) is a compact neighborhood
of 0. The questions as to how small or how large the set of gradients of a bump
function can be have been considered recently in [1] and [3]. We refer to [5] for a
study on the shape of the set ' (X) when X is finite-dimensional.

On the one hand, as a consequence of a result of Hajek’s [11], we know that if f is
a C'! smooth function defined on ¢y with locally uniformly continuous derivative then
f/(X) is contained in a countable union of compacts. Also, if X is a non-reflexive
Banach space with a C'' smooth norm, then the set of norm attaining functionals has
empty interior in X* [12] (see also [6]); by composing this norm with an adequate
bump function on R one can easily obtain a C' smooth Lipschitz bump b on X so
that the cone generated by b'(X), that is C(b) = {\/(z) : =z € X, A > 0}, has
empty interior.
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If a continuous Gateaux smooth bump b is defined on a Banach space X with the
Radon Nikodym Property, it easily follows, as a consequence of Stegall’s Variational
Principle, that C'(b) is a residual set in X*. Nevertheless, it may happen that C(b)
has empty interior even though b is defined on a reflexive Banach space. Indeed, it
has been proved in [3] that there exists a C'' smooth Lipschitz bump b defined on
¢y so that C(b) has empty interior.

On the other hand, it was shown in [1] that there is no upper bound on the size
of ’(X). More specifically, if X has a C! smooth Lipschitz bump, then there is
another C'! smooth bump b so that &' (X) = X*. This result can be compared to
that of Bates’s [4]: for every infinite-dimensional separable Banach spaces X, Y,
there exists a C' smooth surjection from X onto Y. T. Dobrowolski has recently
obtained similar results for weak bump functions with higher order derivatives which
are surjections (see [9]).

In this paper we improve the main results from [1], establishing several interesting
generalizations which simultaneously englobe some of Bates’s results and those from
[1], as well as an analogous result for the Fréchet and Gateaux smooth case, and we
provide some applications.

If X and Y are Banach spaces, let £(X,Y) stand for the Banach space of all
bounded linear operators from X to Y. We give conditions on a pair of Banach
spaces X and Y to ensure the existence of a Fréchet or continuous Gateaux smooth
surjection f : X — Y such that f vanishes outside a bounded set and f/(X) =
L(X,Y). In particular, when X and Y are separable and X is infinite-dimensional,
there exists a uniformly Gateaux smooth function f from X to Y, with bounded
support, so that f’(X) contains the unit ball of the Banach space £(X,Y). We
obtain as a corollary that every separable Banach space X has a uniformly Gateaux
smooth bump b so that o/(X) contains the dual unit ball of X*, and therefore,
there is a continuous Géateaux smooth bump g so that ¢'(X) = X*. In the Fréchet
smooth case, we obtain that if a Banach space X has a Fréchet smooth bump and
dens X = dens L(X,Y), then there is a Fréchet smooth function f : X — Y with
bounded support so that f/(X) = L(X,Y). One corollary to this result is that if a
Banach space X has a Fréchet smooth bump, then X has a Fréchet smooth bump
b so that V/(X) = X*. Another corollary states that for every separable infinite-
dimensional Banach space Y and every n € N, there is a Fréchet smooth function
f:R®™ — Y, with bounded support, so that f/(R™) = L(R",Y).

Next, we also provide conditions on a pair of Banach spaces X and Y which
ensure the existence of a CP smooth surjection f : X — Y such that f vanishes
outside a bounded set and the derivatives of f are all surjections. We prove that if X
has a C? smooth bump with bounded derivatives and dens X = dens £7*(X;Y") then
there exists another CP smooth function f : X — Y, with bounded derivatives,
so that f vanishes outside the unit ball of X and f*)(X) contains the unit ball of
LE(X:Y) for all k = 0,1,...,m (notice that this conclusion is in fact equivalent to
the assumption on X); in particular, this implies that there is also a CP smooth
surjection b : X — Y so that b()(X) = £F(X;Y) for all k = 0,1,...,m. Here,
1 <p<oo,meN, LF¥(X;Y) stands for the space of k-linear symmetric mappings
from X into Y, and dens X denotes the character of density of a Banach space X.
Note in particular that for m = 0 we identify ¥ = £%(X,Y) and we obtain a CP
smooth surjection b from X onto Y, thus recovering a result of Bates’s [4]. For some
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classical spaces X and Y, such as the ¢,, cg, L, and Orlicz spaces, we also study
when the above conditions for the existence of smooth functions with surjective
derivatives are fulfilled.

Finally, we give some applications of these results. In [1] it was shown that
James’ theorem fails for starlike bodies in all separable Banach spaces; in particular
it was seen that if X is infinite-dimensional and has a separable dual then there is a
C' smooth bounded starlike body whose cone of tangent hyperplanes fills the dual
space X*. Here we prove that in fact every bounded starlike body in such a space X
can be uniformly approximated by C'' smooth starlike bodies whose cones of tangent
hyperplanes fill the dual X*. If X is separable but X™* is not, a similar statement
holds replacing C'* smoothness by Gateaux smoothness. Moreover, a (nonseparable)
Banach space X has this property provided X has smooth partitions of unity. We
also consider a similar question about smooth approximation of continuous functions
by smooth functions whose derivatives are surjections, and we show that if a Banach
space X has smooth partitions of unity then every continuous function on X can be
uniformly approximated by smooth functions with surjective derivatives.

2. THE RANGE OF THE GRADIENTS OF A CONTINUOUS GATEAUX (FRECHET)
SMOOTH FUNCTION BETWEEN BANACH SPACES.

Theorem 2.1. Let X and Y be separable Banach spaces, where X 1is infinite-
dimensional. Then, there is a uniformly Gateaux smooth Lipschitz function b :
X — Y with bounded support so that b(X) contains the unit ball of Y and b'(X)
contains the unit ball of L(X,Y).

Consequently, there is a continuous Gateaur smooth function g : X — Y with
bounded support so that g and g are surjections, that is, g(X) =Y and ¢'(X) =
L(X,Y).

A consequence of this theorem is that there is no upper bound for the range of
the set of gradients of a continuous Gateaux smooth bump on a separable Banach
space. This is formally stated in the following corollary.

Corollary 2.2. FEvery separable Banach space X has a uniformly Gateaur smooth
Lipschitz bump b such that b'(X) contains the dual unit ball Bx«. Consequently, X
has a continuous Gateauzr smooth bump g so that ¢'(X) = X*.

The following result concerns Fréchet smooth functions. It was proved in [1] that
if a Banach space has a C'' smooth and Lipschitz bump, then the space has a C!
smooth and Lipschitz bump satisfying that the set of gradients fills the dual unit
ball. The proof of this result, as well as the proofs given in the next section for
the CP smooth case, strongly rely on the existence of a smooth bump function with
bounded derivatives. This requirement allows us to obtain smooth functions with
continuous surjective derivatives. If one is not interested in the continuity of the
first derivative, one can dispense with that assumption, obtaining similar results on
the existence of Fréchet smooth bumps whose sets of gradients fill the dual unit ball.
Notice that it is still an open problem whether every Banach space with a Fréchet
smooth bump has a Fréchet smooth bump with bounded derivative as well.

Theorem 2.3. Let X be a Banach space with a Fréchet smooth bump and Y a
Banach space so that dens X = dens L(X,Y'). Then, there exists a Fréchet smooth
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function g : X — Y so that g has bounded support, ¢'(X) = L(X,Y) and, when X
is infinite dimensional, also g(X) =Y.

Corollary 2.4. Let X be a Banach space with a Fréchet smooth bump. Then, X
has a Fréchet smooth bump b so that V/(X) = X*.

It is straightforward to verify that a uniformly Géateaux smooth continuous function
f: X — Y, defined on a finite-dimensional Banach space X, satisfies that f’ is
continuous. Therefore f'(X) is a countable union of compact subsets. If, in addition,
Y is infinite dimensional, then f’(X) cannot contain the unit ball of the infinite
dimensional Banach space £(X,Y’). Thus, there is no uniformly Gateaux smooth
function f from a finite dimensional Banach space X into an infinite dimensional
Banach space Y so that f/(X) contains the unit ball of £(X,Y). However, we
establish as a corollary of Theorem 2.3 that, under the above conditions on X and
Y, there exists a Fréchet smooth function with bounded support from X into Y
and whose set of gradients fills the space £(X,Y). We will not mention in this
section the case when X and Y are finite dimensional since in Section 3 we will
prove the existence of C'! smooth functions with bounded support from X to Y
whose derivatives are surjections.

Corollary 2.5. Let Y be an infinite dimensional and separable Banach space and
n € N. Then, there is a Fréchet smooth and Lipschitz function b : R™ — Y with
bounded support such that b'(R™) contains the unit ball of the space L(R™,Y).

Consequently, there is a Fréchet smooth function g : R™ — Y with bounded
support so that ¢'(R™) = L(R™,Y).

Let us begin with the proofs of the above results. In order to prove Theorems
2.1 and 2.3 we first present a lemma which provides the necessary tools to construct
such functions.

Consider in £(X,Y") the topology 7 of the pointwise convergence on X and denote
by Br(x,y) the unit ball of £(X,Y’). Let us turn our attention to the topological
space (Br(x,y), 7). When, for instance Y = R, the space (B, (x,y),T) is (Bx+, w"),
where w* denotes the weak™* topology in the dual unit ball Bx«. Assume that X
is separable and fix a dense sequence (z,,) in the unit ball of X and a decreasing
sequence of positive numbers (g,) converging to 0. It is well-known that a countable
basis of neighborhoods of a point 7" € B x y) in the topological space (B (x y),T)
is the family (U,), where

Uy ={S € Bexyy: [|(T—S)(@)]| <en, i=1,...n}.

The sequence (Up,) is a decreasing family of 7-closed and convex subsets of By (x y).
It is also known that the space (B.(xy),T) is separable whenever X and Y so
are. Indeed, take a dense sequence (y,) in the unit ball of Y. Now, for every
n € Nand A = (A(1),...,A(n)) € N, we select an operator T\ € By x y) so that
I Tx(2i) — ya@)ll < en fori=1,...,n (if there exists). It is straightforward to verify
that the set
{T/\ A€ Nn}nEN

is dense in (B (xy), 7). The properties of the separability of (Bz(x y),7) and the
existence in this space of a countable basis of neighborhoods for every element,
provide us the following lemma.
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Lemma 2.6. Let X and Y be separable Banach spaces and (V,) be a decreasing
family of T-closed, convex and symmetric subsets of 2Br(xy) which is a base of
neighborhoods of 0 in (2B.(x,y),T). Then, there is a sequence (Trm) C 2Bz(xy),
with the property that for any T € B x y),

(2.1) T = T-sum Zka, for some subsequence (T, ).
k

Moreover, the sums satisfy the stronger condition
(2.2) T-> T €Vi and ||> Tnll<1, keN
i<k i<k

If we denote
Y ={o=(0(n)) e NV: (T (n)) satisfies (2.2) for some T € Br(xy)},
and X, ={oy, = (c(1),...,0(n)): o€ X},

then, an element o € NN satisfies that o € X if and only if o, = (o(1),...,0(n)) €
X, for every n.

Proof of Lemma 2.6. Let us consider a dense sequence (Sy) in (Bg(x,y), 7). Then,
for any T' € B(xy), T = 7-lim Sy, , where (S,,) is a subsequence of (S,). More-
over, we may assume that 7' — S, € Vi, for every k. Now, we can write 1" as the
T-sum Sp; 4 D, (Snyyy — Sny). We relabel (Sn)n U (Sn — Sm)n>m as (T5,). Notice
that the sequence (T},) is included in 2By yy. Then, for every T' € B.(x y) there
is a subsequence (T},, ) satisfying

T = 7-sum Z T, -
k
Moreover, this sum satisfies the stronger condition

T=3 T =T =S Vi, and |3 Tl = (1S, ]l < 1.

i<k 1<k

In order to prove the last assertion of the lemma, notice that whenever o € NN
satisfies that o, € X, for every n, then by (2.2) we deduce that,

k+m
Y T, €2Vk, and ||Y Tl <1 for any k, m €N,
i=k+1 i<k

Consequently, > T, ;) is T-convergent and it follows from the above that
> Tou) € 2V
i>k+1

Thus, if 7' := 7-sum ), T, ;) , this sum trivially satisfies (2.2) and then o € X. This
concludes the proof of Lemma 2.6. [

Proof of Theorem 2.1.
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We first construct uniformly Gateaux smooth functions f, h : X — Y with
bounded supports so that f/(X) contains the unit ball of £(X,Y) and h(X) contains
the unit ball of Y. Next, we define the required function b as the sum of suitable
translations of f and A with disjoint supports. Finally, we shall construct g by
slightly modifying b. The proof is divided into several steps as follows:

First step: Definition of f. Since X is separable there exists an equivalent uniformly
Gateaux smooth norm || - || on X [7, pg. 68]. Consider a C*° bump on R which we
denote by ¢ so that 6(¢) =1 for |t| < 3, 6(t) = 0 whenever [t| > 1, (R) = [0, 1] and
supycz 10/(0)] < 3.

Now we define the following sequence of bumps h, : X — R as hy(z) =
0(||z||"/™), z € X. The bumps (h,,) are uniformly Gateaux smooth and verify that
hn(x) = 1 for ||z|] < 1/2", hp(x) = 0 for [|z||] > 1 and h(X) = [0,1]. Also,
hy, satisfies that h} (z) = %HxH_l“/" |- 1" (z) ' (||z]|*/™) if  # 0 and h/,(0) = 0.
Therefore

3
(2.3) sup ||z[| ||hn, (2)|] < —
z€X n

The length of an element o € N, ¢ := (0(1),...,0(n)), is n and it is denoted

by |o|. Let us consider ¥’ = U,3,,, where the family (%,), is the one obtained in
the Lemma 2.6. Now, as in [1], we take a sequence of positive real numbers (ry,)n,

where 7,11 = 5343, as well as a family of points (z,)scxr in %B x satisfying
(1) B(xo,74) C 5 Bx
(2) if o # o’ have length n, then ||z, — /|| > 37y,
(3) if|o| =n, |0o/| =n+1and o < o’ (that is to say, o], = o), then ||z, —z,|| =

r
21111 = 47”n+1.

Therefore, for every n € N, the set

(2.4) Uses, B(Z5,7n)

is a disjoint union of closed balls inside the ball %BX. Also, if 0,0’ € X' and
o < o, then B(x,,7)0) C Bz, %) In this way, we have for every chain
o1 < 09 < ... < o < ..., where o, € %, for every n, a nested sequence of balls
B(xg,,71) D B(xgy,7m2) D ... D B(%0s,,7n) D ... whose intersection is a single point.
Notice that, if (T},) is the sequence obtained in Lemma 2.6, then the associated
series ) Ty, (n) is T-convergent.

Let us define for every n the function f,, : X — Y as follows

fn(l‘) = Z <Tcr(n)a T — :EU) hn(T'r:l (:1: _xU))'

oeX,

The support of each f,, is included in the disjoint union of closed balls which appears
n (2.4). Thus, for n and z fixed, the series which defines f,(z) has at most one non
null summand, which is the same in a neighborhood of x. This clearly implies that
each f, is continuous and Gateaux smooth. Also, if ||z —x,|| < §& for some A € ¥y,
then b, (z) = (T\(n), T — 7). We define f: X — Y

fl@)=> fulz), zeX.



RANGE OF THE DERIVATIVES OF A SMOOTH FUNCTION 7

Let us check that f is well defined and continuous. Indeed, |f,(z)| < 27, for every
x € X so the series ) f, converges uniformly to f in X and the continuity of f
follows.

Second step: The function f is Gateaux smooth. In order to prove the Gateaux
smoothness of f let us fix x € X and v in the unit ball of X and consider

o [-1L1] —Y, ¢t)=f(z+tv),
on: [-1,1] — Y, ou(t) = fulz +tv).

Then, ¢(t) = >, ¢n(t), for |t| < 1. In what follows we prove that the series of
gradients >, ¢! (t) is uniformly convergent for [t| < 1. Indeed, if y = = + tv =
lim, z,, for some o € NN with the property that o, = (o(1),...,0(n)) € %, , for

every n, then condition (3) above implies that, ||y — 24, || < 5rp41 = 25n+5 < g% and

then ||r;'(y — 20, )|| < 3%. This implies that hy, is linear in a neighborhood of y and
then

(2'5) Z @%(t) = Z Ta(n)(v)

n>1 n>1

Otherwise, there is a natural k and v € X so that
k—1
D @) = Ty (0) + Tyy (0) b (= + tv — 24))
(2.6) et ot
+ Ty (z +tv — ) rk_l h%(r;l(aﬂ +tv —x))(v).
Therefore for N € N we deduce from inequality (2.3) that,

@712 @l =1 3 Tom (@)

,  in the case (2.5),

n>N n>N
6 .
(2.8) HZS% H<HZT ‘+HT y(v )H—l—ﬁ, in the case (2.6)
' n>N

(assumlng that £ > N, and 0 otherwise.)

Inequalities (2.7) and (2.8) imply that >, v ¢} (t) tends to 0 as N tends to infinity
uniformly on [—1, 1]. Thus ¢(¢) is differentiable and ¢'(t) = 3", ¢/, (t). In particular,

O0)=>, fi(z ( . Since this can be done for every v in the unit sphere of X, we
deduce that f is Gateaux smooth at x and

(2.9) f(z) = ZTU(H), in the case (2.5)
k—1
:ZT + Ty hie (7 (2 — 24,)
v(n) T Ey(k) PETE Yk
(2.10) ~

+ Ty (@ — @) (@ — @,)),  in the case (2.6).

Notice that f’ is bounded, thus f is Lipschitz. The derivative [’ is || - || — T
continuous as well.
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Third step: The function f is uniformly Gateaux smooth. Fix v in the unit sphere
of X. Consider for every n, the function G,,, defined as

Gn: X —Y, Gu(z) = fl(z)(v).

n

On the one hand, it is straightforward to verify that the function G, is uniformly
continuous (this is a consequence of the uniformly Gateaux smoothness of the norm
|| - ]). On the other hand, it can be deduced from inequalities (2.7), (2.8) and the
strong property (2.2) related to the “directionally uniform” convergence of the series
> n To(n), that the series ) G, is uniformly convergent on X. In particular, this
implies that the limit function of the series G : X — Y, G(z) = ), Gn(z) =
f/(x)(v) is uniformly continuous on X. If v ranges over the norm one elements of
X, we obtain the conclusion. In addition, we have that

Brixyy ={>_Tow : 0 € X} C f/(X).

Fourth step: Construction of the functions h and b. Following a similar construc-
tion, we obtain a uniformly Gateaux smooth function h with bounded support so
that the image of h fills the unit ball of Y (see [4]). Let us give an outline of this
assertion. Consider a dense sequence {yy }» in the unit ball of Y. Fix 0 < e < 1/12
and select a family F = {z, : 0 € N, n € N} in %BX satisfying the following
conditions

(1) B(z,,el’l)y c 1 By

(2) if o # o’ have length n, then ||z, — z,/|| > 3e™,

(3) if|o| =n, |0/| =n+1and o < ¢’ (that is to say, o], = 7), then ||z, —x,|| =

E’n

4
Then, for every n and z € X, we define g, : X — Y
gn(x) = Z 52(n_1)ya(n)h1 (e (z — x0)),
oeN™

and h: X — Y, h(z) =), gn(x). The function h is uniformly Géateaux smooth,
has bounded support and h(X) contains the unit ball of Y: for every y € By there is
o € NV so that y = > e2(*=1) Yo(n) and then, if x = lim,, x5, , we have that h(z) = y.

Now b can be defined as b(z) = f(z — a) + h(z + a), where ||a|| = 3 and then
supp(b) C Bx. Obviously, from the definition and the fact that the supports of the
above translations of f and h are disjoint, it follows that b(X) contains the unit ball
of Y and b'(X) fills the unit ball of L(X,Y).

Fifth step: The construction of the function g. In order to obtain a continuous
and Géateaux smooth function g : X — Y whose image fills Y and whose set of
gradients fills £(X,Y’) we proceed in a standard way as follows: consider the above
function b whose support is included in Bx and fix a sequence (y,) in the unit
sphere of X such that ||y, — ym|| > 1/2 whenever n # m. Then we may define g
on X as g(x) =), nb(4(x — y,)). This concludes the proof of Theorem 2.1. O

Proof of Theorem 2.3.
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Let us consider a Fréchet smooth bump h : X — R so that h(x) =1 for ||z|| <§
(for some 0 < § < 1), h(z) = 0 whenever ||z|| > 1 and h(X) C [0,1]. Let us define

5n—1
2 (n+ 2)1]2
If X is finite dimensional, we consider in (Bz(x y),||-[|) a dense set {T},,}, where
T} = 0, and a decreasing sequence of positive numbers {e,} converging to 0. Then
for every T' € Br(xy),

Tn for every n € N.

(2.11) T= ZTo(k) for some o € N, where o(k) € {1,k},
k

|| T — Z Tl < ex,  for some my < mg < ... and
(2.12) i<mp
o(@i)=1 if i ¢ {mi,ma,...}.

If X is infinite dimensional and dens X = r, we consider in (Bz(x,y),|| - ||) a dense
set {Th}aex- Then, for every T' € B (x,y) there is o € &N so that

(2.13) |7 — ZT‘T@H <e¢p, forevery keN.
i<k

If X is finite dimensional, let us define
> = {0 € NV: ¢ satisfies conditions (2.11) and (2.12) for some T € Brix,yy}-
If X is infinite dimensional, we define X as
¥ = {0 € " : o satisfies condition (2.13) for some T € Brxy)}-

Denote %, = {0y, := (0(1),...,0(n)) : 0 € £} and ¥/ = U, %,,. Then, it is straight-
forward to verify that, in both cases, ), T, (1) is convergent whenever o satisfies
that o, € ¥, for every n € N. Thus ¢ € X' if and only if o, € X, for every n.
Now, as in the preceding proof, let us take a family (z,),exr in 6 Bx so that
(1) B(xg,r|0|) C 6 Bx
(2) if o # o’ have length n, then ||z, — z,/|| > r(n +2),

(3) if|o| =n, |0o/| =n+1and o < ¢’ (that is to say, o], = 7), then ||z, — x| =
n

n+2
Therefore, for every n € N, the set

(2.14) Uses, B(2os,7n)

is a disjoint union of closed balls inside the ball § By . Also, if o, ¢/ € X' and

o < o', then B(x,,7),) C B(%g, %) When X is finite dimensional, the disjoint

union which appears in (2.14) consist at most of 2°~! balls and every ball of radius
T, contains at most a pair of balls of radius 7,41.

First, let us define a Fréchet smooth function b : X — Y so that b'(X) contains
the unit ball of £(X,Y) as the series b(z) = >, by(z), for z € X, where the
functions b, : X — Y are defined by

bu(@) = Y (To(n), @ = a0) h (1" (@ = z5)).

UGETL
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Notice that the support of each b,, is included in the disjoint union of closed balls
which appears in (2.4). Thus, for n and x fixed, the series which defines b, (x) has
at most one non null summand, which is the same in a neighborhood of x. This
implies that each b, is continuous and Fréchet smooth. Now, ||b,(x)|| < 7, for
every x € X so the series ) b, converges uniformly to b in X and the continuity
of b follows.

In order to prove the Fréchet smoothness of b let us take x € X so that there
is 0 € kN (k = densX) with the property that z = lim,z,,, where o, =
(0(1)7 ...,0(n)) € X, , for every n. Then by condition (3) above, ||r,!(z — z,,)|| <

(n+2) < ¢ and

(@) =Y (Tom), * — o, ).

n

Now, if t > 0, ||[v]| = 1 and o + tv € B(2s,, ™) \ B(®g,,,, "nt1), there exists
o' € kY so that o/, = o, and

n—1
b(x + tv) = Z( Togy, v +tv—25,) + (Towm, z+tv—x,, ) h(r, (z +tv — )

+ Z Torgiys @+ 10 = 20 ) h(r7 M@+ b0 = 2,)),

>n+1

where the last summand may be a eventually null series. Then,

2.15) ‘V(x-+tu (T ' <

i>1

<12 Tows 0| + [Ty, oM 1R @+t = 25,)) |+

>n

1
+ ?H<Ta(n), T — 5Uan>H ’h(r;1($+tv — Zy,)) — 1!

_|_7 Z H 01),33—1—751)—3:0; ‘Hh $+t’0—xgg))‘
i>n+1

|
+ = > Lo, o —2a.) ||

i>n+1

The first and second summand in the second member of the above inequality may be
arbitrarily small for n big enough because ). . T, ;) is convergent. In the case of
the third summand notice that if h(r,!(z+tv—2,,)) # 1 then t > drp—||lz—2,, || >

Ory — 761-?5 > %57’” and then

1 3
;H<To() T — To,) H‘h x‘Hv_%n _1|§;Hx_%n”§m'
Now, if the fourth summand is not null there exists £ > n + 1 so that h(r,;l(a: +
tv — 1z, )) # 0 and then h(rgil(x +tv — xU;H)) #0 and x+tv € B(xgilﬂ, Trtl) -
Since o), # 0ny1 we have that ¢ > r,41(n+3) — 27,11 = rpy1(n+ 1) . Therefore
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we have the inequality

T 3 Ty ot =) | A o+ 10— )|

1>n+1

1 2

“n+1 i;rl Tt S 2-0)(n+1)
Finally,
or;
) Zi>n 1312
? H<Ta(i)’ xil‘az’)H < T _(23;— ;/2(n+3)
i>n+1 " "
2 Tui1 i 1
< 2 ntl 't .
<53 >, i+2 ~ (n+3)(2-0)?

i>n-+1
This proves that b is Fréchet smooth at x = limy, z,,, with V'(2) = >_,, T,(n)-

The Fréchet smoothness at the rest of the points follows immediately since b
can be written as a finite sum of the terms which appear in the series which defines
b in a neighborhood of each one of these points. In this case b'(z) = Ziv_l Ty +
To(n) h(ryt(z — To(Ny)) + (To(n)s T — Toy) ry B (ryt (# = 24y)), for some N and
oN € XN.

From the above we deduce that b" is bounded in X whenever A’ is bounded in
X. This is the case for instance when X is separable and, in particular, when X is
finite dimensional as in Corollary 2.5.

Finally, b satisfies the required conditions since

BL(X,Y) = {ZTa(i) S Z} C b/(X)

In order to obtain a g such that ¢’ is surjective, and when X is infinite dimen-
sional, also g is surjective, we proceed in a standard way as in the above proof.[]

3. HIGHER ORDER DERIVATIVES WHICH ARE SURJECTIONS

In this section we deal with the following question. When can one construct
a CP smooth mapping f between two Banach spaces X and Y such that f has a
bounded support and the derivatives f )k =0,1,...,p, are all surjections (that is,
f(X)=Y and f®)(X) = LF(X;Y) for all k = 1,...,p, where £F(X;Y) is the space
of k-linear symmetric and continuous mappings from X into Y')?

To begin with, it should be noted that, even in the simplest case when ¥ = R,
there are very smooth separable Banach spaces X for which this is not possible
at all, since the spaces £¥(X) need not be separable for k& > 2 (here we denote
LE(X:R) = £F(X), the space of k-linear symmetric and continuous forms on X,
which is isomorphic to P*) (X), the space of k-homogeneous and continuous poly-
nomials on X). For instance, if X = f5 then no C? smooth bump b on X has the
property that b*(X) = £2(X); indeed, since b?) is continuous and X is separable,
b?)(X) is separable as well and hence cannot fill all of £2(X), which is nonseparable
(to see this, notice that the mapping a = (a,) — A(z,y) = Y o7 anZny, defines
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an isometric embedding of /., into the space of bilinear forms on X = ¢3). More
generally, it is known that if X = £, then the spaces £¥(X) are separable if and only
if k < [p], where [p] is the integer part of p (see [8] for instance).

The above argument clearly shows that dens X = dens £7*(X;Y) is a necessary
condition for a pair of Banach spaces X and Y to have a CP smooth function f from
X onto Y so that f*)(X) = £5(X) for all k = 0, 1, ..., m. The next result (which can
be regarded as a generalization of both one of the main theorems in [1] and another
in [4]) tells us that if the Banach space X has a C? smooth bump with bounded
derivatives then this condition is sufficient as well. In the following statement we
use the convention £0(X;Y) =Y and f(©) = f.

Theorem 3.1. Let m,p € {0,1,2,...,00}, and let X, Y be Banach spaces with
dim X = co. The following are equivalent:

(1) X has a CP smooth bump function with bounded derivatives, and dens X =
dens LI'(X;Y).

(2) There is a CP smooth function f : X — Y, with bounded derivatives and
bounded support, such that f*)(X) contains the unit ball of LE(X;Y) for
every k=0,1,...,m.

In particular, if X satisfies condition (1) then there is another CP smooth function

b from X onto Y with bounded support so that its derivatives are all surjections up
to the degree m, that is, b*)(X) = L¥(X;Y), for k=0,1,...,m.

Before proceeding with the proof of this result let us state some remarkable
consequences. First, notice that when m = 0 and dens X = densY we recover a
particular case of a result of S. M. Bates’s [4].

Corollary 3.2. Let X and Y be Banach spaces with dens X > densY , dim X = oo,
and assume that X has a CP smooth bump function with bounded derivatives (p =
1,2,...,00). Then there is a CP smooth surjection f : X — Y whose support is in
the unit ball of X ; moreover, if we additionally assume that dens X = dens £L(X,Y),
the derivative f' is a continuous surjection as well, that is, f'(X) = L(X,Y).

When m =1 and Y = R Theorem 3.1 yields the following improvement of one
of the main results in [1].
Corollary 3.3. Let X be an infinite-dimensional Banach space and p € {1,2,...,00}.
The following are equivalent:

(1) X has a CP smooth bump function with bounded derivatives;
(2) X has a CP smooth bump function f, with bounded derivatives, so that f'(X)
contains the unit ball of X*.

In either case, there exists another CP smooth bump b on X so that b'(X) = X*.

It should be noted that if a Banach space X satisfies condition (1) of Theorem
3.1 for p > 2 then it is superreflexive (see [7]). Let us mention that condition
dens X = dens £¥(X,Y) is strongly related to Gonzalo and Jaramillo indexes £(X),
(YY) and u(X), u(Y') concerning upper and lower estimates of the Banach spaces X
and Y (see [10] and [8]). For instance, it is proved in [8] that if a Banach space has
an unconditional and shrinking basis then £F(X) is separable if and only if every
T € E’; (X) is weakly sequentially continuous which is equivalent to the fact that
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the Banach space £F(X) has a monomial basis. Also, it is proved that (a) if X
has a shrinking basis and (k — 1)u(X*) < £(X), then £¥(X) has a monomial basis
(and thus it is separable); (b) if X has an unconditional and shrinking basis and
u(X) < k, then £¥(X) contains £o..

If we apply Theorem 3.1 to some of the classic Banach spaces, we get the following
corollaries. For a definition of the indexes o)y and of; in Orlicz spaces and the best
order of smoothness of these spaces see [13].

Corollary 3.4.

(1) ¢o has a C™ smooth bump b with b'(co) = ¢1 if and only if n = 1.

(2) Forr an even integer, the space £, has a C> smooth bump b with b*)(¢,) =
£k, for k=1,2,...,m if and only if m < r.

(3) Ifr is not an even integer, £, has a C™ smooth bump b with b¥)(£,) = LE(£,)
fork=1,2,....m if and only if m < r.

(4) If Lpr is a reflexive Orlicz sequence space and oy is the lower index of Boyd,
then for m < apg, £y has a C™ smooth bump b so that b(k)(ﬁM) = LF(n),
whenever k € {1,...,m}.

Notice that according to a result of Héjek [11], no C%-smooth bump b on ¢y has the
property that b'(co) = ¢1 and assertion (1) in the above corollary follows.

The classical Banach space L, [0, 1], > 1, as well as the Lorentz function spaces
L[0,1] contain a complemented copy of 5. Thus £2(L.[0,1]) and £2(Ly[0,1])
contain £, and the best we can expect for these spaces is the following result.
Corollary 3.5.

(1) For r an even integer the space L.[0,1] has a C*° smooth bump so that
b'(L.[0,1]) = L[0,1], 1/r+1/r" =1.

(2) If r is not an even integer, the space L.[0,1] has a C™ smooth bump b so
that V/(L,[0,1]) = L,/[0,1] if and only if m < r.

(3) If Ly[0,1] is a reflexive Orlicz function space and a5 is the lower index of
Boyd at oo, then for m < af, Lm[0,1] has a C™ smooth bump b so that
b'(Lar[0,1]) = Lar+[0,1]), where M* is the Young conjugated of M.

In the vector valued case let us mention that £(co, £1) is separable, and £ (¢, ¢,)
is separable if and only if k¢ < r. Thus we obtain for these spaces the following
result.

Corollary 3.6.

(1) There is a C* smooth function f : co — {1 with bounded support so that
f(CO) = 61 and f/(C()) = ,C(Co;el).

(2) When mq < r, there is a C™ smooth function f : £, — £y with bounded
support so that f*)(0,) = LE(l,54,) for k € {0,1,...,m}.

What about Theorem 3.1 when X and Y are finite-dimensional? In this case,
an analogous result is available which provides us with Peano functions from R¥ to
R™ which in fact are derivatives of smooth functions.

Proposition 3.7. For every k,m € N, there exists a C' smooth Lipschitz function
f:RF — R™ s0 that f vanishes outside a bounded set and the unit ball of L(RF,R™)
is contained in f'(R¥). In particular, for every m € N there is a continuous path
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g : [0,1] — R™ whose image contains the unit ball of R™ and so that g is the
derivative of a C' smooth Lipschitz path f :[0,1] — R™.

Proof of theorem 3.1

It is clear that (2) implies (1). Let us see that (1) implies (2) too. Assume that
dens X = dens L(X;Y) = k. Then it is easily seen that dens X = dens L¥(X;Y) =
k for all k with 0 < k < m. It is enough to see that for any k with 0 < kK < m
there exists a CP smooth function ¢ : X — Y with support on Bx so that g(*) (X)
contains the unit ball of £¥(X;Y). Indeed, once this is shown, we can take a
disjoint sequence of balls of the same diameter, 27, contained in the unit ball By,
say B(zp,7), n =0,1,2,3, ..., and C? smooth functions by, by, b, ..., by, with support
in Bx and taking values in Y, so that b,(ck) (X) contains the unit ball of £¥(X;Y) for
every k; then the function f : X — Y defined by

m
fa) =Y ot

r
k=0

is clearly a CP smooth bump with the property that f*)(X) = b,(ck) (X)) contains the
unit ball of £X(X;Y) for every k.

So let us prove that for a fixed k with 0 < k < p there exists a CP smooth
function g : X — Y with support on By so that ¢(*)(X) contains the unit ball of
LEX;Y).

Since X has a CP bump function with bounded derivatives, by composing it with
a suitable real function, we can obtain a C? function h : X — [0,1] such that for
some M > 3 and 0 < My < M; < ... < M; < My < ..., we have h(z) =1
whenever ||z|| < 2, h(z) = 0 if ||| > M, and ||hY) |5 = sup,cy [P ()| < M;.
Let us fix €, where 0 < 2Me < %, and select a 2Me-separated collection of points
(2a)aer in %BX with card(T') = k = dens X. The balls B(z,, Me), a € T, are all
disjoint and contained in B = Bx. As in [1], we define chains of balls

U; = Bay,az,...a5) = Zay T E€Zay + ... F sj_lzaj +¢'B

for s = (a1, az, ..., aj,...) € TN. There is a bijection between the chains of balls (U7)

and the set of sequences I'N; besides, the intersection of any chain of these balls
consists exactly of the point N521B(ay,02,..05) = Zj; ejflza]..

Now, since dens(LF(X;Y)) = card(I"), we can take a family (Qu)aer which
is dense in the unit ball of £¥(X;Y"), and a corresponding family (P,)aer of k-
homogeneous polynomials from X into Y so that @), is the kth derivative of P, for
each a. Notice that in the case k = 0 we are dealing with a dense subset (yq)acr of
Y.

Next, for every n > 1 we can define §,, = en’ =

=" gl
m@ = > s Liz1© £) Py ()

gn

1 and

(av1,002,...,00 ) ETT

for all x € X. It is clear that g, is CP? smooth with bounded derivatives, and its
support is in B. Notice also that every x € X has a neighbourhood V, so that all
but one of the terms in the sum defining g,(y) are zero for y € V,. Besides, we
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have that gfzk)(B(al’aQW’an)) = 0pQq, for all (a1, 9, ...,a,) € I'™. Bearing in mind
that the ith derivative of h is uniformly bounded by M;, the construction of g,, and
the fact that if a k-homogeneous polynomial P has its kth derivative () bounded
by 1 then all the derivatives of P are bounded by 1 as well (this is an immediate
inductive application of the mean value theorem), we can estimate the norm of the
jth derivative of g,, as follows

J . J .
‘ M, o . o
o @l < 6,3 (1) J < oY () < agenen
=0 =0

for all z € X and n € N, and for every j with 0 < j <p.

Since the series » 23Mj5”(”_3)_1 are convergent for all j = 0,1,2,..., this
implies that the series of derivatives > ° ggj )(x) converge uniformly on X (for all
0 < j <p), and therefore the function g : X — Y defined by

g(x) = gn(x)
n=1

is C? smooth with bounded derivatives, and gV (z) = >7°° gg) (z).
Let us now see that g*)(X) contains the unit ball of £5(X;Y). By the construc-
tion of the g, and g it is clear that

for every chain of balls (B4, an))nen; then, for x = N0% B(q, as,...an)s Dy the
continuity of ¢*) we get that ¢(*) (z) = > ol 1 0nQa,- Since (Qa)acr is dense in the
unit ball of £¥(X;Y) it is clear that every @Q in this ball can be written as a series
Q = 32, 6,Qa, for some sequence (a,,) € TN, so we can conclude that ¢g*)(X)

contains the unit ball of £F(X;Y).

Finally, in order to obtain a CP smooth surjection b : X — Y such that
bR (X)) = LE(X:Y) for every k = 0,1,...,m, we only have to take a sequence
(1,02, ..y iy ...) € TN with o; # «; if i # j, a CP smooth function f: X — Y
with support in By and such that f*)(X) contains the unit ball of £¥(X;Y) for
every k=0,1,2,...,m, and put

b)) =3 nf(t—"0m)

g
n=1

forallz € X. O

Proof of Proposition 3.7
Let us denote X = RF and Y = R™. Fix 0 < ¢ < 1/8 and take a e-net (T)xer
in B(x,y), that is to say, a maximal family in By y) satisfying [T\ — Tv/|| > e,
whenever A # X. Notice that I' is finite. Denote ¥, = I'" and ¥/ = U, %,,. Now,
consider the sequence of positive real numbers {r, },, where r, 11 < 2, as well as a
family of points (z4)seys in %BX satisfying:
(1) B(xo,7y) C 3 Bx, whenever |0 = n,
(2) if o # o’ have length n, then ||z, — xo/|| > 27, ,
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(3) if |o| =n, |0'|=n+1and o < ¢, then ||z, — z,|| =

Tn
T
Let us denote by h a C*° smooth bump on X so that h(z)

h(z) = 0 whenever ||z|| > 1, and h(X) C [0, 1]. Define

fn(:E) = Z 5n_1<TU(n)a x_l‘0> h(’r;l (:L‘ _xﬂ))

oeXn

— 1 for ||a]| < &,

and

Then f is a C' smooth Lipschitz function from X to Y since >, [1, uniformly
converges on R". Also, notice that every T' € By (xy) can be written as a sum
don en_lTw(n), for some v € TN, because (7)) is a e-net in Br(xy)- Thus, if x =
lim,, ., , then f'(z) =3, 5"’1T7(n). This implies that Bz (x,y) C f'(X) and finishes
the proof. I

4. SOME APPLICATIONS: SMOOTH APPROXIMATION OF STARLIKE BODIES BY
STARLIKE BODIES WITH MANY TANGENT HYPERPLANES

Before stating our results, let us recall the definition and a few properties of
starlike bodies. A closed subset A of a Banach space X is said to be a starlike
body provided there exists a point zy € intA such that each ray emanating from
2o meets the boundary of A at most once. In this case we will say that A is
starlike with respect to xg. One can always assume that such bodies are starlike
with respect to the origin (up to a suitable translation); so we can define the gauge
or Minkowski functional of a starlike body A as pa(z) = inf{A > 0 | 32 € A}
for all z € X. It is easily seen that for every starlike body A its gauge pa is a
continuous function which satisfies pa(rx) = rpa(z) for every » > 0. Moreover,
A={r e X | pa(x) <1}, and 0A = {x € X | pa(x) = 1}, where 0A stands
for the boundary of A. Conversely, if ¢ : X — [0, 00) is continuous and satisfies
Y(Az) = Mp(z) for all A > 0, then Ay = {z € X | ¥(x) < 1} is a starlike body.
We will say that A is a CP smooth starlike body provided its Minkowski functional
pa is CP smooth on the set X \ ,uZl(O). This is equivalent to saying that 0A is
a l-codimensional CP smooth submanifold of X whose tangent hyperplanes do not
contain any ray coming from the origin.

It is also worth noting that every Banach space having a CP smooth (Lipschitz)
bump function has a CP smooth (Lipschitz) bounded starlike body too [7] (the
converse is also clearly true).

Theorem 4.1. Let X be an infinite-dimensional Banach space with a separable
dual X*. Then, for every bounded starlike body A and every ¢ > 0 there exists a C'
smooth starlike body D so that |pup(z) — pa(x)| < e for all x with |z|| < 1, and the
cone of tangent hyperplanes to D, C(D), fills the dual space X*.

If X is separable but X* is not, the same conclusion holds replacing C* smooth-
ness with Gateaux smoothness.

The idea behind the proof of this result is similar to that of theorem 1.2 in [1],
but is slightly complicated by some difficulties peculiar to smooth approximation of
starlike bodies. First we approximate our starlike body A by a C'' smooth starlike
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body V. Then we modify V by creating a number of suitably located small flat
patches on its boundary, and upon each of those patches we put a small C'! smooth
bump whose set of gradients is large enough. The starlike body D thus constructed
will have the required properties. For the reader’s convenience we will split the most
technical part of the proof into several lemmas.

Lemma 4.2. Let X be a Banach space with separable dual X*. For every bounded
starlike body A and for every € > 0 there exists a C' smooth starlike body V =V,
so that |pa(x) — py(x)| < e for every x € Bx.

Proof. Since X has a separable dual, it has C' smooth partitions of unity, and a C*
smooth equivalent norm ||-|| too (see [7]). Therefore, a given continuous function such
as (4 can be uniformly approximated by C' smooth functions on X in particular
there exists a C'! smooth function f : X — R so that |ua(z) — f(x)| < e forall x €
X. It can be assumed that ¢ is small enough so that 0 < ¢ < inf{pa(z) : ||z|| = 1}
and hence inf{f(z) : ||z| = 1} > 0. Now define ¢ : X — [0, 00) by

o) = el (57)

]

for all z € X \ {0}, and ¢(0) = 0. It is clear that 1 is a positive-homogeneous
continuous function which is C'* smooth away from 0, and therefore

V={reX: ¢ <1}

is a C! smooth starlike body whose Minkowski functional is puy = 1. Besides, we
have that

[pa(x) — py ()| = [palz) — f(z)| <€
for all € X with ||x| = 1 and, by the positive-homogeneity of ps and py, this
implies that

lna(z) —pv(z)| <e
for all z € Bx. O

Lemma 4.3. Let X be a Banach space, and let A be a C' smooth bounded starlike
body in X. For every z* € X* and z € X so that 2*(z) = ||z|]| = ||z*|| = 1, and for
every € > 0, 6 > 0, there exist a C* smooth starlike body V =V, . and r € (0,0) so
that:

(1) py(z) = pa(x) for all x with ||z|| =1 and ||z — z|| > 2r; that is, A and V
coincide outside the cone {Ax : A >0, ||x — z|| < 2r,||z| = 1};

(2) |uv(x) — pa(z)| <e forallz € Bx;

(3) pv(z) = pa(z)z*(z) for all x such that ||z|| =1 and ||z —z|| < r; that is, OV
has a flat patch (of radius r/pa(z)) parallel to the hyperplane ker z* around
the point 2/ = ——~z € DA.

pa(z)

Proof. Since z* and p 4 are continuous at z, and z*(z) = 1, there exists 7 > 0 so that
1@ > 1/2, [1a(2)2*(2) — pa(2)] < 2/2, and Jua(z) = pa(2)] < =/2, whenever
|z — z|| < 2r; of course we can assume that r < §. Let 6 : R — [0,1] be a C™
smooth function so that 0 is non-decreasing, (t) = 0 for ¢ < r, and 6(¢t) = 1 for
t > 2r. Let us define ¢ : X — [0, 00) by

v(@) = el [0 = watrn) + (1=l

man o~ M)ra@ ()

] ]



18 D. AZAGRA, R. DEVILLE AND M. JIMENEZ-SEVILLA

for all x € X \ {0}, and ¢(0) = 0. It is clear that 9 is C' smooth away from the
origin and satisfies ¢ (A\z) = A\ (x) for all A > 0, = € X; therefore
V={reX: @) <1}

is a C' smooth starlike body whose gauge is py = 1. From the definition of # and
1 it is obvious that ¢ = py fulfills conditions (1) and (3). Let us check that 1 also
satisfies (2); since 1 and p4 are both positive-homogeneous it is enough to do so for
every x on the unit sphere. If ||z|| = 1 then

() = pa(@)] = (1= 0|z — z[))) [na(2)2" () = pa(2)]
< |pa(2)2"(z) = pa(@)] < |pa(2)2"(z) = pa2)] + |pa(z) — pa(z)|

<€+6—5
-2 2 7
so we have what we want. O

Lemma 4.4. Let X be an infinite-dimensional Banach space, and let A be a C*
smooth bounded starlike body in X. For every z* € X* and z € X so that z*(z) =
llz|l = ||z*]| = 1, consider the decomposition X = H®|[z] = HxR, where H = Ker z*.
Then, for every e >0, 6 > 0, there exist a Ct smooth starlike body W = W, . and
r € (0,0) so that:
(1) A and W coincide outside the half-cylinder {x = (h,t) € X : ||h|| < r,t > 0};
(2) luw () — pa(@)| < = whenever 2] < 1;
(3) For every hyperplane F' not containing any vector of the cone {x = (h,t) €
X : |t| > 2||h||} there exists y € OW N{x = (h,t) € X : t > 0,||h]| <7} such
that y + F' is tangent to OW at y.

Proof. From theorem 3.1 we know that there exists a C' smooth Lipschitz bump
[+ H — R with support in the unit ball of H, By, so that f’(By) contains the
unit ball of the dual H*, denoted by Bp~. Let M /2 be the Lipschitz constant of f.
Since f is M /2-Lipschitz and has a bounded support, f is bounded too. Hence, for
s > 0 small enough the bump function fs(h) = (s/4)f(8h/s) is M-Lipschitz, takes
values in [0, a], where

€ /’LA(Z) }
16[pa(2)*+1]" 4 7
has its support in B (0, s/8), and has the property that f.(Bg(0, s/8)) contains the
ball 2Bp+.
From this fact and from lemma 4.3 we can take r > 0 and a C' smooth starlike
body V so that the bump f, has the properties listed above,
1

s

a = min{

r < min{a,

and

(1) pv(x) = pa(z) for all z with ||z|| =1 and ||z — z|| > r/2;

(2) |pv(z) — pa(z)| <e/2 for all z € By;

(3) pv(x) = pa(z)z*(x) for all z such that ||z|| =1 and ||z — 2| < r/4.
Since {z € X : |}z — 2| < 5, |lall = 1,t > 0} C {w = (h,8) € X : o]l = 1, |hl] < r},
and {z = (h,1) € X - [lo]l = LA < 5,6 >0} C {z € X : o — 2] < & |zl = 1),
this implies that
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(1) A and V coincide outside the half-cylinder {z = (h,t) € X : ||h|| < r,t > 0};

(2) |pv(x) — pa(x)| <e/2 for all x € By;

(3) the boundary OV and the hyperplane {x € X : z*(z) = pa(z)} have the

same intersection with the cylinder {z = (h,t) € X : ||h| < r/8}.
Now define
1
W={z=(ht)e X:0<t<——+ fr-(h), ]| SC}U{xGX:,uV(a;)Sl}.
1a(2) 8

Let us see that W satisfies the required properties. We first check that W is a C*
smooth starlike body. Let us take y € OW and see that the ray {Ay : A > 0} meets
the boundary OW only once, exactly at the point y. Write y = (hy,t,) € X. Since
the sets V' and W coincide outside the half-cylinder {(h,t) € X : ||h]| < r/8,t > 0}
and V is starlike we only have to check the case ||hy|| < /8 and t, > 0. We have

ty > 1/pa(z) > 1

12yl r/8 rpa(z)
If there were another point 3’ = Ay, A # 1, A > 0, such that 3y’ € OW; then we
would have

> M

by =ty (=Dt
Ty = kgl ~ = D)Ay ~
but in fact
ty =ty 1pa() + frlhy) = (palz) + Fr(hy)
[y [ = Ty [gr [ = Ty
fr(hy’) - fr(hy) _ |fr(hy’) - fr(hy)| M
= D)y Thy —hyl =

because f, is M-Lipschitz, a contradiction. Therefore W is a bounded starlike body,
and it is C'!' smooth because it is locally the graph of a C' smooth function whose
tangent hyperplanes do not contain any ray emanating from the origin (this property
is again guaranteed by the fact that f, is M-Lipschitz).

From the definition of W it is obvious that W satisfies property (1) of the state-
ment. To check property (2), take z = (h,t) € X with ||z| = 1, A > 0, and assume
that (1/X\)x € OW \ OV (that is, A = uw () # py(z); the case pw(x) = py(x) is
trivial). Then we have that (1/A)||h|| < r/8, and (1/A)t = f.((1/A))h) + 1/pa(2),
so that

[ A L T e
Aopa(z) A AT TN palz) A o)
1 r
< — < — <2
_/\HhH—i-a_8+a_ a,
and therefore
A—pa(z), 4 91 1 8a 9 €

A — =|——2| < - - - < = < Z
A= ua(2)] = 1A < S (015 - sl < Fa? <

that is,
i (@) = v @)] = |2 = palz)] < 5.
By combining this inequality with property (2) of uy we get that
luw (2) — palz)] <e,
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and this holds for all x with ||z|| = 1.

Finally, let us check (3). Bearing in mind the construction of W, this amounts
to seeing that {T' € X* | T'(h + tz) # 0 for all h 4tz € X with [t| > 2|/h||} is
contained in the set {T"€ X* | KerT is tangent to the graph of ¢ = f,(h)}. Let us
check this inclusion.

Take T' € X* such that T'(h 4 tz) # 0 for all h +tz € X with [t| > 2|/h|. Then
T(h)/T(z) < 2 for all h € H with ||h|| < 1 (indeed, either T'(z) > 0 or T'(z) < 0;
suppose for instance T'(z) > 0; then, for ||h|| < 1 = —t/2 we have T'(h — 2z) # 0
and T'(—2z) < 0; since the set {h € H : ||h|| < 1} is connected and T is continuous
this implies that T'(h) — 27'(z) = T'(h — 2z) < 0 and therefore T'(h)/T(z) < 2 for
all h € H with ||h]| < 1). If we define S € H* by S(h) = T'(h)/T(z) for all h € H
this means that ||S||g+ < 2. Now, since 2By« C f/(Bg(0,7/8)), there must be
some hg € Bp(0,7/8) such that f/(hg) = —S. Then we have that T'(h + tz) =
T(h) + tT(z) = T(2)[S(h) + t] = T(2)[—f.(ho)(h) + t], and since T(z) # O this
means that T'(h + tz) = 0 if and only if ¢t = f/(ho)(h), that is, Ker T is tangent to
the graph of t = f.(h) at the point hg + f,(ho)z. O

Proof of theorem 4.1

Let A be a bounded starlike body in X. For a given € > 0, ¢ < 1/8, we have to
find a C' smooth starlike body D = D, so that the cone of its tangent hyperplanes,
C(D), fills the dual space X*, and

lup(x) — pa(z)| <e

for every x € Bx. Thanks to lemma 4.2, we can assume that A is C'' smooth. Let
{Za}acr be a e-net on the unit sphere Sx. For every a € I (by the Hahn-Banach
theorem) we can choose a 2z} € X* so that z}(z,) = 1 = ||2}]|. Let us denote
H, = Ker z}. Now, for every a € I, by lemma 4.4, we can take r, > 0 and a C*
smooth starlike body W, so that
(1) A and W, coincide outside the half-cylinder {z = (h,t) € X = H, & [24] :
[Bl] < rart > 0};
(2) |, (2) — ()| < = whenever [la]] < 1
(3) For every hyperplane F' not containing any vector of the cone {(h,t) € Hy, ®
[za] : |t] > 2||h||} there exists y € OWoN{(h,t) € Ho®[2a] : t > 0, ||h]| < 70}
such that y + F is tangent to W, at y;

moreover, the r, can be chosen small enough so that the sets
OWoN{(h,t) € Hy & [24] : ||h]] < 70t >0}

are pairwise disjoint. For each « € I, let us denote the gauge of W, by tq.
Now consider the union of all these bodies,

D= U W,
acl

Let us see that D is a bounded C! smooth starlike body. Define ¢ : X — (0, 00) by
= inf po(z).
¥(z) = inf pa(2)

It is obvious that 1 is positive homogeneous, and it is not difficult to check that for
every z € Sx there exists some > 0 and some « € I such that ¢(x) = pqa(z) for
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all z € Sx with ||z — z|| < J; since every functional s, is C' smooth away from the
origin, this implies that ¢ is C! smooth in X \ {0}. Therefore {z € X | v(z) < 1}
is a C'! smooth starlike body, and it is easily checked that D = {z € X | ¢(x) < 1},
so that ¢ is the Minkowski functional of D. The fact that 1 is locally some of the
to also implies that for every x € Sx there is some « € I so that

(@) — pa(@)| = [palz) — pa(z)| <e,
which shows that D approximates A as it is required.

It only remains to prove that for every hyperplane F' of X there is some y € 0D
such that y + F is tangent to 0D at y. Since for each « the bodies W, and D are
the same inside the half-cylinder Co = {h + tzq € Ho @ [24] : ||h]] < ro,t > 0}, all
the hyperplanes of X not containing any vector of {h+tz, € Ho @ [24] : |t] > 2|k}
are tangent to 0W,, and therefore tangent to dA too, at some point of OW,NC, =
0D N C,. This means that the set

U{T € X* | T(h+tz4) # 0 for all h+tze € Ho ® [24] with [t > 2||h]}
acl
is contained in

{T € X* | y+ KerT is tangent to 0D at some point y € 9D}.

Therefore, in order to conclude the proof we only have to check that

X\{0} = | J{T € X* | T(httzo) # 0 for all httzg € Hy®[za] with [t] > 2[R}
ael

Consider any T' € X*, T # 0; we may assume ||T|| = 1. Choose z € X, ||z]| =

1, such that T'(z) > 1 — ¢, and take z, such that ||z — z,|| < e. We have that

T (zq) — T'(2)| < ||z — 2zal| < e and hence T'(z,) > T(2) —e > 1 —2¢ > 0. Then, for

every h+tz, € Hy @ [24] with t > 2||h]] > 0 we get

T(h+tzo) =T(h) +tT(2q) > T(h) +t(1 —2¢) > —||h|| + t(1 —2¢) >
=l +2[[Al[(1 = 28) = (1 — 4e)||A]| > 0;

and in a similar way one checks that T'(h +tz,) < 0 for all h+tz, € Hy @ [24] with
t < =2||h|| < 0. Therefore T'(h+tzy) # 0 for all h+tz, € Hy @ [24] with [t] > 2||A]|.
This concludes the proof of theorem 4.1 in the C'' smooth case.

Finally, let us say a few words about the Géteaux smooth case. It is known
that every separable Banach space X has Gateaux smooth partitions of the unity
(see [7]), so both the statement and the proof of lemma 4.2 remain valid in this
case. The same applies to lemma 4.3. A Gateaux smooth norm can be used instead
of a C' smooth norm when X* is not separable in those proofs. In the proofs of
lemma 4.4 and theorem 4.1, we make implicit use of the implicit function theorem,
which is not true for Gateaux smooth functions; this is the only delicate point
of the proof in the Gateaux case. The techniques used herein can nonetheless be
adapted with some care to avoid this problem. For instance, when showing that the
Minkowski functional of a starlike body which is locally the graph of a uniformly
Gateaux smooth function is Gateaux smooth too, one can consider the sections of
the body with two-dimensional subspaces; these sections are then two-dimensional
starlike bodies which are locally graphs of uniformly Gateaux smooth functions of
one real variable; since Gateaux and Fréchet notions of differentiability coincide
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for functions of one real variable and uniformly Gateaux functions have continuous
derivatives, uniformly Gateaux smoothness imply C' smoothness in this case, so
the implicit function theorem can be used to ensure the Gateaux smoothness of
our two-dimensional starlike bodies, and since the tangent lines to those sections
all belong to the same hyperplane, this shows that the original infinite-dimensional
starlike body is Gateaux smooth as well. [J

Remark 4.5. A careful examination of the proof of theorem 4.1 reveals that this
result is true and the same proof holds if only X has smooth partitions of unity.
Indeed, whenever we make use of a smooth norm, one could use the gauge of a CP
smooth bounded starlike body instead. So we have the following result.

Theorem 4.6. Let X be an infinite-dimensional Banach space with CP smooth
partitions of unity. Then, for every bounded starlike body A and every e > 0 there
exists a CP smooth starlike body D so that |up(x)—pa(z)| < e for all x with ||z| < 1,
and the cone of tangent hyperplanes to D, C(D), fills the dual space X*.

Before finishing this section let us consider the much easier related question
about smooth approximation of continuous functions by smooth functions whose
derivatives are surjections. In the following proposition, the term “smooth” means
either CP smooth or Gateaux smooth.

Proposition 4.7. Let X be an infinite-dimensional Banach space. The following
are equivalent:

(1) X has smooth partitions of unity
(2) Every continuous function g : X — R can be uniformly approximated by
smooth functions f : X — R with the property that f'(X) = X*.

Proof. 1t is clear (see [7], chapter 8) that (2) implies (1). Let us see that (1) implies
(2). For a given € > 0 and a continuous function g : X — R, take § > 0 so
that |g(z) — g(0)] < &/4 whenever ||z|| < 2§. Since X has smooth partitions of
unity there exists a smooth function h on X so that |g(z) — h(x)| < £/2 for all
z € X, and h(z) = ¢g(0) whenever ||z|| < . From theorem 3.1 we know that there
exists a smooth Lipschitz bump F : X — R, with support in By, so that F'(Bx)
contains the unit ball of the dual X*. Since F' is Lipschitz and has a bounded
support, F' is itself bounded; we can assume that F' takes values in [0, 1]. Pick r so
that 0 < r < §/4 < 1, and a sequence (z,) of points in the ball B(0,4/2) so that
lzn — zm|| = 7 for n # m. The bump function

n=1
takes values in [0, /2], has its support in B(0,0), and has the property that b'(X) =
X*. Now define

for all z € X. Tt is clear that f’(X) ( )

|f(z) = g(x)] < [f(z) — h(z)| + |h(z) — g(z)| = !b(x)l + |h(z) — g(z)| <
for all z € X. O
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