ON SMOOTH EXTENSIONS OF VECTOR-VALUED FUNCTIONS
DEFINED ON CLOSED SUBSETS OF BANACH SPACES

M. JIMENEZ-SEVILLA AND L. SANCHEZ-GONZALEZ

ABSTRACT. Let X and Z be Banach spaces, A a closed subset of X and a mapping
f: A — Z. We give necessary and sufficient conditions to obtain a C* smooth
mapping F' : X — Z such that F}, = f, when either (i) X and Z are Hilbert
spaces and X is separable, or (ii) X* is separable and Z is an absolute Lipschitz
retract, or (ili) X = Ly and Z = L, with 1 < p < 2, or (iv) X = L, and
Z = Lo with 2 < p < oo, where L, is any separable Banach space L,(S,%, i)
with (S, %, 1) a o-finite measure space.

1. INTRODUCTION

In this note, we study how the techniques given in [2] and [12] can be applied to
obtain a C! smooth extension of a C! smooth and vector-valued function defined on
a closed subset of a Banach space. More precisely, if X and Z are Banach spaces,
A is a closed subset of X and f: A — Z is a mapping, under what conditions does
there exist a C! smooth mapping F : X — Z such that the restriction of F to A
is f?7 This note is the second part of our previous paper [12], where we studied the
problem of the extension of a C'' smooth and real-valued function defined on a closed
subset of a non-separable Banach space X to a C' smooth function defined on X.

The notation we use is standard. In addition, we shall follow, whenever possible,
the notations given in [2] and [12]. We shall denote a norm in a Banach space X
by || - ||x (or || - || if the Banach space X is understood). We denote by Bx/(z,r)
the open ball with center x € X and radius r > 0 (or B(x,r) if the Banach space
X is understood). We write the closed ball as Bx (x,r) (or B(z,r)). We denote by
L(X,Z) the space of all bounded and linear maps from the Banach space X to the
Banach space Z. If A is a subset of X, the restriction of a mapping f: X — Z to A
is denoted by f},. We say that G : X — Z is an extension of g : A = Z if G|, = g.
A mapping f : A — Z is L-Lipschitz whether ||f(z) — f(y)|| < L||x — y|| for every

z,y € A and the Lipschitz constant of f is Lip(f) := sup{W cx,y €A x#
Y-

The C' smooth extension problem for real-valued functions defined on a subset
of an infinite-dimensional Banach space has been recently studied in [2], where it
has been shown that, if X is a Banach space with separable dual, Y C X is a
closed subspace of X and f:Y — R is a C! smooth function, then there exists a
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C' smooth extension of f to X. Also, a detailed review on the theory of smooth
extensions is provided in [2]. A generalization of the results in [2] was given in [12] for
non-separable Banach spaces, whenever the spaces satisfy a certain approximation
property (property (*) for (X,R); see definition below). When X satisfies this
approximation property, A is a closed subset of X and f: A — R is a function, the
existence of a C'' smooth extension of f is characterized by the following property
(called “condition (E)” in [12]):

Definition 1.1. Let X and Z be Banach spaces and A C X a closed subset.

(1) We say that the mapping f : A — Z satisfies the mean value condition
if there exists a continuous map D : A — L(X, Z) such that for everyy € A
and every € > 0, there is an open ball B(y,r) in X such that

1£(2) = f(w) = D(y)(z — w)| <ellz —wl],

for every z,w € AN B(y,r). In this case, we say that f satisfies the mean
value condition on A for the map D.

(2) We say that the mapping f : A — Z satisfies the mean value condition
for a bounded map if it satisfies the mean value condition for a bounded
and continuous map D : A — L(X, Z), i.e. sup{||D(y)|| : y € A} < 0.

It is a straightforward consequence of the mean value theorem that, whenever
f: A — Z is the restriction of a C! smooth mapping F : X — Z (C! smooth and
Lipschitz mapping), then f : A — Z satisfies the mean value condition for F”|, (the
mean value condition for the bounded map F’ 4> Tespectively).

In this note we adapt the proofs given in the real-valued case [2, 12] to obtain,
under certain conditions, C' smooth extensions of C'' smooth mappings f: A — Z.
More precisely, let us consider the following properties.

Definition 1.2. (1) The pair of Banach spaces (X,Z) has property (*) if
there is a constant Cy > 1, which depends only on X and Z, such that
for every subset A C X, every Lipschitz mapping f : A — Z and every
e > 0, there is a C' smooth and Lipschitz mapping g : X — Z such that
/() — g@)|| < & for all = € A and Lip(g) < Co Lip(/).

(2) The pair of Banach spaces (X,Z) has property (A) if there is a con-
stant C' > 1, which depends only on X and Z, such that for every Lipschitz
mapping f : X — Z and every € > 0, there exists a C' smooth and Lips-
chitz mapping g : X — Z such that ||f(z) — g(x)|| < € for all x € X and
Lip(g) < C'Lip(f).

(3) The pair of Banach spaces (X, Z) has property (E) if there is a constant
K > 1, which depends only on X and Z, such that for every subset A of X
and every Lipschitz mapping f : A — Z, there exists a Lipschitz extension
F : X — Z such that Lip(F') < K Lip(f).

(4) A Banach space X has property (*), property (A) or property (E)
whenever the pair (X,R) does.

Remark 1.3. (1) Clearly, a pair of Banach spaces (X,Z) satisfies property (A)
whenever it satisfies property (*). In Section 2 we shall prove that, in general,
these properties are not equivalent.
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(2) It is easy to prove that a pair of Banach spaces (X, Z) satisfies property (*)
provided that (X, Z) satisfies properties (A) and (E). Moreover, if Z is a dual
Banach space, then (X, Z) satisfies property (*) if and only if (X, Z) satisfies
properties (A) and (E). Indeed, let us assume that (X, Z) satisfies property
(*) and consider a Lipschitz mapping f : A — Z, where A is a subset of X.
Then, for every n € N, there is a C' smooth, Lipschitz mapping fn, : X — Z
such that ||f(z) — fa(z)|| < % for every x € A and Lip(f,) < CoLip(f).
Then, for every x € X, the sequence {fn(x)}n is bounded. Since the closed
balls in (Z,||-||*) are weak™-compact, there exists for every free ultrafilter U
i N, the weak*-limit

~

flz) =w" — er{nfn(J:)

Clearly, f: X — Z is an extension of f : A — Z and Lip(f) < Cy Lip(f).

(3) It is worth mentioning that property (E) can be obtained from the following
approzimation property: for every subset A C X, every Lipschitz function
f:+A— Z and every € > 0, there exists a Lipschitz mapping g : X — Z
such that || f(z) — g(z)|| < € for every x € A and Lip(g) < (1 + ¢) Lip(f).
In particular, a pair of Banach spaces (X,Z) has property (E), whenever
(X, Z) satisfies property (A) with constant Cy =1+ € for any € > 0.

(4) X satisfies property (*) if and only if it satisfies property (A). Indeed, this
is a consequence of the fact that X always has property (E): if A is a closed
subset of X and f : A — R is a Lipschitz function, then the function F
defined on X as

F() = inf {f(a) + Lip(f)] | ~ o]}
is a Lipschitz extension of f to X and Lip(F') = Lip(f).

In Section 2 we shall give some examples of pairs of Banach spaces (X, Z) satis-
fying property (*). In particular, when either (i) X and Z are Hilbert spaces with
X separable, or (ii) X* is separable and Z is a Banach space which is an absolute
Lipschitz retract, or (iii) X = Ly and Z = L, with 1 < p < 2, or (iv) X = L,
and Z = Lo with 2 < p < oo. Throughout this paper, the space L, denotes any
separable Banach space L, (S, %, ) with (S, %, 1) a o-finite measure space. We also
give an example of a pair of Banach spaces satisfying property (A) but not property

().

In Section 3, it is stated that, if the pair of Banach spaces (X, Z) satisfies property
(*), then every mapping f : A — Z, where A is a closed subset of X, is the restriction
of a C! smooth mapping (C! smooth and Lipschitz mapping) F : X — Z if and
only if f satisfies the mean value condition (the mean value condition for a bounded
map and f is Lipschitz, respectively). We also prove that property (*) is necessary
in order to obtain the above C' smooth and Lipschitz extension result.

In Section 4, it is proved that every C! smooth mapping f : Y — Z defined on
a closed subspace of X admits a C' smooth extension to X, whenever the pair of
Banach spaces (X, Z) satisfies property (*) and every bounded and linear operator
T :Y — Z can be extended to a bounded and linear operator on X. Moreover,
we obtain some results on bounded and linear extension morphisms on the Banach
space C1 (X, Z) of all C'! smooth and Lipschitz mappings f : X — Z.
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2. ON THE PROPERTIES (*), (A) AND (E)

In this section, we present examples of pairs of Banach spaces (X, Z) satisfying
property (*). The first examples are pairs of Banach spaces satisfying properties
(A) and (E) and thus property (*).

Example 2.1. Let X and Z be Banach spaces such that X is finite dimensional.
Then, the pair (X,Z) satisfies properties (A) and (E). On the one hand, W.B.
Johnson, J. Lindenstrauss and G. Schechtman have shown in [14] that every pair
of Banach space (X, Z) with X n-dimensional satisfies property (E) with constant
K (n) > 1 (which depends only on the dimension of X'). On the other hand, the clas-
sical convolution techniques for smooth approximation in finite dimensional spaces
provide property (A) for (X, Z).

Example 2.2. Let X and Z be Hilbert spaces with X separable. Then (X,Z)
satisfies the properties (A) and (E). M.D. Kirszbraun has shown in [18] (see [/,
Theorem 1.12]) that the pair (X, Z) satisfies property (E) with K = 1, whenever X
and Z are Hilbert spaces. Also, R. Fry has proven in [9] (see also [11, Theorem H])
that (X, Z) satisfies property (A) when X is a separable Hilbert space.

Example 2.3. The pairs (L2, Ly,) for 1 < p < 2 and (Lp,L2) for 2 < p < o0
satisfy properties (A) and (E). K. Ball showed that for every 1 < p < 2 the pair
(Lo, L) satisfies property (E) with constant K(p) > 1 depending only on p [3]. L
G. Tsar’kov proved that for every 2 < p < oo the pair (L, L) satisfies property (E)
with constant K (p) > 1 depending only on p [28]. Also, the results in [9, Theorem
1] yield the fact that (X, Z) satisfies property (A).

Recall that a subset A of a metric space Z is called a Lipschitz retract of Z
if there is a Lipschitz retraction from Z to A, i.e. there is a Lipschitz map r :
Z — A such that r|, = ida. A metric space Z is called an absolute Lipschitz
retract if it is a Lipschitz retract of any metric space W containing Z. The spaces
(co(N), || 1]o0)s (boo(N), ||+ |loc) and (C(K),||-||co) for every compact metric space K
are absolute Lipschitz retracts (see [1] and [19] for more information and examples
of absolute Lipschitz retracts). An absolute Lipschitz retract space satisfies the
following Lipschitz extension property.

Proposition 2.4. [1, Proposition 1.2] Let Z be a metric space. The following are
equivalent:

(i) Z is an absolute Lipschitz retract.

(ii) There is K > 1, which only depends on Z, such that for every metric space
X, every subset A C X and every Lipschitz mapping f : A — Z, there is a
Lipschitz extension F : X — Z of f such that Lip(F') < K Lip(f).

By combining the above characterization and the results in [11], we obtain the
following proposition.

Proposition 2.5. Let X be a Banach space such that there are a set I' # () and
a bi-Lipschitz homeomorphism ¢ : X — co(I') with C* smooth coordinate functions
eyop: X = R. Let Z be a Banach space which is an absolute Lipschitz retract.
Then the pair (X, Z) satisfies properties (A) and (E).
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Proof. Let us take the mapping f o ¢~! : ¢(X) — Z which is Lip(¢~!) Lip(f)-
Lipschitz. By Proposition 2.4, there is a Lipschitz extension f : co(T) = Z of fop~!
with Lip(f) < K Lip(p~1) Lip(f) and K is the constant given in Proposition 2.4.
Now, from the results in [10] we can find a C*° smooth and Lipschitz mapping h :

co(I') — Z which locally depends on finitely many coordinate functionals {€ }-er,

such that ||f(z) — h(z)|| < ¢ and Lip(h) = Lip(f). Let us define g : X — Z as
g(z) := h(p(x)) for every z € X. The mapping g is C! smooth, ||f(z) — g(z)|| < €
for all z € X and Lip(g) < C Lip(f), with C := K Lip(¢) Lip(¢™1). O

This provides the following example.

Example 2.6. Let X and Z be Banach spaces such that X* is separable and Z
is an absolute Lipschitz retract. Then, the pair (X, Z) satisfies properties (A) and
(E). Notice that P. Hajek and M. Johanis [11] proved the existence of a bi-Lipschitz
homeomorphism with C* smooth coordinate functions in every separable Banach
space with a C* smooth and Lipschitz bump function.

We also obtain an example of a pair of Banach spaces satisfying property (A)
but not property (*).

Example 2.7. Although the pairs (L, La) and (Lo, Ly) with1 <p <2 and2 < ¢ <
oo satisfy property (A) (see [9]), they do not satisfy property (E) whenever Ly, L,
and Lo are infinite dimensional [24]. Thus, Remark 1.3 (2) implies that the pairs
(Lp, Lo) and (L2, L,) do not satisfy property (*) whenever 1 < p <2 < ¢ < oo and
L,, L, and Ly are infinite dimensional. Therefore, properties (A) and (*) are not
equivalent in general.

Next, let us prove that property (*) is necessary to obtain certain C' smooth
and Lipschitz extensions.

Proposition 2.8. Let (X, Z) be a pair of Banach spaces such that there is a constant
C > 1, which only depends on X and Z, such that for every closed subset A C X
and every Lipschitz mapping f : A — Z satisfying the mean value condition for a
bounded map D with M = sup{||D(y)|| : y € A} < oo, there exists a C' smooth
and Lipschitz extension G of f to X with Lip(G) < C(M + Lip(f)). Then, the pair
(X, Z) satisfies property (*).

Proof. Let A be a subset of X, f: A — Z an L-Lipschitz mapping and € > 0. Let us
take a m—net in A which we shall denote by NN, i.e. a subset N of A such that
i) ||z —y|| > inr for every z,y € N, (ii) for every = € A there is a point y € N
such that ||z — y|| < m Clearly, N is a closed subset of X and f|, : N — Z is
an L-Lipschitz mapping on N satisfying the mean value condition for the bounded
map given by D(z) = 0 € L(X,Z) for every € N. Then, by assumption, there
exists a C' smooth and CL-Lipschitz mapping G : X — Z such that Gy = fin-
For any = € A, let us choose y € N such that ||z —y|| < m Then, G(y) = f(y)
and

1f(z) = G@)| < If(2) = FWI + [|G(z) = G| < (L + CL)||lz -yl <e.
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3. ON SMOOTH EXTENSION OF MAPPINGS
The main results of this note are the following theorems.

Theorem 3.1. Let (X,Z) be a pair of Banach spaces with property (*), A C X
a closed subset of X and a mapping f : A — Z. Then, f satisfies the mean value
condition if and only if there is a C' smooth extension G of f to X.

Theorem 3.2. Let (X, Z) be a pair of Banach spaces with property (*), A C X a
closed subset of X and a mapping f : A — Z. Then, f is Lipschitz and satisfies
the mean value condition for a bounded map if and only if there is a C* smooth and
Lipschitz extension G of f to X.

Moreover, if f is Lipschitz and satisfies the mean value condition for a bounded
map D : A — L(X,Z) with M = sup{||D(y)|| : y € A} < o0, then we can obtain a
Cl smooth and Lipschitz extension G with Lip(G) < (1 + Co)(M + Lip(f)), where
Cy is the constant given by property (*) (which depends only on X and Z ).

Remark 3.3. By Theorem 3.2 and Proposition 2.8 we obtain that property (*)
s equivalent to the following property: for every closed subset A C X and every
Lipschitz mapping f : A — Z satisfying the mean value condition for a bounded map
D with M = sup{||D(y)|| : y € A} < oo, there erists a C* smooth and Lipschitz
extension G of f to X with Lip(G) < C(M + Lip(f)), where C' > 1 depends only on
X and Z.

Moreover, Example 2.7 and Proposition 2.8 reveal that there exist Lipschitz map-
pings h : A — Ly and b : B — L, defined on closed subsets A of L, and B of Ly
with 1 <p <2 and 2 < q < oo satisfying the mean value condition on A and B for a
bounded map which cannot be extended to C* smooth and Lipschitz mappings on L,
and Lo, respectively, i.e. the conclusion of Theorem 3.2 does mot hold for the pairs
(Lp, L2) and (L2, Ly) with 1 <p <2 and 2 < q < co. In particular, property (A) is
a necessary condition but it is not a sufficient condition to obtain the conclusion of
Theorem 3.2.

Before giving a proof of Theorems 3.1 and 3.2, we shall give some consequences.
From the examples of Section 2, Theorem 3.1 and Theorem 3.2, we obtain the
following corollary. Recall that L, denotes any separable Banach space Ly (S, %, 1)
with (S, %, 1) a o-finite measure space.

Corollary 3.4. Let X and Z be Banach spaces and assume that at least one of the
following conditions holds:
(i) X is finite dimensional,
(ii) X and Z are Hilbert spaces and X is separable,
(ii) X =Lg and Z = L, with 1 <p < 2,
(iv) X =L, and Z = Ly with 2 < p < o0,
(v) there are a set T # 0 and a bi-Lipschitz homeomorphism ¢ : X — co(T") with
C' smooth coordinate functions (for example, when X* is separable), and Z
is an absolute Lipschitz retract.
Let A be a closed subset of X and f: A — Z a mapping. Then, [ satisfies the mean
value condition (mean value condition for a bounded map and f is Lipschitz) on A

if and only if there is a C' smooth (C' smooth and Lipschitz, respectively) extension
G of f to X.
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Moreover, if f is Lipschitz and satisfies the mean value condition for a bounded
map D : A — L(X,Z) with M :=sup{||D(y)|| : y € A} < o0, then we can obtain a
C' smooth and Lipschitz extension G with Lip(G) < (1 + Co)(M + Lip(f)), where
Co > 1 is the constant given by property (*) (which depends only on X and Z ).

Let us now turn to the proofs of the Theorems 3.1 and 3.2, which follow the
ideas of the real-valued case. First of all, let us notice that if the pair (X, Z2)
satisfies property (*), X does too, i.e. there is a constant Cy > 1 (which depends
only on X) such that for every subset A C X, every Lipschitz function f: A — R
and every € > 0, there is a C'' smooth and Lipschitz function g : X — R such that
lg(x) — f(x)| < e for all z € A and Lip(g) < CpLip(f). Indeed, let us take e € Z
with |le]| = 1 and ¢ € Z* with ||¢|| = 1 and p(e) = 1. Let f: A — R be an
L-Lipschitz function and € > 0. The mapping h : A — Z defined as h(z) = f(z)e
for all x € A, is L-Lipschitz. Since the pair (X, Z) satisfies property (*), there exists
a C' smooth and Lipschitz mapping § : X — Z with ||h(z) — g(z)|| < ¢ for all
x € A and Lip(g) < CpL. The required function g : X — R can be defined as
g(z) := p(g(x)). Next, we shall need the following lemmas.

Lemma 3.5. Let (X, Z) be a pair of Banach spaces with property (*). Then, for
every subset A C X, every Lipschitz mapping f : A — Bz(0,R) (with R € (0,00))
and every € > 0, there is a C' smooth and Lipschitz mapping h : X — Z such that
(i) ||f(x) = h(x)|| < e for every x € A,
(ii) ||h(2)]] < CoLip(f)Y/2 + R+ ¢ for every x € X, and
(iii) Lip(h) < Co((1+ 2Co) Lip(f) + 2(R +¢) Lip(f)'/?).

Proof. Without loss of generality we may assume that Lip(f) > 0. By property (*)
there is a C'!' smooth and Lipschitz mapping ¢ : X — Z such that

[|f(x) —g(x)|| <e for all x € A, and Lip(g) < CyLip(f).

Let us define W := {x € X : dist(x, 4) > W} Since X satisfies property

(*), there is a C'! smooth function hy : X — [0, 1] such that ha(z) = 1 whenever
x € A, ha(z) = 0 whenever z € W and Lip(ha) < 2C) Lip(f)'/2. Let us define
h:X — Z as h(z) := g(x)ha(x), which is C! smooth and ||f(z) — h(z)|] < ¢ for all
x € A (recall that ha(z) =1 for all z € A).

Since ha(x) = 0 for all z € W, we have that h(z) = 0 for all x € W. Also,
[|h(2)]] < ||lg(x)|]] £ R+ ¢ for all z € A. Now, for each = ¢ W there is 29 € A such

that ”.’1}' - CEOH < m and thus,

1
(f)
lg(@)I| < [lg(x)—g(wo)||+lg(x0)l| < CoLip(f)|lz—zo||+R+e < CoLip(f)"/*+R+e.

Therefore, ||h(x)]| < CoLip(f)Y/2+ R+« for every z € X. Now, if z € int(W), then
h'(z) = 0. Also, if z & int(W), then

W @)I| <[lg' @) [[Pa(@)]] + [[Pa(2)]] g ()]
<Co Lip(f) +2Co Lip(f)"/*(Co Lip(f)"/* + R+ ¢)
<Co((1 4 2Co) Lip(f) + 2(R + ¢) Lip(f)'/?).
Thus, Lip(h) < Co((1 + 2Cy) Lip(f) + 2(R + ) Lip(f)'/?). O
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Lemma 3.6. Let (X, Z) be a pair of Banach spaces with property (*). Then, for ev-
ery subset A C X, every continuous mapping F' : X — Z such that F|, is Lipschitz,
and every € > 0, there exists a C* smooth mapping G : X — Z such that
(i) ||F(x) — G(x)|| <€ forallxz € X,
(ii) Lip(G|,) < CoLip(F),). Moreover, ||G'(y)|| < CoLip(Fj,) for all y € A,
where Cy 1is the constant given by property (*).
(iii) In addition, if F' is Lipschitz, then there exists a constant C1 > Cy depending

only on X and Z, such that the mapping G can be chosen to be Lipschitz on
X and Lip(G) < C; Lip(F).

Sketch of the proof. The proof is similar to the real-valued case (see [12, Lemma
2.3]). Let us outline the Lipschitz case. Let us apply property (*) to F" and F], to
obtain C' smooth and Lipschitz mappings ¢, h : X — Z such that

(a) ||F(z) —g(x)|] <e/d forall x € A,

(b) ||F(z) — h(z)|| <€ for all z € X,

(¢) Lip(g) < Co Lip(F,) and Lip(h) < Co Lip(F).
There is a C! smooth and Lipschitz function u : X — [0,1] such that u(z) = 1
whenever ||F(z) — g(z)|| < /4 and u(x) = 0 whenever ||F(z) — g(x)|| > €/2, with
Lip(u) < QCO(LIP(F)J;CO Lip(Fi,)) (see [12] for details). Then, the mapping G : X — Z
defined as G(z) = u(x)g(z)+ (1 —u(x))h(x) for every z € X is the required mapping
with Oy := €2(29 + 27C)). O

Lemma 3.7. Let (X,Z) be a pair of Banach spaces with property (*), a closed
subset A C X and a mapping f : A — Bz(0,R) (with R € (0,00]) satisfying the
mean value condition for a map D : A — L(X,Z). Then, for every e > 0 there
exists a C' smooth mapping h : X — Bz(0, R+ ¢) such that
(1) [If(y) = h(y)l| <e for ally € A,

(ii) ||D(y) — W (y)|| < e for ally € A, and

(iii) Lip(f — hy,) < e
Proof. Since A is closed, by a vector-valued version of the Tietze theorem (see for
instance [7, Theorem 6.1]) there is a continuous extension F' : X — Byz(0, R) of f.
Since X is a Banach space, A C X is a closed subset and f satisfies the mean value
condition for D : A — L(X,Z) on A, there exists { B(y,7y)}yer a covering of A by
open balls of X, with centers y., € A, such that

(3.1) [|D(y)=D(yy)|| < 8%0 and ||f(2)—f(w)—D(y,)(z—w)|| < 8%0||z—w\|,

for every y,z,w € B, N A, where B, := B(y,, ) and Cp is the constant given by
property (*).
Let us define T, : X — Z by Ty(z) = f(yy) + D(yy)(x — y,), for every z € X.

Notice that T’ satisfies the following properties:

(B.1) T, is C*° smooth on X,

(B.2) T:(x) = D(y,) for all z € X, and

(B.3) Lip((Ty — F)|B,na) < 5¢;. since for all z,w € B, N A4,

(T = F)(z) = (Ty = F)(w)|| = ||f(w) = f(2) = D(y,)(w = 2)|| < S%OIIZ — wl].
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Recall that if (X, Z) has property (*), X does too and thus X admits C'! smooth
partitions of unity (see for instance [!1] and [12]). Thus, since F' : X — Bz(0, R)
is a continuous mapping, there is a C' smooth mapping Fy : X — Z such that
|F(x) — Fo(z)|| < § for every z € X.

Let us denote By := X \ A, ¥ := T U {0} (we assume 0 ¢ I'), and C := {Bg :
B € ¥}, which is a covering of X. By [25] and [12, Lemma 2.2], there are an open
refinement {W,, g}nenges of C = {Bg : B € £} and a C! smooth and Lipschitz
partition of unity {¢y g}nen gex satisfying:

(P1) supp(¢n,g) C Wy C Bg;

(P2) Lip(¢n5) < Cp2°(2" — 1) for every (n, 3) € N x X; and

(P3) for each x € X there is an open ball B(z,s;) of X with center x and radius
sz > 0, and a natural number n, such that
(1) if i > ng, then B(x,s;) N W; 3 = 0 for every § € X,
(2) if i < ng, then B(x,s;) NW; g # 0 for at most one § € X.

Let us define L, g := max{Lip(v ), 1} for every n € N and 8 € ¥. Now, for
every n € N and v € I, we apply Lemma 3.6 to Ty — F' on B, N A to obtain a Cct
smooth mapping d,, : X — Z so that

(C.1) 1T, (2) — F(z) — 60 (x)]| < ﬁ for every = € X,
nyy
(C.2) 16, ()] < % for every y € B, N A
and
. g
(C.3) L ((3n) s 00) < 5

From inequality (3.1), (B.2), (C.2) and (C.3), we have, for all y € B, N A,

1T (y) = D(y) = 65, W) < [IT5(y) = D) + 1167, (W) < Z,

and

Lip((Ty — F — 0n5) ) <

=1 M

|Byna
Let us define Ag X = Z,
(3.2) Ay =47 |
B(x) —opp(x) if Bel.
Thus, ||F(z) — Aj(x)|| < § whenever n € N, 8 € ¥ and x € X. Now, we define
h(z) = D tapla)Aj@).
(n,B)ENXX
Since {tn g }nen sex is locally finitely nonzero, h is C! smooth. Now, if z € X, then

IF@) -h@I < > wnp@IF@) -A@I < D wnplo)s <e.

(n,B)eENxE (n,8)ENXE

Therefore, ||h(z)|| < R+ ¢ for all x € X (recall that ||F(x)|| < R for all z € X).
Following the proof of [12, Theorem 3.3|, it can be cheked that

|D(y) — h'(y)|| < e forally € A and Lip(f —h,) <e.
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g

Lemma 3.8. Let (X,Z) be a pair of Banach spaces with property (*), a closed
subset A C X and a Lipschitz mapping f : A — Bz(0,R) (with R € (0,00])
satisfying the mean value condition for a bounded map D : A — L(X,Z) with
M = sup{||D(y)|| : y € A} < co. Then, for every ¢ > 0 there is a C' smooth and
Lipschitz mapping g : X — Z such that

(W) [[f(y) =gl <e for every y € A,
(i) [|1D(y) — g'()I| <& for every y € A,
(ili) Lip(f —g),) <e,
(iv) ||lg(x)|| < CoLip(f)Y/? + R+ ¢ for every x € X,
(v) Lip(g) < Co((142Co) Lip(f)+2(R+e¢) Lip(f)"/2+ M) +¢ whenever R < oo,
and Lip(g) < Co(M + Lip(f)) + € whenever R = +oo; where Cy is the
constant given by property (*).

Proof. A. Construction of g. For the construction of g we will use again the
partitions of unity given in [12, Lemma 2.2]. Let us take 0 < 3¢’ < e. By Lemma
3.7 there is a C'! smooth mapping h : X — Bz(0, R + ¢') such that

(i) [1f(y) — ( )| <& forall y € A,
(ii) ||D(y) — W (y)|| < & for allyEA and

/

(iii) Lip(f— h|A) < min{ oot 1+200), (QCO(RJr2€ ))2} whenever R < oo, and Lip(f —
hi,) < Co whenever R = oc.

Since h is C' smooth on X, there exists {B(y, )} er a covering of A by open
balls of X, with centers y, € A such that

/ /

9
(3.3) |h(y) — h(yy)ll < and || (y) — W(yy)|l < = for every y € B,
8Co 8Cy’

where By := B(yy,r,) and Cj is the constant given by property (*) (which depends
only on X and Z). Let us define T, by T, (z) = h(y,) + I (yy)(z — y,), for z € X.
Notice that T’, satisfies the following properties:

(B.1) T, is C*° smooth on X,

(B.2) T)(z) = W (yy) for all z € X,

(B.3) Lip((T, — h)|p,) < o, and

(B.4) [T (2 )|| = |IW (y)Il < ID(yy)ll +&" < M 4 &' for every z € X.

Let us define By := X\ A, ¥ :=TU{0} (we assume 0 ¢ I'), and C := {Bg : € ¥},
which is an open covering of X. Following the proof of Lemma 3.7, we obtain an
open refinement {W,, g}nen ges of C = {Bs : B € £} and a C'! smooth and Lipschitz
partition of unity {¢, g}nen gex satisfying conditions (P1), (P2) and (P3).

Let us define L, g := max{Lip(¢g),1} for every n € N and g € ¥. Now, for
every n € N and v € I', we apply property (*) to T, — h on B in order to obtain a
C' smooth mapping 6, : X — Z so that

E/

(C.1) 1T () — h(x) = bny(2)]] < L,

for every x € B, and

oo | ™

(C.2) Lip(8,) < CoLip(Ty — b)) <
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In particular,

/

(34) 7@ = Fng @] < 10| + gy —

< R+2¢ for every x € B,.

From inequality (3.3), (B.2) and (C.2) and for every y € B,, we have

1T (w) = W' (y) = 0n, W) < IT5(y) = B W) + 1107, ()] < i-

Therefore,
. g’
Llp(<Tv —h— (5nﬁ)|37> < 1

Now, for R < oo, since Lip(h,) < Lip(f) + (¢//Cp)?, let us apply Lemma 3.5 to
hi, + A —= Bz(0,R +¢) to obtain C' smooth and Lipschitz mappings F§' : X —
Bz(0,Co Lip(f)*/? + R+ 3¢) such that [|h(z) — E}(2)|] < ﬁ for all z € A and
n € N, and

Lip(F{') < Co((1 +2Co) Lip(hy,) + 2(R + 2¢") Lip(hy,)/?).
From condition (iii) above, we deduce
Lip(F) < Co((1 4 2Co) Lip(f) + 2(R 4 2¢") Lip(f)'/?) + 2¢’.
If R = +o0, we apply property (*) to hj, : A — Z in order to obtain C' smooth

mappings F{ : X — Z such that ||h(z) — Fj'(2)|| < m on A, and Lip(FjJ') <
Co Lip(h|A) < CoLip(f) + ¢
Finally, let us define Ag X —>Zandg: X — Z as
(3.5)
F(z) it =0,

A%(x) = an o) — i AB(),
5 {Tﬂ(ﬂf)—5n,g(x) if el, d g (nﬁ%mlb 8(@)Aj(z)

B. The function g satisfies (i)-(v). Since {9y g}lnengex is locally finitely
nonzero, the mapping g is C' smooth. It is clear that

W@l < Y vup@lAL@ < CoLip()'? + R4e  forallze X.
(n,B)ENXE

The proofs of ||h(y) — g(y)|| <€, ||W'(y) — ¢'(y)|| < & for all y € A and Lip((h —
9),) < € follow along the same lines as [12, Theorem 3.3]. Thus, |[f(y) —g(y)|| < ¢
for all y € A, [|D(y) — ¢'(y)|| < e for y € A, and Lip(f —g|,) <e.
In addition, since [|T7(z)|] + [|0;, , (z)|| < M 4 9¢'/8, we have, for R < oo,
(A3 ()] <max{Co((1 + 2C,) Lip(f) + 2(R + 2¢") Lip(f)"/?) + 2, M + 9¢'/8}
<Co((1+ 2Co) Lip(f) + 2(R + 2¢') Lip(f)"/* + M) + 2¢/,

and for R = oo,

[(A%) (z)|] < max{Co Lip(f) + &', M + 9¢'/8} < Co(Lip(f) + M) + 9¢'/8.
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Let us check that g is Lipschitz. From the fact that }Z, s, ¥y, g(2) = 0 for all

x € X, where F, := {(n,0) € Nx X :x € supp(¢n3)} and the fact (P3) we deduce
that, for R < oo,

@IS 3 @Il - 250+ Y. vns@IIAR) @)
(mAEEs (nB)er:
E/
< > Lnpm) gnyap
{n:(n,B(n))€F:} n,5(n)

+ > Pnpm @) (Col(1+ 2Co) Lip(f) + 2(R + 2¢/) Lip(f)"/? + M) + 2¢')
{ni:(n,B(n))EFy}

< Co((1+2C) Lip(f) + 2(R + 2¢") Lip(f)*/? + M) + 3¢/,

for all x € X, where 3(n) is the only index 3 (if it exists) satisfying condition (P3)-(2)
for z. Thus, for R < oo, Lip(g) < Co((1+2C0) Lip(f) +2(R+¢) Lip(f)/2 + M) +e.
(Recall, that here we do not assume ¢ < Lip(f).)

Similarly, for R = oo, it can be checked that ||¢/'(z)|| < Co(Lip(f) + M) + ¢ for
every x € X. O

Proofs of Theorems 3.1 and 3.2. Let us assume that the mapping f : A — Z satisfies
the mean value condition and consider 0 < € < 1. Then, by Lemma 3.7 there exists
a C' smooth mapping Gy : X — Z such that if g; := Gi|,, then

(1) [1f(y) =91 (W)l <z for every y € A,
(i) [[D(y) — G1(W)| < zig; for every y € A, and
(iii) Lip(f — g1) < min{ 2400(18_,_200)7 (24600)2}~
Notice that the mapping f — g; satisfies the mean value condition for the bounded
map D — Gy : A = L(X, Z) with sup{||D(y) — G1(y)[| : y € A} < 5. Let us
apply Lemma 3.8 to f — g1 to obtain a C' smooth mapping G : X — Z such that
if go = G2|A7 then
(@) [1(f = 91)(y) — 92(¥)| < 5 for every y € A,
(i) [[D(y) — (G1(y) + Go(w))|| < g5 for every y € A,
(it}) Lip(f — (91 + 92)) < min{ g cirgeny (z55)2):
(iv) [|G2(2)|| < Cogrgg; + 31 + w5 < 52 forallz € X, and
(v) Lip(G2) < Co((1 + 2Co) 2400(1€+2CQ) +2(24€C0 + 25600 ) 24600 + 24600 )+ 2500 < 9
By induction, we find a sequence G,, : X — Z of C! smooth mappings satisfying
for n > 2, where g, := G

n|A7

) 110 =75 90) (W) = 9n ()| < gy for every y € A,
(i) [|1D(y) — > Giy)ll < angc for every y € A,
(111) Llp(f Zz 191) < mln{2n+300(1+200) (2n+300)2}7
(iv) HG (x H<£/2” for all z € X, and
(v) Lip(G,) < eg/2™.
It can be cheked as in [2] and [12] that the mapping G : X — Z defined as
G(x) :== Y22, Gu(z) is C! smooth and it is an extension of f to X.
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Let us now consider f : A — Z a Lipschitz mapping satisfying the mean value
condition for a bounded map D : A — L(X,Z) with M := sup{||D(y)|| : y €

A} < oo. We can assume that ¢ < w (if Lip(f) = 0, the extension is
obvious). By Lemma 3.8, there exists a C! smooth mapping G : X — Z such that
if g1 := G1|A, then
() 1£(y) — 1 W)l| < 5 for every y € 4,

(i) [[D(y) = G1W)I| < g1 for every y € A,

(111) Llp(f - gl) < mln{ 2400(164—200)’ (24500)2}7 and

(iv) Lip(G1) < Co(M + Lip(f)) + o7

The mappings G, : X — Z for n > 2 are defined as in the general case. It can

be checked that the mapping G : X — Z defined as G(z) := Y o2 | Gu(x) is C!
smooth, is an extension of f to X and

Lip(G) < Co(M +Lip(f)) + 55 +227 < (1+ Co)(M + Lip(f)).

Let us now give an application to C'' Banach manifolds.

Definition 3.9. Let us consider X and Z Banach spaces, a C' Banach manifold M
modeled on the Banach space X, a subset A of M and a continuous map f : M — Z.
We say that the mapping f : A — Z satisfies the mean value condition on A if
for every x € A, there is (equivalently, for all) C* smooth chart o : U — X with U
an open subset of M, x € U, such that the mapping f o ™! satisfies the mean value
condition on @(A) Np((U).

The proof of the following corollary is similar to that given in the real-valued
case [13] (for a detailed proof, see also [26]). Recall that a paracompact C'! manifold
M modeled on a Banach space X admits C! smooth partitions of unity whenever
the Banach space X does.

Corollary 3.10. Let X and Z Banach spaces and M a paracompact C* Banach
manifold modeled on the Banach space X. Assume that the pair (X,Z) satisfies
property (*). Let A be a closed subset of M and f : A — Z a mapping. Then, f
satisfies the mean value condition on A if and only if there is a C' smooth extension
G:M—Z of f.

4. SMOOTH EXTENSION FROM SUBSPACES

Finally, let us make a brief comment on the extension of C' smooth mappings
defined on a subspace. Let X and Z be Banach spaces and Y a closed subspace
of X. If every C' smooth mapping f : Y — Z can be extended to a C' smooth
mapping G : X — Z, then for every bounded and linear operator 7' : Y — Z
there is a bounded and linear operator 7' : X — Z such that T}, = T. Moreover,
assume that every C'! smooth and Lipschitz mapping f : Y — Z can be extended
to a C! smooth and Lipschitz mapping G : X — Z with Lip(G) < C Lip(f) with
C depending only on X and Z. Then, for every bounded and linear operator T' :
Y — Z there is a bounded and linear operator T : X — Z such that T =T and
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]|TV||£(X’Z) < C||T|lz(v,z)- Indeed, it is enough to consider T = G'(0), where G is
the extension mapping of 7" given by the assumptions.

Definition 4.1. We say that the pair of Banach spaces (X, Z) satisfies the linear
extension property if there is X\ > 1, which depends only on X and Z, such that
for every closed subspace Y C X and every bounded and linear operator T':'Y —
Z, there is a bounded and linear operator T : X — Z such that T}, = T and

1Tl 2x.2) < ATl vz)-

Examples 4.2. (i) Maurey’s extension theorem [22] asserts that the pair of Ba-
nach spaces (X, Z) satisfies the linear extension property whenever X has
type 2 and Z has cotype 2. Therefore, (Lo, Ly) for 1 < p < 2 and (Lyp, L2)
for 2 < p < oo satisfy the linear extension property (recall that L, has type
2 for 2 < p < oo and cotype 2 for 1 < p <2, see [l]).

(ii) For every compact metric space K, every non-empty set I' and 1 < p <
00, the pairs (co(I'),C(K)) and (£,(N),C(K)) satisfy the linear extension
property (|20, Theorem 3.1], [16] and [15, Chapter 40] ).

(iii) For every compact metric space K, the pair (X,C(K)) satisfies the linear
extension property whenever X is an Orlicz space with a separable dual [17].

(iv) The pair (X, co(N)) satisfies the linear extension property whenever X is a
separable Banach space [27] (see also [15, Chapter 40] ).

We shall prove the following useful proposition.

Proposition 4.3. Let (X, Z) be a pair of Banach spaces satisfying the linear exten-
sion property and Y a closed subspace of X. If f: Y — Z is a C' smooth mapping
(C' smooth and Lipschitz mapping), then f satisfies the mean value condition (mean
value condition for a bounded map, respectively) on Y .

Proof. First, let us give the following lemma.

Lemma 4.4. Let (X,Z) be a pair of Banach spaces satisfying the linear extension
property and Y a closed subspace of X. Then there is a constant n > 1 and there is a
continuous map B : L(Y, Z) — L(X, Z) such that B(f)|, = f and ||B(f)|lz(x,2) <
Ml fllcev,z) for every f € L(Y, Z).

The proof of this lemma follows the lines of the real-valued case [2, Lemma 2].
Indeed, let us take W = L(X,Z), V = L(Y,Z) and T : W — V the bounded and
linear map given by the restriction to Y, T(f) = f},. By assumption, the map T is
onto. Thus, we apply the Bartle-Graves’s theorem (see [0, Lemma VII 3.2]) in order
to find the map B.

Now, if f : Y — Z is a C'' smooth mapping (C! smooth and Lipschitz mapping),
we consider the mapping D : Y — L(X, Z) defined as D(y) := B(f'(y)) for every
y € Y. Then, f satisfies the mean value condition for D (the mean value condition
for the bounded map D, respectively). O

Now, we can apply Theorems 3.1 and 3.2 to obtain the following result on C*
smooth extensions and C'!' smooth and Lipschitz extensions to X of C'! smooth map-
pings defined on Y whenever (X, Z) satisfies property (*) and the linear extension
property.

Corollary 4.5. Let (X, Z) be any of the following pairs of Banach spaces:
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o T

) (LpaL2)7 2 <p < o0,

(co(T),C(K)), T is a non-empty set and K is a compact metric space,

( C(K)), 1 <p<oo and K is a compact metric space,

(iv) (X,C(K)), X is an Orlicz space with separable dual and K is a compact
a

Sp
(v) (X,c0(N)), X with separable dual,
(vi) (X,R), such that there is a set T' # () and there is a bi-Lipschitz homeomor-
phism ¢ : X — co(T') with C* smooth coordinate functions (for instance,
when X* is separable).

LetY be a closed subspace of X. Then, every C' smooth mapping f :Y — Z has a
C' smooth extension to X.

Moreover, there is C' > 1, which depends only on X and Z, such that every Lip-
schitz and C smooth mapping f : Y — Z has a Lipschitz and C' smooth extension
F:X — Z to X with Lip(F') < C'Lip(f).

Let us now consider the following definition.

Definition 4.6. Let X and Z be Banach spaces and Y a closed subspace of X. We
say that the pair (Y,Z) has the linear X -extension property if there is A\ > 1,
which depends on X, Y and Z, such that for every bounded and linear map T': Y —
Z there is a bounded and linear extension T : X — Z with ||T||zx,z) < M Tl z(v,2)-

By Theorem 3.1, Theorem 3.2 and a slight modification of Proposition 4.3, we
obtain the following corollary.

Corollary 4.7. Let (X, Z) be a pair of Banach spaces with property (*). LetY be a
closed subspace of X such that the pair (Y, Z) has the linear X -extension property.
Then, every C' smooth mapping f:Y — Z has a C* smooth extension to X .

Moreover, there is C' > 1, which depends on X, Y and Z, such that every Lips-
chitz and C' smooth mapping f : Y — Z has a Lipschitz and C* smooth extension
F:X — Z to X with Lip(F) < CLip(f).

We conclude this note with some considerations on extension morphisms of C*
smooth mappings. Let X and Z be Banach spaces and consider the Banach space

CHX,Z):={f:X = Z : fis C! smooth and Lipschitz},
with the norm ||f||Ci := || £(0)|| + Lip(f). We write C}(X) := C}(X,R).

Definition 4.8. Let X and Z be Banach spaces and Y a closed subspace of X. We
say that a bounded and linear mapping T : C}(Y,Z) — C}(X,Z) (T : Y* — X*)
is an extension morphism whenever T(f), = f for every f € CLH(Y,Z) (for every
f € Y™, respectively).

Lemma 4.9. Let X be a Banach space and Y a closed subspace of X. If there
exists an extension morphism T : C}(Y) — C}(X), then there exists an extension
morphism S : Y* — X*.

Proof. Let T : C1(Y) — C}(X) be an extension morphism and define D : C}(X) —
X* as D(f) = f/(0) for every f € C}(X). The mapping D is linear, bounded and
|ID|| < 1. Thus, DoT : C}(Y) — X* is linear and bounded. Also, (Do T)(f))

ly
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(T(f)'(0)), = ['(0) € L(Y,Z). Now, let us take the restriction S := Do T, :
Y* — X*, which is linear, bounded,

S(p), = (T(9))(0), = ¢'(0) = ¢, and
I1S(@)llx+ =D o T(@)l|x+ < IT(P)llcx < T Melles

for every ¢ € Y. O

The above lemma and the results given by H. Fakhoury in [3] provide the follow-
ing characterizations.

Proposition 4.10. Let X and Z be Banach spaces. The following statements are
equivalent:

(i) There is a constant M > 0 such that for every closed subspace Y C X, there
exists an extension morphism P : C1(Y,Z) — CL(X, Z) with ||P|| < M.
(ii) There is a constant M > 0 such that for every closed subspace Y C X, there
exists an extension morphism T : C(Y) — CE(X) with ||T|| < M.
(iii) There is a constant M > 0 such that for every closed subspace Y C X, there
exists an extension morphism S : Y* — X* with ||S|| < M.
(iv) X is isomorphic to a Hilbert space.

Proof. The equivalence between (ii7) and (iv) was established in [, Théoréeme 3.7].

(i) = (4i) Let us take z € Sz and ¢ € Sz« (where Sz and Sz- denote the unit
spheres of Z and Z*, respectively) such that ¢(z) = 1. Let Y be a closed subspace
of X and P : CL(Y,Z) — C}(X,Z) an extension morphism with ||P|| < M. For
every f € CL(Y), let us consider the Lipschitz and C! smooth mapping f, : Y — Z
defined as f,(y) = zf(y) for every y € Y. Let us define Ry := P(f,) € C}(X, Z).
Then, the mapping T : C}(Y) — CL(X) defined as T(f) = ¢o Ry, where f € CL(Y)
is a linear extension mapping with ||T'|| < M.

(79) = (4i7) is given by Lemma 4.9 and (iv) = (i) follows from the result that
every closed subspace of a Hilbert space H is complemented in H [21]. O

Recall that X is a y-space if X is a complemented subspace of every Banach
superspace W of X (see [, p. 95]).

Corollary 4.11. Let X and Z be Banach spaces. The following statements are
equivalent:

(i) There is a constant M > 0 such that for every Banach superspace W of
X, there exists an extension morphism P : C}(X,Z) — CL(W,Z) with
1P| < M.

(ii) There is a constant M > 0 such that for every Banach superspace W of X,
there exists an extension morphism T : C}(X) — CL(W) with ||T|| < M.

(iii) There is a constant M > 0 such that for every Banach superspace W of X,
there exists an extension morphism S : X* — W* with ||S|| < M.
(iv) X is a P-space.

Proof. The equivalence between (i7i) and (iv) was established in [3, Corollaire 3.3].
The rest of the proof is similar to that of Proposition 4.10. O
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