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Cantor sets and their algebraic differences... Continued

Cantor sets and their algebraic differences... Continued

Nowakowski Theorem(s)

e Under some condition, C(a) — C(a) is a Cantorval.
e Under some other condition, C(a) — C(a) is a Cantorval.

e Classification of alg difference of special affine Cantor sets.

Cheng-Han Pan A Mazurkiewicz Set as the union of two Sierpirski-Zygmund func



Cantor sets and their algebraic differences... Continued

Cantor sets and their algebraic differences... Continued

Nowakowski Theorem(s)

e Under some condition, C(a) — C(a) is a Cantorval.
e Under some other condition, C(a) — C(a) is a Cantorval.

e Classification of alg difference of special affine Cantor sets.

Nowakowski-Pan Theorem (Submitted)
If C C[0,1] is a Cantor set that contains 0 and 1, then

supm(C€ —C) =2, inf m(C¢ —C) = 3.

[NPb] P. Nowakowski and C.-H. Pan, The algebraic difference of a Cantor set
and its complement. arXiv.2505.03170.

Cheng-Han Pan A Mazurkiewicz Set as the union of two Sierpinski-Zygmund func



Introduction Sierpiniski-Zygmund Function

Mazurkiewicz Set

Sierpinski-Zygmund Function

Definition

f: R — R is a Sierpinski-Zygmund function provided
e f s is NOT continuous whenever |S| = ¢.

f intersects every continuous partial function in < c-many points.
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Introduction Sierpiniski-Zygmund Function

Mazurkiewicz Set

Sierpinski-Zygmund Function

Definition
f: R — R is a Sierpinski-Zygmund function provided
e f s is NOT continuous whenever |S| = ¢.

f intersects every continuous partial function in < c-many points.

Let G:={g € R®: G CRis Gs and g is continiuous}.

[f is Sierpifski-Zygmund] iff [|f N g| < ¢ for every g € G]

Theorem (Kuratowski)

If g: S — R is continuous for some S C R, then g has a
continuous extension g: G — R for some G5 set S C G C S.
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Introduction Sierpiniski-Zygmund Function
Mazurkiewicz Set

Sierpinski-Zygmund Function

Question (Darji)
Can a Sierpinski-Zygmund function have Darboux property?
[Dar93] U. B. Darji, A Sierpiriski-Zygmund function which has a perfect road

at each point, Collog. Math. 64 (1993), no. 2, 159-162, DOI
10.4064 /cm-64-2-159-162. MR1218479
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Introduction Sierpiniski-Zygmund Function

Mazurkiewicz Set

Sierpinski-Zygmund Function

Question (Darji)
Can a Sierpinski-Zygmund function have Darboux property?
[Dar93] U. B. Darji, A Sierpiriski-Zygmund function which has a perfect road

at each point, Collog. Math. 64 (1993), no. 2, 159-162, DOI
10.4064 /cm-64-2-159-162. MR1218479

Answer (Balcerzak, Ciesielski, Natkaniec)
The answer SZND # () or SZND = () is independent of ZFC.

[BCN97] M. Balcerzak, K. Ciesielski, and T. Natkaniec, Sierpiriski-Zygmund
functions that are Darboux, almost continuous, or have a perfect
road, Arch. Math. Logic 37 (1997), no. 1, 29-35, DOI
10.1007,/s001530050080. MR1485861
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Introduction L .
Sierpinski-Zygmund Function

Mazurkiewicz Set

Mazurkiewicz Set

Stefan Mazurkiewicz Student of Sierpinski

= = LN -

There is a plane subset that...
intersects every straight line in exactly two points.
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Introduction

Sierpinski-Zygmund Function

Mazurkiewicz Set

Mazurkiewicz Set

A set M C R? is called a Mazurkiewicz set, or a two-point set
provided that it intersects every straight line of R? in two points.

e L denotes the collection of all straight lines of R2.
o LIA)={LeL: (nA =2}, (A < cimplies |[L(A)| < ¢)
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Introduction L .
Sierpinski-Zygmund Function

Mazurkiewicz Set

Mazurkiewicz Set

A set M C R? is called a Mazurkiewicz set, or a two-point set
provided that it intersects every straight line of R? in two points.

e L denotes the collection of all straight lines of R2.
o LIA)={LeL: (nA =2}, (A < cimplies |[L(A)| < ¢)

Let {/¢}c<. be an enumeration of IL. For every £ < ¢, choose
Ee C Le \ U L(U¢—¢ Ec) such that [€e N {J,, E¢| = 2.
M = Je E¢ is as needed.
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Sierpinski-Zygmund Function

Mazurkiewicz Set

Mazurkiewicz Set
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Introduction

Sierpinski-Zygmund Function
Mazurkiewicz Set

Mazurkiewicz Set

Lebesgue measurable?
Yes and No

Baire property?
Yes and No

How about Borel?

\(51)/

Cheng-Han Pan A Mazurkiewicz Set as the union of two Sierpirski-Zygmund func



Introduction

Sierpinski-Zygmund Function
Mazurkiewicz Set

Mazurkiewicz Set

Union of
Two Functions!

Closed under

Rotations
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No Sierpirski mund function
A Mazurkiewicz set containing One Sierpin und function
Two Sierpiriski-Zygmund functions

No Sierpinski-Zygmund function

There is an 2N set containing no SZ function.

e L denotes the collection of all straight lines of R.
o L, :={¢"e€L: ¢*is vertical and [£* N | = 2}
o L(A)={LeL: |{nA| =2} (JA] < ¢ implies |L(A) < ¢)
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No Sierpinski-Zygmund function
A Mazurkiewicz set containing One Sierpiriski-Zygmund function
Two Sierpinski-Zygmund functions

No Sierpinski-Zygmund function

There is an 2N set containing no SZ function.

e L denotes the collection of all straight lines of R.
o L, :={¢"e€L: ¢*is vertical and [£* N | = 2}
o L(A)={LeL: |{nA| =2} (JA] < ¢ implies |L(A) < ¢)

Let {/¢}c<. be an enumeration of IL. For every £ < ¢, choose
o B Cle\UL(Uro¢ Ec) such that [€e N Ue<e Ec| = 2.
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No Sierpinski-Zygmund function
A Mazurkiewicz set containing One Sierpiriski-Zygmund function
Two Sierpinski-Zygmund functions

No Sierpinski-Zygmund function

There is an 2N set containing no SZ function.

e L denotes the collection of all straight lines of R.
o L, :={¢"e€L: ¢*is vertical and [£* N | = 2}
o L(A)={LeL: |{nA| =2} (JA] < ¢ implies |L(A) < ¢)

Let {/¢}c<. be an enumeration of IL. For every £ < ¢, choose
o E{ Cle\UL(U;¢ Ec) such that [£e N <, Ec| = 2.
o {* € Lo such that [£*N O\ L(E; UU¢¢ Ec)| = 2.

Let £ == E;U(¢* N O) and M = (J,_ E¢ is as needed.

= = =
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No Sierpinski-Zygmund function
A Mazurkiewicz set containing One Sierpiriski-Zygmund function
Two Sierpirisk mund functions

No Sierpinski-Zygmund function

2

~




i-Zygmund function
A Mazurkiewicz set containing One Sierpiris gmund functio
Two Sierpirisk gmund functions

No Sierpinski-Zygmund function
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A Mazurkiewicz set containing One Sierpin mund function
Two Sierpini ygmund functions
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mund function
A Mazurkiewicz set containing i gmund function
Two Sierpiriski-Zygmund functions

One Sierpinski-Zygmund function

Recall the notation

e L denotes the collection of all straight lines of R2.
e LIA)={teL: [tnA =2}  (|A] <cimplies |[L(A)| < ¢)

Recall the construction of an 91 set (No control)

Let {{¢}¢<c be an enumeration of L. For every { < ¢, choose

Ee C le \ U L(Ug<e E¢) such that [€e N Upce Ee| = 2.
M = g E¢ is as needed.
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No Sierpinski-Zygmund function
A Mazurkiewicz set containing One Sierpi und function
Two Sierpiriski-Zygmund functions

One Sierpinski-Zygmund function

Recall the notation

e L denotes the collection of all straight lines of R2.
e LIA)={teL: [tnA =2}  (|A] <cimplies |[L(A)| < ¢)

If BC R? and |BN /| = ¢ for all £ € L, there exists an 9 set in B
Let {/¢}c<. be an enumeration of IL. For every £ < ¢, choose

Ec C \ U L(U¢<e E¢) such that [€e N Up<¢ Ee| = 2.
M = Ug<, E¢ is as needed.
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No Sierpinski-Zygmund function
A Mazurkiewicz set containing One Sierpiriski-Zygmund function
Two Sierpinski-Zygmund functions

One Sierpinski-Zygmund function

Recall the notation

e L denotes the collection of all straight lines of R2.
e LIA)={teL: [tnA =2}  (|A] <cimplies |[L(A)| < ¢)

If BC R? and |BN /| = ¢ for all £ € L, there exists an 9 set in B

Let {/¢}c<. be an enumeration of IL. For every £ < ¢, choose

Ec C \ U L(U¢<e E¢) such that [€e N Up<¢ Ee| = 2.
M = Ug<, E¢ is as needed.

Theorem (Kharazishvili)

There is an 2N set containing one S Z function.

[Kha24b] A. Kharazishvili, A Mazurkiewicz set containing the graph of a
Sierpiriski-Zygmund function, Georgian Math. J., posted on 2024,
DOI 10.1515/gmj-2024-2023.

________________________________________________________________J
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i-Zygmund function
gmund function
Two Sierpiriski-Zygmund functions

A Mazurkiewicz set containing One Sierpir:

One Sierpinski-Zygmund function

Kharazishvili's argument

Let H = {(x,y) € R?: e Xl <y < el]}. Thereisa D C # and
a U C HE€ such that

e (s vertical implies |D M /| = cand [UNY| = 1.
e / is nonvertical implies [U N ¢| = ¢ except x-axis.
e Any f C Dis SZ.

y
*Te c
y = e*‘X| "C" T ’“~.. UCH
llllllll"'---- DQ/H .'----...... » X

" m e -
L P
LS "
~

y = —e_lx‘

-
~ .
0‘ ’ﬂ
o1l




No Sierpinski-Zygmund function
A Mazurkiewicz set containing One Sierpiriski-Zygmund function
Two Sierpinski-Zygmund functions

One Sierpinski-Zygmund function

Kharazishvili's argument

Let H = {(x,y) € R?: e Xl <y < el]}. Thereisa D C # and
a U C HE€ such that

e (s vertical implies |D M /| = cand [UNY| = 1.

e / is nonvertical implies [U N ¢| = ¢ except x-axis.

e Any f C Dis SZ.
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| What about D U U?
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ygmund function
A Mazurkiewicz set containing ierpifski-Zygmund function
Two Sierpinski-Zygmund functions

One Sierpinski-Zygmund function

Lemma (Kharazishvili)
Let H = {(x,y) € R?: e Xl <y < el]}. Thereisa D C % and
a U C HF€ such that

e /is vertical implies |D M /| = cand |[UNY| = 1.

e / is nonvertical implies [U N ¢| = ¢ except x-axis.

e Any f C D is SZ.
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mund function
A Mazurkiewicz set containing i und function
ygmund functions

Two Sierpinski-Zygmund functions

Assume CH. There is an 9 set containing two S Z functions.

Let G ={g € R¢: G CRis Gs, |G| = ¢, g is continiuous}.

[f is an SZ function] iff [|f Ng| < c for every g € G]
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mund function
A Mazurkiewicz set containing ie gmund function
Two Sierpiriski-Zygmund functions

Two Sierpinski-Zygmund functions

Assume CH. There is an 9 set containing two S Z functions.

Let G ={g € R¢: G CRis Gs, |G| = ¢, g is continiuous}.

[f is an SZ function] iff [|f Ng| < c for every g € G]

Definition (Ptotka)

[MCR?isaSZset] iff [[MNg|<cforevery g€ (]

[Pto02b] K. Ptotka, Sum of Sierpiriski—-Zygmund and Darboux like functions,
Topology Appl. 122 (2002), no. 3, 547-564, DOI
10.1016/S0166-8641(01)00184-5. MR1911699
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\[¢} rpi nund function
A Mazurkiewicz set containing One Sierpin mund function
Two Sierpi ygmund functions

Two Sierpinski-Zygmund functions

Assume CH. There is an SZ 9t set.

o {gc}e<c enumerates G, and {/¢}e. enumerates L.
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No Sierpinski und function
A Mazurkiewicz set containing One Si -Zygmund function
Two Sierpi ygmund functions

Two Sierpinski-Zygmund functions

Assume CH. There is an SZ 9t set.

o {gc}e<c enumerates G, and {/¢}e. enumerates L.
o L¢ = {l¢cL: g is somewhere dense in (}.

o g =g \ULg,
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nd function
A Mazurkiewicz set containing One Sier und function
Two Sierpiriski-Zygmund functions

Two Sierpinski-Zygmund functions

Assume CH. There is an SZ 9t set.

o {gc}e<c enumerates G, and {/¢}e. enumerates L.

o L¢ = {l¢cL: g is somewhere dense in (}.
° gl =g \ ULg, and 0 =L \ U<<£g<*.
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No Sierpinski-Zygmund function
A Mazurkiewicz set containing One Sierpi ygmund function
Two Sierpi ygmund functions

Two Sierpinski-Zygmund functions

Assume CH. There is an SZ 9t set.

o {gc}e<c enumerates G, and {/¢}e. enumerates L.

o L¢ = {l¢cL: g is somewhere dense in (}.
° gl = g \ ULg, and G = Q\UC<£g<*.

[CH] = [Uc¢ & is meager in £¢] = [¢; is comeager] = [|(Z] = (]
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No Sierpinski-Zygmund function
A Mazurkiewicz set containing One Sierpi ygmund function
Two Sierpi ygmund functions

Two Sierpinski-Zygmund functions

Assume CH. There is an SZ 9t set.

o {gc}e<c enumerates G, and {/¢}e. enumerates L.

o L¢ = {l¢cL: g is somewhere dense in (}.
° gl = g \ ULg, and G = Q\UC<£g<*.

[CH] = [U¢¢ &5 is meager in £¢] = [(; is comeager] = [|(Z] = (]
= [Ug<. {; intersects every straight line in a set of cardinality ]
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No Sierpinski-Zygmund function
A Mazurkiewicz set containing One Sierpi ygmund function

Two Sierpi ygmund functions

Two Sierpinski-Zygmund functions

Assume CH. There is an SZ 9 set.

o {gc}e<c enumerates G, and {/¢}e. enumerates L.

o L¢ = {l¢cL: g is somewhere dense in (}.
° gf* = g¢ \ UL, and 65* = Q\UC<£gg.

[CH] = [U¢¢ &5 is meager in £¢] = [(; is comeager] = [|(Z] = (]
= [Ug<. {; intersects every straight line in a set of cardinality ]

= [U£<c€§ contains some 9t set] Need to show [ is also SZ]
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No Sierpinski-Zygmund function
A Mazurkiewicz set containing One Sierpi ygmund function
Two Sierpi ygmund functions

Two Sierpinski-Zygmund functions

Assume CH. There is an SZ 91 set.

o {g¢}ecc enumerates G, and {/¢}¢<. enumerates L.

o L¢ = {¢cL: g is somewhere dense in (}.
° gg‘ =g¢ \ULg, and Eg =L\ U<<£gg.

Claim: M C U, € is also SZ

e Fixany gc € G. (Goal: |MNge| <¢)
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und function
A Mazurkiewicz set containing ie gmund function
ygmund functions

Two Sierpinski-Zygmund functions

Assume CH. There is an SZ 91 set.

o {g¢}ecc enumerates G, and {/¢}¢<. enumerates L.

o L¢ = {¢cL: g is somewhere dense in (}.
° gg‘ =g¢ \ULg, and Eg =L\ U<<£gg.

Claim: M C U, € is also SZ

e Fixany ge € G. (Goal: |91 N ge| < ¢) (Note: g C g7 UJL)
° |9ﬁﬂgg’
o [MNULel
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nund function
A Mazurkiewicz set containing ierpin mund function
Two Sierpiriski-Zygmund functions

Two Sierpinski-Zygmund functions

Assume CH. There is an SZ 91 set.

o {g¢}ecc enumerates G, and {/¢}¢<. enumerates L.

o L¢ = {¢cL: g is somewhere dense in (}.
° gg‘ =g¢ \ULg, and Eg =L\ U<<£gg.

Claim: M C U, € is also SZ

e Fixany ge € G. (Goal: |9 N ge| < ¢) (Note: g C g7 UJL)
o IMNgs|=MNUc. Mgl
° |9ﬁﬂUL5|
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nund function
A Mazurkiewicz set containing ierpin mund function
Two Sierpiriski-Zygmund functions

Two Sierpinski-Zygmund functions

Assume CH. There is an SZ 91 set.

o {g¢}ecc enumerates G, and {/¢}¢<. enumerates L.

o L¢ = {¢cL: g is somewhere dense in (}.
° gg‘ =g¢ \ULg, and Eg =L\ U<<£gg.

Claim: M C U, € is also SZ

e Fixany ge € G. (Goal: |9 N ge| < ¢) (Note: g C g7 UJL)
® |fmﬂgg*’ = |§~mng§§€éﬂgg|
° |9ﬁﬂUL5|
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nund function
A Mazurkiewicz set containing ierpin mund function
Two Sierpiriski-Zygmund functions

Two Sierpinski-Zygmund functions

Assume CH. There is an SZ 91 set.

o {g¢}ecc enumerates G, and {/¢}¢<. enumerates L.

o L¢ = {¢cL: g is somewhere dense in (}.
° gg‘ =g¢ \ULg, and Eg =L\ U<<£gg.

Claim: M C U, € is also SZ

e Fixany ge € G. (Goal: |9 N ge| < ¢) (Note: g C g7 UJL)
o MNgi=MNUcliNgl<20E=E(<c
o [MNULel
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nund function
A Mazurkiewicz set containing ierpin mund function
Two Sierpiriski-Zygmund functions

Two Sierpinski-Zygmund functions

Assume CH. There is an SZ 91 set.

o {g¢}ecc enumerates G, and {/¢}¢<. enumerates L.

o L¢ = {¢cL: g is somewhere dense in (}.
° gg‘ =g¢ \ULg, and Eg =L\ U<<£gg.

Claim: M C U, € is also SZ

e Fixany ge € G. (Goal: |9 N ge| < ¢) (Note: g C g7 UJL)
o MNgi=MNUcliNgl<20E=E(<c
o MNULe <2 [L¢|
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nund function
A Mazurkiewicz set containing ierpin mund function
Two Sierpiriski-Zygmund functions

Two Sierpinski-Zygmund functions

Assume CH. There is an SZ 91 set.

o {g¢}ecc enumerates G, and {/¢}¢<. enumerates L.

o L¢ = {¢cL: g is somewhere dense in (}.
° gg‘ =g¢ \ULg, and Eg =L\ U<<£gg.

Claim: M C U, € is also SZ

e Fixany ge € G. (Goal: |9 N ge| < ¢) (Note: g C g7 UJL)
O |9ﬁﬂg§!=|9ﬁﬂUggg€20g§| <2®E=EE<c
o MNULe| <2® [Lg| (Final Claim: |L¢| < w)
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A Mazurkiewicz set containing
Two Sierpiriski-Zygmund functions

Two Sierpinski-Zygmund functions

o {gc}e<c enumerates G, and {/¢}e<c enumerates L.

o & =g \ULg and & :=Le\ U &

Final Claim: LL¢ is at most countable
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No rpins nund function
A Mazurkiewicz set containing One Sierpin mund function
Two Sierpi ygmund functions

Two Sierpinski-Zygmund functions

There is an 9N set containing no SZ function.

Theorem (Kharazishvili)

There is an 9 set containing one S Z function.

Assume CH. There is an 901 set containing two SZ functions.
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No Sierpinski und function
A Mazurkiewicz set containing One Si -Zygmund function
Two Sierpi ygmund functions

Two Sierpinski-Zygmund functions

Theorem (Pan, submitted)

There is an 9N set containing no SZ function in every direction!

Theorem (Pan, submitted)

There is an 91 set containing one SZ function in every direction!

Theorem (Pan, submitted)

Assume cov(M) = ¢. There is an 91 set containing two SZ
functions in every direction!
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iski-Zygmund function
A Mazurkiewicz set containing One Siery i-Zygmund function
Two Sierpiriski-Zygmund functions

Two Sierpinski-Zygmund functions

Theorem (Pan, submitted)

There is an 9N set containing no SZ function in every direction!

Theorem (Pan, submitted)

There is an 91 set containing one SZ function in every direction!

Theorem (Pan, submitted)

Assume cov(M) = ¢. There is an 91 set containing two SZ
functions in every direction!

Theorem (Pan, submitted)

Assume SZND = (. No 9T set contains two SZ functions.
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@ |
= HELLO!

Say hello from me

to conference participants

| just started my travels and will
be busy for the next 3 weeks
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o @ Thank you

& for your attention!
Special Last Name Wanted
e Ciesielski-Pan Theorem o Nowakowski-Pan Theorem
e Gurung-Pan Theorem ° Albkwre-Pan Theorem
° ? -Pan Theorem
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