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Abstract. Let n be a regular cardinal. It is proved, among other things, that: (i) if J(n)
is the corresponding long James space, then every closed subspace Y C J(n), with Dens(Y) = 7,
has a copy of £2(n) complemented in J(n); (ii) if Y is a closed subspace of the space of continuous
functions C([1,7]), with Dens(Y) = n, then Y has a copy of c¢o(n) complemented in C([1,7]). In
particular, every nonseparable closed subspace of J(wi) (resp. C([1,w1])) contains a complemented
copy of £2(w1) (resp. co(wi)). As a consequence, we give examples (J(w1), C([1,w1]), C(V), V being
the ”long segment”) of Banach spaces X with the hereditary density property (HDP) (i.e., for every
subspace Y C X we have that Dens(Y) = w*-Dens(Y™*)), even though these spaces are not weakly
countably determined (WCD).

1. Notations and preliminaries

Throughout, (X, || - ||) will be a real Banach space, B(X) the closed unit ball of X,
S(X) the unit sphere and X* its topological dual. Let O denote the ordinal numbers,
LO the limit ordinals and C the cardinals. If n € C, the cofinality cf(n) of n is
the smallest cardinal 7 for which there exists a sequence of ordinals {f;}1<i<r, 0i €
O,8; <nand n=sup{f;: 1 <i< 7} A cardinal n is said to be regular if cf(n) = .
Denote by RC' the family of regular cardinals.

If A, B are subsets of the ordinal 1, we write A < B iff, Va € A, V3 € B, we have
a < 3. A transfinite sequence {4y }1<a<s, 0 € O, of subsets of ) is said to be a skipped
(transfinite) sequence iff A, < Ag, whenever o < § < 6, and for each @ < 6, Iny, <7
such that A, < no < Aat1. A subset A C 5 is said to be nice if min(A) ¢ LO.
We say that S is a segment of n if S C n and [k, A\] C S whenever k, A € S,k < A.
Note that, if S is a nice segment of 7, then S = [a, §), where o = min(S) ¢ LO and
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B =min{y € O:v > S} If f:[l,n] — IR is a map, define the support of f by
supp(f) ={a <n: f(a) # 0}

If X is a Banach space, in general, Dens(X*, w*) < Dens(X, || - ||). So, X is said to
have the density property if Dens(X*,w*) = Dens(X, || - ||) and the hereditary density
property (HDP) if every subspace Y C X has the density property.

It is known that every weakly countably determined (WCD) Banach space X has the
HDP (see [Va]). So, we can ask if there exists a non WCD Banach space with the
HDP. The following easy Proposition gives a method to find Banach spaces with the
HDP.

Proposition 1.1. Let X be a Banach space such that every closed subspace Y C X
contains a WCD subspace Z C'Y with Dens(Z) =Dens(Y). Then X has the HDP.

Proof. Let i : Z — Y be the canonical inclusion and suppose that Dens(Y, || - ||) >
Dens(Y*, w*). Asi* : Y* — Z* is a w*-w*-continuous quotient map, we would obtain
that Dens(Z, || - ||) = Dens(Y, || - ||) > Dens(Y™*,w*) > Dens(Z*, w*), a contradiction
because Z being WCD has the HDP. a

We show that the ”long James space” J(w;) is a non WCD Banach space such
that every closed subspace Y C J(wp) contains a complemented copy of ¢o(I) with
card(I) = Dens(Y'). So, by Prop. 1.1, J(wy) has the HDP.

Recall ([DGZ], p.253) that a compact space K is: (i) Gulko iff C(K) is WCD ;
(ii) Corson iff K is homeomorphic to a compact subset of 3(I) for some set I, where
S(I)={z €[0,1)! : card({i € I : z; # 0}) < Rg}. It is known that Gulko = Corson.
If K is Gulko, clearly C'(K) has the HDP, but there exists a Corson compact such
that C(K) has not the HDP (see the Kunen-Haydon-Talagrand compact in [Ne], p.
1086). So, we can ask if there exists a non Gulko (even a non Corson) compact K
such that C(K) has the HDP. We give examples ([1,w;], the ”long segment”) of non
Corson compacts K such that C'(K) has the HDP.

2. The subspaces of J(n)

If n € O, consider in [1,7] the order topology and observe that, if f :[1,7] — IR is
continuous, then supp(f) is a nice subset of [1,7]. Define the square variation of f to
be:

n—1 1/2
1fI] = sup (Z | flevigr) — f(ai)|2>
i=1

where the supremum is taken over all possible choices 1 < a3 < g < -+ < a, < 7).
Define the long James space J(n) to be:

J(n) ={f:[1,7] = IR continuous : f(n) =0, |f| < oo}

As may be verified, (J(n), ] - ||) is a Banach space.
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The space J(n) was firstly considered (implicitly) by Hagler and Odell [HO]. They
proved that every infinite dimensional closed subspace of J(n) contains a copy of
ly. It was Edgar who introduced and studied (explicitly) the space J(n) (see [E1],
[EW]). The norm || - || we have just defined is not Edgar’s original norm [E1], but it is
equivalent. In fact the space considered here is isometrically isomorphic to the space
introduced by Edgar (see [B], p. 347). In [Z] Zhao studies the bidual of J(n).

Remark. Although we will only consider the space J(n), it is worthy to remark
that the same proofs work if J(n) is replaced by Jp(n), 1 < p < oo, and the norm in
Jp(n) is defined in terms of the p-th variation instead of the square variation.

Concerning the subspaces, J(n) works approximately like the James space J. Recall
that in 1967 Herman and Whitley [HW] proved that every infinite dimensional closed
subspace of J contains a copy of £5. In 1977 Casazza, Lin and Lohman [CLL] improved
this result showing that every infinite dimensional closed subspace of J contains a
complemented copy of /5.

If S = [, ) is a nice segment of n, let Y = {f € J(n) : supp(f) C S} and define
Qs : J(n) — Y as follows:

Viedm), Yi<n,  Qs(f))= { ?c(i) — f(B) ﬁz i g

Clearly Qg is a projection on Y such that ||Qs| < v/2.

If f,9 € J(n), we write f < g iff supp(f) < supp(g). A sequence {f4}a<o, 0 € O,
in J(n) is said to be a skipped sequence iff {supp(fa)}a<o is a skipped sequence of
subsets of 7. Observe that, if n € C satisfies ¢f(n) > Ry and f € J(n), then Jay <7
such that, Vo > ay, f(a) = 0. If v < 7, let P, : J(n) — J(n) be such that,
VfeJm), P(f)=f-1pu4. Of course, P, is a projection with || P,[| = 1.

Lemma 2.1. Let n € O. Then:

1. Let v <m, v € LO, f € J(n) with f(v) =0 and {Ya}ta<r C [1,7) such that
Yo <8 <7, fora < B <7, and limy_; Yo =~. Then |Py(f) — P, (f)|| = 0

as o — T.

2. If Y C J(n) is a closed subspace with Dens(Y) > Rg and v <, then Yy = {y €
Y : y(vy) = 0} is a subspace of Y such that dim(Y/Yy) < 1 and Dens(Yp) =
Dens(Y).

Proof. (1) This is true because, if there existed € > 0 such that || Py (f)—P,, (f)|| > e,
Va < 7, then we would obtain easily that || P, (f)|| = co. Observe that in this argument
it is essential that f(y) = 0.

(2) This is trivial. O

Lemma 2.2. Ifn € O, every normalized skipped sequence { fo}a<o, 0 € O, in J(n)
is a monotone basic sequence equivalent to the canonical basis of €5(6), and the closed
subspace Y := [{fa}a<o] generated is complemented in J(n).
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Proof. First of all, note that, if {f;}7_; is a finite skipped normalized sequence
in S(J(n)) such that supp(fi1) < n1 < supp(fa) < -+ < ny_1 < supp(fp) < n and
a; €R, 1 =1,2,..,p, then:

p P D
Sl < IS afilP <23 fa
=1 i=1 i=1
Indeed, if g := ¥

Y aif;, for the first inequality (i.e., Y0, |a;|* < || Y0, a;fil|?) take
finite subsets J; = {n;_1 = ki < kj <--- <kl =n;}, i=1,2,---,p, (no=1,n, =
n), and J = {k1 < k2 < --- < k,} C [1,n] and observe that:

p p Jji—1 r—1
> ail? = ZS}}P > g(kiyy) — gk < Sl}pz l9(kis1) — g(k:) > = [lg1?,
i=1 i=1 7t s=1 i=1

where the suprema are taken over all possible choices of J; and J.

For the second inequality (i.e., | >0_, a; fil|> <237, |a;|?) observe that (a —b)? <
2(a® + b%). So, if J = {j1 < jo < -++j.} C [1,n] is an arbitrary finite subset and
JU {no,nl, ..,’I”Lp} = {k‘l <k <o < k‘é} =: K, then:

r—1 s—1 p
lgll* =sup > lgGis) = 9(Gi)[* < 2sup Y _lg(kia) = g(ki)* <2} lail?,
=1 J =1 =1

where the suprema are taken over all possible choices of J.

So, if {fata<e, 0 € O, is a skipped normalized sequence in J(n), it is equivalent to
the canonical basis of ¢3(f). Consider the closed subspace Y := [{f4}a<o] and prove
that Y is complemented in J(n):

(A) Let So = [pa, o), where po, = min(supp(fa)), ¢a = min{y € O : v > supp(fa)},
and Y, = {f € J(n) : supp(f) C Sa}. Then {Sa}a<s is a skipped sequence of nice
segments of 7 such that f, € Y,. Let Q. := Qg, and pick g, € S(Y) such that

9a(Qa(fa)) = 1Qa(fo)l = [l fall = 1.

(B) It f € J(n), define Q(f) : [1,n] — R so that Q(f) = >, g 9a(Qa(f)) - fa-
Clearly Q(f)(n) = 0 and we claim that > _,90(Qa(f))[* < 2[|f|*. Indeed:

> aco 19a(Qa(F)I? < X0co 1Qa(HII? = X (cpsup {\f(an) — faa)]*+
+ i [ (@) = fga) = flaim1) + f(ga)]? + | flar) — f(ga)]? :
Pa L a1 <ag <. < oy < Ga, nE]N}:
= Do {If(@n) = F(a0)? + Sy |f(as) = flain)P + |f(ar) = Flaa)P
e L <ag << ap < Qa, nE]N}z
= sup {ZQGA sup {|f(an) - f(Qa)|2 + E?:z | f(e) — f(oﬁ—l)‘2 + | f(ar) — f(Qa)|2 :

:pa§a1<a2<..<an<qa,n€]N}:ACHﬁnite} <
< 2sup { L7 1f(Bi1) ~ F(B)P 1< By < Bo < o < B Smyme NJ = 2|/ ]2
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In consequence, Q(f) € J(n) and @ is a projection on Y such that ||Q] < 2. ]

Proposition 2.3. Letn € O andY C J(n) be a closed infinite dimensional subspace.
Then 'Y contains a copy of o complemented in J(n).

Proof. We apply transfinite induction. If n = w, the statement was proved by
Casazza, Lin and Lohman [CLL]. Assume that the result is true for every a < n:

(1) fn =a+1, by Lemma 2.1, Yy = {f € Y : f(a) = 0} is a closed infinite
dimensional subspace of V := {f € J(n) : f(a) = f(n) = 0}. Since V can be
canonically identified with J(«), by induction hypothesis, there exists in Yy a copy Z
of /5 and a projection P: V — Z. Thus, PP, is a projection from J(n) onto Z.

(2) Suppose that n € LO and that there exists a < 7 such that P, is an isomorphism
between Y and P,(Y). Since P,(J(n)) can be canonically identified with J(a + 1),
by the induction hypothesis there exists in P,(Yy) a copy W of ¢» and a projection
P : Py(J(n)) — W. Consider Z = (Pajy) "(W). Then Z C Y is a copy of £ and
(Pajy)~' o Po P, is a projection from J(n) onto Z.

In the contrary case (i.e., if P,, Va < 7, doesn’t work as an isomorphism over
Y), we have that, Va < 7, Ve > 0, there exists f € S(Y) such that |Py(f)] < e
Fix € > 0 and pick y; € S(Y). By Lemma 2.1, there exists oy < 7 such that
lyr — Pay (y1)]] < €471, Choose y2 € S(Y) and a1 < az < n such that [Py, (y2)| <
£47% and |ly2 — Pa, (y2)|| < 5472, Thus |ly2 — (Pa, — Pa,)y2|| < €472, By reiteration

we get sequences {yn }n>1 C S(Y) and {a, }n>1 C [1,7) such that: (i) o < ape1 <1

. -n (Poe.,L_Pan_ ) n
(i) lyn = (Pa,, = Pa,_y)ynll < 47", (Po, = 0). Let z, = m- Then

{Z2n }n>1 is a skipped normalized sequence of J(n) and, by Lemma 2.2, it is equivalent
to the canonical basis of ¢o and there exists a projection @ : J(n) — [{x2n }n>1] with
Q|| < 2. Moreover, we have:
(Payy =P,y 1 )Yn
2onzi l92n = w2l <3200 190 — me=m =0
2onz1 190 = (Pay, = Poo Jynll + 22551 1 = [[(Pa, = Pay 1 Jynlll < 5 + 5 =

So, by [LT], Prop. 1.a.9, if e < %7 the subspace [{y2n }n>1] is complemented in J(n).
O

Proposition 2.4. Letn € C, c¢f(n) =7 > w1, andY C J(n) a closed subspace with
Dens(Y) =n. Consider the following statements:

1. w*-Dens(Y*) = Dens(Y) = n.

2. There exists in' Y a normalized transfinite sequence {fota<r with supp(fo) <
supp(fs), whenever a < < 7.

3. There exists in'Y a normalized skipped transfinite sequence {gao }a<r-
4. There exists in'Y an isomorphic copy of 2(7) complemented in J(n).

5. There exists in' Y an isomorphic copy of la(T).
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Then (1)=(2)=(3)=(4)=(5) and, if n € RC, they are all equivalent.

Proof. (1) = (2). Let 1 < a < 7. We claim that 3f € S(Y) such that [1,a] N
supp(f) = 0. Indeed, in the contrary case, the family of functionals dg € J(n)*, 1 <
B < a, such that dg(g) = g(8), Vg € J(n), would be total over Y, which contradicts
(1). So, to find in S(Y) a sequence {fo}ta<r with supp(fa) < supp(fs), whenever
a < B < 1, pick fi € S(Y) arbitrarily. Since ¢f(n) = 7 > wy and fi(n) = 0, there
exists 1 < n such that supp(f1) < v1 <n. Now, by the above, choose f» € S(Y) and
v2 < 1 such that 77 < supp(fa) < 72, and so on. Finally, by a standard transfinite
argument, the choice can be completed.

(2) = (3). Let a< 7. fa € LO, take g = fo. fa=v+4+n, y€ LO, 1 <n<w,
take Yo = foc-‘rn = fw+2n'

(3) = (4) follows from Lemma 2.2; (4)=(5) is obvious.

Finally suppose that n € RC and prove that (5) = (1). From the embedding
1:02(n) — Y we get the quotient map i* : Y* — f5(n), which is w* — w* continuous.
So, if w*- Dens(Y*) < n, we would have w*-Dens(¢3(n)) < 7, a contradiction. O

Proposition 2.5. Let wy < n € RC, and Y C J(n) a closed subspace with
Dens(Y') = 1. Then there exists in' Y a normalized sequence { fo }a<y with supp(fa) <
supp(fa), whenever a < B < 1.

Proof. First of all, we prove that, Vp < n, 3y € LO, p < v < n, and a closed
subspace Yy C Y such that dim(Y/Yy) < 1 and {0} # P,(Yy) C Yo. So, fix p < n and
assume, without loss of generality, that P,(Y) # {0}. Choose a countable sequence
of ordinals {7, }n>0 and a countable sequence {Y},},,>1 of closed subspaces of ¥ such
that:

Lp=v<m<yr<.<n

2. Dens(P,, (Y)) < Dens(Y,41) <.

n

3. P, (B(Ypi1)) is dense in P, (B(Y)).
4. supp(Yn+1) g [L’Yn-‘rl]'

Let v = sup,~¢ 7 and Yy = {y € Y : y(y) = 0}. By Lemma 2.1, dim(Y/Yp) < 1.
Pick y € S(Yp) and select x,, in B(Y,,41) so that | P, (y) — Py, (z,)| — 0 as n — oc.
Since || Py (y) — Py, (y)|| — 0 as n — oo, we get ||Py(y) — Py, (z,)|| — 0 as n — oo.

Consider u, = z, — Py, (z,), n > 1, which satisfies w,, < Upt1. So {uon}n>1
is a bounded skipped sequence of J(n). By Lemma 2.2, us, — 0 weakly. Hence
P, (y) — 2, — 0 weakly as n — oo. Therefore P, (y) € Yp.

Since v < 1, we have that Dens(P,(Yy)) < Card(y) < n = Dens(Yy). Hence,
there exists f; € S(Yy) € S(Y) such that v < supp(f1). Choose 71 < 71 such that
v < supp(f1) < vy1- By a new application of the above argument, find fo € S(Y) and
v2 < n such that v < supp(fz) < 72, and so on. Thus, by a standard transfinite
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induction we obtain in Y a normalized sequence {fq }a<y, with supp(fa) < supp(fs),
whenever a < 8 < 1. |

Corollary 2.6.(1) If n € RC, every closed subspace Y C J(n) with Dens(Y) = n,
contains a copy of a2(n), complemented in J(n).

(2) Every closed subspace Y C J(wi1) contains a copy of ¢a(I) complemented in
J(w1), with Card(I) = Dens(Y).

(8) J(w1) is a non WCD Banach space which has the HDP.

Proof. (1) If n = w, the statement is the result of Cassaza, Lin and Lohman [CLL].
If n > wy, we apply Prop. 2.5 and Lemma 2.2.

(2) This follows from (1) and Prop. 2.3.

(3) It is well known that J(w;) is not WCD ([B], [E1l]). If Y C J(w;) is an infi-
nite dimensional closed subspace, there exists in ¥ an isomorphic copy of ¢5(I) with
card(I) =Dens(Y). So, applying Prop. 1.1 we obtain that J(w;) has the HDP. |

3. Subspaces of C([1,7])

In this §3 we apply the Prop.1.1 like in §2, but with ¢o(I) instead of ¢o(I). If K is a
compact Hausdorff space and f : K — IR is continuous, denote by supp(f) = {k € K :
f(k) #0}. If n € O is an infinite ordinal and K = [1, 5], with the order topology, then
C([1,m]) is clearly isomorphic to Co([1,7]) := {f € C([1,n]) : f(n) =0}. If a <, let
P, : C([1,n]) — C([1,7n]) be the projection such that, Vf € C([1,7]), P(f) = f 1,
Of course, P, is a projection with || P, || = 1 and P,(C([1,7n])) is isometric to C([1, a]).

Lemma 3.1. Ifn € O, then every normalized skipped sequence {fo}a<g, 0 € O, in
Co([1,7]) is a monotone basic sequence equivalent to the canonical basis of co(8) and
the closed subspace Z := [{fa}a<o] generated is 2-complemented in Co([1,7)]).

Proof. Let {fa}a<o be a normalized skipped sequence in Cy([1,n]). Clearly,
{fa}a<o is a monotone basic sequence equivalent to the canonical basis of ¢ (). Prove
that the closed subspace Z := [{fa}a<s] is complemented in Cy([1,n]). This proof is
similar to the one of Lemma 2.2, namely:

(A) Let So = [Pas da), where po, = min(supp(fa)), ¢o = min{y € O : v > supp(fo)},
and Z, = {f € Co([1,7]) : supp(fa) C Sa}. Then {Ss}a<o is a skipped sequence of
nice segments of n such that f, € Z,. Let Q4 : Co([1,7n]) — Z, be defined as follows:

Ve Co(llm]), Yi<n,  Qal(f)i) = { ?v(i) ~ f(ga) ’ﬁi i gﬁi

It can be easily seen that @, is a projection on Z, such that ||Q.| < 2.
Pick go € S(Z;) such that go(Qa(fa)) = [[Qa(fa)ll = |Ifall = 1.
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(B) If f € Co([1,n]), define Q(f) : [1,n] — IR so that Q(f) = >, 9a(Qa(f)) - fa
Clearly Q(f)(n) =0 and we claim that, Vf € Cy([1,7]), Q(f) € Z. To prove this it is
enough to show that, Vf € Co([1,7]), F(f) = {||Qa(f)||}a<o € co(f). Use transfinite
induction over o < 7 such that supp(f) C [1, . It is clear that, if supp(f) C [1,n],1 <
n < w, then F(f) € ¢o(f). Let v < n be such that, V3 < v and Vg € Cy([1,7n]), with
supp(g) C [1, 8], we have that F(g) € co(6), and assume that supp(f) C [1,v]. There
are two possibilities:

(I) Suppose that v = B+ 1. Since F'(f-1j; ) and F(f-1¢g413) are in ¢o(6), clearly
F() € co(6).

(IT) Assume that v € LO.

I
a) If f = 1j1,), then Q. (f) # 0 for, at most, a unique o < 1. Hence F(f) € co(0).
)

(

(b) If f(v) =0, then ||f - 1114, — fIl = 0, where 73 T, i <7, 7 = cf(7y). Hence
1Qua(f - 1q,1) — Qa(f)l — 0 (uniformly for o < 0) as i T 7 . Therefore, as
F(f-1p1.4,) € co(0), Vi < 0, we get that F'(f) € co(0).

(c) Finally, if f(v) # 0, taking into account f = (f — f(v) - 11,4)) + f(7) - 11,4 and
(1), (2), we obtain that F(f) € co(6).

So @ is a projection on Z such that ||Q] < 2. O

Proposition 3.2. Let n € O be an infinite ordinal and Y C C([1,1]) a closed
infinite dimensional subspace. Then:

1. If Y is isomorphic to co, Y is complemented in C([1,7]).
2. 'Y contains a copy of co complemented in C([1,7]).

3. Ifwy <npe€ RC,Y C Cy([1,n]) and Dens(Y) = n, there exists a normalized
sequence { fo}a<n CY with supp(fa) < supp(fg), whenever o < 3 < 1.

4. If n € RC and Dens(Y) = n, Y contains a copy of co(n), complemented in
C([1,n]).

Proof. (1) Choose A C [1, 5] such that card(4) = Rp and, Vf € Y, | f]| = sup{|f(a)] :
a € A}. We can assume, without loss of generality, that A is closed (if not, take A
instead of A and note that A is also countable (by standard transfinite induction)).
Observe that A is order and topologically homeomorphic to some ordinal interval
[1,5] with f < wy. Consider the projection P; : C([1,n]) — C([1,n]) such that
Pif) = f1a, ¥f € C([La)). Then PC([Ln))) = C(4) = C([L,0]) (isome-
try) and P}y is an order isometric isomorphism between Y and Pi(Y). As C(A)
is separable, Sobczyk’s Theorem gives us a projection P, : C(A) — C(A) such that
Py(C(A)) = Py(Y). So P = (Py)y)~' o Pyo Py is a projection of C([1,7]) onto Y

(2) We apply transfinite induction. As C([1,7)]) is isomorphic to ¢, for n < w*, the
statement is true if n < w* (see [LT], Prop. 2.a.2). Assume that the result holds for
every a < 1 and proceed as in Prop. 2.3. If n=a+1,Yo={f €Y : f(n) =0} is a
closed infinite dimensional subspace of Cy([1,7]) = C([1, ]) and the statement follows
by induction hypothesis.
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Assume that n € LO. As C([1,n]) ~ Co([1,7]) (isomorphism), we suppose that we
work in Cy([1,7]). If there exists v < 1 such that P, is an isomorphism between ¥ and
P, (Y), the result follows by induction hypothesis (because P,(Cy([1,7])) = C([1, a]).

In the contrary case, like in Prop. 2.3, we get two normalized sequences {y, }n>1 C
S(Y) and {xy, }n>1 such that {z2,}n>1 is a skipped normalized sequence of Cy([1,7)])
and Y < [[Y2n — @a2n|| < €, where € > 0 is arbitrary. So, applying Lemma 3.1 and
[LT], Prop. 1.a.9, we complete the proof.

(3) To prove this statement use the argument of Prop. 2.5, taking into account that
every normalized sequence {u,}a<o, 0 € O, in Co([1,7)]), with uy < ug, a < § <6,
is equivalent to the canonical basis of ¢y(6). So, it is shrinking and u,, — 0 weakly
for every subsequence {uq,, }n<w-

(4) Work in Cy([1,7]), which is isomorphic to C([1,7]). Consider a closed subspace
Y C Cy([1,n]) with Dens(Y) = n. If n = w, apply (2). If w; < n, by (3) there
exists in Y a normalized sequence {fa}a<n, fo < fs whenever a < § < 1, equiva-
lent to the canonical basis of ¢o(n). Without loss of generality, we can suppose that
{fa}ta<y is skipped. So, by Lemma 3.1, we have that the closed subspace [{fa}a<n]
is complemented in Cy([1,7)]). O

Corollary 3.3. (1) Every closed subspace Y C C([1,w1]) contains a copy of co(I)
complemented in C([1,w1]), with Card(I) =Dens(Y).

(2) [1,w1] is a non Gulko (even non Corson) compact K such that C(K) has the
HDP.

Proof. (1) This follows from (2) and (4) of Prop. 3.2.

(2) Tt is well known that [1,wq] is non Gulko (see [DGZ], p. 259). Also, [1,w1] is
non Corson because a Corson Radon-Nikodym compact is Eberlein compact ([OSV]).
Finally, applying Prop. 1.1 we obtain that C'([1,w:]) has the HDP. O

The ”long segment”. ([E], p. 297) Consider in Vy = [1,w;) %[0, 1) the linear order
< defined by letting («a,t) < (5,s) whenever @ < 8 or @« = [ but ¢t < s. Adjoining
the point w; to Vj and assuming that = < w; for every = € V{, we obtain a linearly
ordered set V. The set V with the topology induced by the linear order < is called
the "long segment”. Clearly, Dens(C(V)) = Ny.

To prove that C(V') has the HDP, it is enough to prove that Co(V) = {f € C(V) :
f(w1) = 0} has. Consider a closed subspace Y C Cy(V) such that Dens(Y) = ;.
We claim that for every a < w; there exist a < f < wy and f € Y \ {0} such that
supp(f) C ((8,0),w1). Indeed:

A) Consider the restriction Ry (Y) of the functions of Y to [(1,0), (a, 0)] which satis-
fies R1(Y) C C([(1,0), (a,0)]) ~ C([0,1]) (isomorphism). So, there exists a separable
subspace Y7 C Y such that Ry (B(Y1)) is dense in Ry (B(Y)).

B) Let ag < as < w; be such that supp(Y;) C [(1,0), (c2,0)]. Let Rs be the
restriction on [(1,0), (a2, 0)] and choose a separable subspace Y; C Y2 C Y such that
R3(B(Y2)) is dense in Ro(B(Y)).

By reiteration, we get a sequence (ay,) of ordinals. Let 8 = lim,, oo an, Yo = {f €
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Y : f((8,0)) = 0} and choose f € B(Yp) such that fi;5,0),w,] # 0. Let us see that
g:= [-11,0),8,0) €Y. Indeed, pick y,, € B(Y,) such that || R, (yn) = Rn(9)llec < 1/n.
We want to prove that y, — g weakly, i.e., that u(y,) — u(g) for every Radon measure
won V. Without loss of generality, we can suppose that |u|([(5,0),w1]) = 0. Let € > 0

and pick ng > 1 such that |u|((an,,0),(8,0)) < e. Then for n > ny we have:

[l
l1(yn — 9)| < |ul (Iyn - gluu,o),(ano,m]) +llyn = gl - 11l ((eng, 0), (8, 0)) < =5 + 2e,

which implies that y, — g weakly. As y, € Y, we conclude that g € Y, f-1((5,0),u,] €
Y and this proves the claim. Applying the claim we obtain a sequence {fs}a<w, CY
of normalized functions with skipped supports. Clearly, [{fa}a<w,] = co(w1) and, by
Prop. 1.1, we get that C'(V) has the HDP.
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