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ABSTRACT. The present note is a corrigendum to the paper “On Smooth extensions of vector-valued
functions defined on closed subsets of Banach spaces” [Math. Ann. (2013) 355: 1201-1219).

L. Zajicek kindly pointed us a flaw in the proof of Lema 3.8 in [I]. The present note is devoted
to explain how to overcome the flaw in [I] with the additional assumption that (X, Z) has property
(E) (we follow the notation of [I]). We will give in this note a list of changes to be made in the
proof of Lemma 3.8 in [I] in order to obtain a correct version of this lemma and thus correct versions
of Theorem 3.1 and Theorem 3.2 of [I]. In a personal communication L. Zajicek informed us that
together with J. Johanis they have obtained a different proof of Theorem 3.1 and Theorem 3.2 in [2]
with the additional assumption that the pair of Banach spaces (X, Z) has property (E) as well.

Let us see how to modify Lemma 3.8. In the first place, as it is already mentioned, we additionally
should assume in Lemma 3.8 that the pair of Banach spaces (X, Z) has property (E) for a constant
K > 0. Let us fix a constant 7 > 2. Following the notation of the proof of Lemma 3.8, we may
assume, when selecting the open covering {B, := B(yy, )} er satisfying all conditions specified in
the proof of Lemma 3.8 that additionally {B(y, %)}Vep is an open cover of A as well. Notice that

from [, [[D(y)|| < M for all y € A, ||[D(y) — M (y)|| <€ for all y € A and [|A'(y) — A/ (y,)]| < % for
all y € B, so we get

/

IH I < 17 () = ()]l + 19 ) = D) |+ D) < o
0

+& + M, forally € B,. (1)

/ E/

Also from [I], Lip(f — hla) < min{ 00(11200), <200(I€%+25’))2} whenever R < oo and Lip(f —hla) < &

whenever R = oo (property (iii) in the proof of Lemma 3.8), so we get

g e

. o
Lip(hla) = mid == m5 GamT 20

)?} + Lip(f) :== L whenever R < oo

and Lip(hla) < é—; + Lip(f) := Lo whenever R = co. Since Ly < Lg, it will be enough for us to
consider Ly for both cases. So Lip(h|4) < Lo for any R € (0, o0].

Let us define the open balls V., := B(y,, T%) for every v € I'. 'We consider the open subset U :=
UyerV, C X and the restriction mapping h|y. Let us check that h|y is Lipschitz: If x,y € U there
are indexes o and «y such that x € V,, and y € V,. Then by inequality , we have

1A (z) = h()|l <[[A(z) = h(ya) | + [7(ya) = Ayl + 1A (yy) = A()I| <

e </
<(3c, +e'+ M)z — yall + Lollya — vyl + (& +e + M)y -yl <

&J
<(zg; + €+ Mle = yall +lly = 91 + Lalllye = 2l + lle =yl + lly = 95 1).
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Now, define § = 25 > 0. If ||lz — ya|| < 5||a: —y| and |ly — y,|| < 8]z — y]|, then

() = hy)l| <|26(

o )+ La(26+ 1)z - yl|

If | —yal > 0llz —y| or ||y — yyl| > dllz — yl|, let us assume for example the first inequality, then
Iz = yll < 3z — yall < 52 and thus [y - yall Slly—all+llz—gall < g2+ 22 =0+ 5)7ma =15
and y € B,. So ||h(z) — h(y)]| < (800 + &' + M)[|z — y||. A similar argument works for the second
inequality. Therefore,

[7(z) = h(y)ll < Lslle —yl|, for all z,y € U,

where
/ /

"+ M)+ Ly(20 + 1
Co+z-:+ )+ La(20 + 1), SCo

The next change to be done is to define the new open cover of X formed by V5 = X \ A and
C={Vg:p e =TU{0}} and consider an open refinement {W, glnenges of C := {V3 : B €
¥} and a C! smooth and Lipschitz partition of unity {5 : n € N, 8 € X} subordinated to C
satisfying properties (P1)-(P3) specified in the proof of Lemma 3.7 in [I], where among other properties,
supp ¥ 3 C Wy 3 C V3, for alln € Nand 3 € X.

The definitions of the constants L,, 3 := max{Lip(¢y g), 1} for n € N and f € ¥ and the functions 6y, 5
obtained by applying property (*) to Ty — h on B, for every n € N, v € I" remain the same as in [IJ.
The next modification is to apply property (E) to hly : U — Bz(0,R + &' + %) In the case,
R = 400 we get a K Ls-Lipschitz function H : X — Z such that H|y = h|y. We apply property
(*) to H in order to obtain C! smooth mappings Fy' : X — Z such that |H(z) — F}(z)|| < m
for all z € X and Lip(F§') < CoKLsg for all n € N. In the case R < 400 we consider the auxiliafy
function G : UUW — Bz(0,R+ ¢ + %), where W = {z € X : dist (z,U) > (R+¢& + %)Lgl}
defined by G|y = hly and G|y = 0. It can be checked that G is Ls-Lispchitz. By property (E)
there is a K L3-Lispchitz extension L : X — Z of G and thus, in particular, it can be checked that
L:X — Bz(0,(K+1)(R+&'+ %)). Now, let us apply property (*) to L to get C! smooth mappings
F i X — Bz (0, (K + 1)(R+¢ + ) + gvop;) such that | L(z) — F§' ()| < s forall z € X
and Lip(F}) < CoK Ls.

The definitions of the functions {Ag}neN,geg in terms of the functions {F§ }nen, {T5 — Ony tnenyer
and the definition of g in terms of {¢, 3}nen gex is the same as in Lemma 3.8 in [I]. The new upper
bound for g is

lg@l < > Wus@)|Aj@)] < (K +1)(R+e +
(n,B)ENX3

It can be checked that the new upper bound for [|(Af)'(z)|| for z € X is

L3 := max{24( + &' + M}.

/ /

800) =@, forzelX. (C.1)

/ /
(A (x)]| < max{Lip(F§), M + 9%} < max{CyK L3, M + 9%} = CoK L3,

where n € N and 8 € Y. Let us check that g is Lispchitz. Let us denote S := H if R = 400 and
S := L if R < +o00. Since supp ¢, g C Vg for alln € N, § € I" and S|y = h, following the notation of
the proof of Lemma 3.8 in [I] we have for x € X,

lg' @I < > I s@IIS@) = Aj@)+ DY vap@)(AF) (@) <
(nvﬁ)er ( 7ﬂ)EFz
e 1,
< Z Ly, p(n) m + Z Y g(x)CoK Lz < 1€ +CoKLsg:= L4, (C.2)
{n:(n,B(n))€Fz} ’ {n:(n,B(n))€Fz}

In addition, properties (i), (ii) and (iii) in the statement of Lemma 3.8 in [I] follow in the same way.
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The new upper bound in property (iv) in the statement of Lemma 3.8 in [I] is @ given in (C.1]). The
new upper bound in property (v) in the statement of Lemma 3.8 in [1] is L4 given in (C.2).

Due to the preceding arguments, we must assume the additional condition that the pair of Banach
spaces (X, Z) has property (E) in the statements of Theorem 3.1 and Theorem 3.2 of [I]. In order
to apply Lemma 3.8 with the new upper bounds @1 and Ly, let us consider simpler upper bounds in
terms of M, K, Cy, . Recall that, from the assumptions in Lemma 3.8 in [I], 3¢’ < e, and thus after
some straightforward calculations it can be checked that

Q1< (K + 1)R + Aje,
Ly < Age + CoK (40 + 1) max{Lip(f), M},

where Ay == 2[(K +1)(1+ ﬁ) +3i], Ay =17+ CoK(1+ C% + ﬁ)] and we have assumed without
loss of generality that 20 < 1.

Now, we can reproduce the proofs of Theorem 3.1 and 3.2 given in [I] with any sequence {e,, }, C (0,1)
such that ) e, < co. For the sake of completeness let us briefly sketch it. Following the notation
of the proofs of Theorem 3.1 and 3.2 in [I], in the first step we apply Lemma 3.7 to get a C'' smooth
mapping G; : X — Z such that if g1 := Gi|a then (i) ||f(y) — g1(y)|| < e1 for all y € A; (ii)
|ID(y) — Gi(y)|| < &1 for all y € A and (iii) Lip(f — ¢g1) < €1. In the second step, the funtion
f—g1:A— Bz(0,£1) satisfies the mean value condition for the function D — G} : A — L(X, Z) with
|D(y)—GY(y)|| < &1 forally € A. So Lemma 3.8 applies to get a C'! smooth function G : X — Z such
that if g5 == Gl 4, then () [|/(4) — 01 (4) — 92(9)]| < 22 for all y € 4, (i) | D(y) — G (4) — Co(w)]| < 2
for all y € A, (ili) Lip(f — g1 — g2) < €2, (iv) ||G2(v)|| < (K + 1)e; + Ajeg for all y € X and (iv)
Lip(G2) < Ageg + CoK (46 4+ 1)e1. In general, in the n-th step (n > 2) we apply Lemma 3.8 to the
Lipschitz function f — (g1 + -+ gn-1) : A = Bz(0,e,-1), which satisfies the mean value condition
for the function D — (G} +---+G),_;) : A — L(X, Z) with [|[D(y) — (G} + -+ G,_1)(y)|| < en—1 for
y € Aand Lip(f — (g1 + -+ gn-1)) < €n_1 to get a C' smooth function G,, : X — Z such that if
gn 1= Gl s then () [1/(5) — (914 -+ ()] < e for all y € A, (i) [ Dy)— (G} ++CL)(w)]| < e
for all y € A, (iii) Lip(f — (g1 + -+ gn)) < €n, (iv) |Gn(W)|| < (K + 1)ep—1 + A1, for all y € X,
and (v) Lip(Gr) < Asen + CoK (1 4+ 40)ep_1.

Then, it can be checked that the sum G := Y. G, is a C' smooth extension of f. If the initial
function f is Lipschitz and satisfies the mean value condition for a function D with ||D(y)|| < M for

all y € A, then applying Lemma 3.8 instead of Lemma 3.7 in the first step, we additionally obtain
Lip(G1) < Azer + CoK (1 4 40) max{M, Lip(f)}. So

Lip(G) < CoK (1 + 46) max{M, Lip(f)} + &,

where € = Asey + Y, ~o(Asen, + CoK (1 + 40)ep,—1). Since we can choose from the beginning & >
0 and § > 0 to be as small as we want, we can get G in such a way that Lip(G) is as close to
CoK max{M, Lip(f)} as we need.

So in the statement of Theorem 3.2 in [I] the upper bound for Lip(G) should be replaced by any
constant greater than CoK max{M, Lip(f)}.

In addition, the examples given in Corollary 3.4 in [I] are valid since they have property (E) and (*)
(or equivalently property (E) and (A)). However, the upper bound for Lip(G) should be replaced by
the new one obtained above.

Finally, let us metion that A. Sofi kindly pointed us that Corollary 4.11 does not hold. Although
(i)=(ii)=(iii)= X™** is a Py-space, the implication (iv)=(i) does not hold.
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