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o Let a=(a,) € (0,1)N.
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o Let a=(a,) € (0,1)N.
e Let / :=[0,1] and P be an open interval centred at 1/2 of
length a;.

INP=lUh.

v
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e Let a=(a,) € (0, 1)N.
e Let / :=[0,1] and P be an open interval centred at 1/2 of
length a;.

INP=lUh.

e For ne N, s € {0,1}" let Ps be an open interval concentric with
Is and such that |Pg| = ap41]|/s].

Is \ Ps = IsO U/lsy.

v
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e Let a=(a,) € (0, 1)N.
e Let / :=[0,1] and P be an open interval centred at 1/2 of
length a;.

INP=1lUlb.
e For ne N, s € {0,1}" let Ps be an open interval concentric with

Is and such that |Pg| = ap41]|/s].

Is \ Ps = IsO U/lsy.

Ga)= U I,

s€{0,1}n
C(a) := ﬂ Cn(a).
neN

C(a) is called a central Cantor set.
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The length of each basic interval of level n is equal to

d,,zz—ln(l—al)...(l—a,,).
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The length of each basic interval of level n is equal to

d,,zz—ln(l—al)...(l—a,,).

ForABCR A-—B:={a—b:ac A bec B} Theset A—Ais
called the difference set of A.
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The length of each basic interval of level n is equal to
dp=—(1—a1)...(1—ap).

ForABCR A-—B:={a—b:ac A bec B} Theset A—Ais
called the difference set of A.

Definition

Every nonempty, compact, perfect and nowhere dense subset of R
is called a Cantor set.
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The length of each basic interval of level n is equal to

1
dp = E(l—al)...(l—an).
For ABCR A—B:={a—b:acA be B} Theset A—Ais
called the difference set of A.

Definition

Every nonempty, compact, perfect and nowhere dense subset of R
is called a Cantor set.

Definition

We say that a nonempty perfect set E C R is an M-Cantorval (a
Cantorval) if it is not an interval and both endpoints of all gaps are
accumulation points of other gaps and accumulation points of
non-trivial components of E.
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Theorem [Anisca, llie, 2001]

For any a € (0,1)Y, the set C(a) — C(a) has one of the following
forms:

1) a finite union of closed intervals;

2) a Cantor set;

3) a Cantorval.
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Theorem [Anisca, llie, 2001]

For any a € (0,1)N, the set C(a) — C(a) has one of the following
forms:

1) a finite union of closed intervals;

2) a Cantor set;

3) a Cantorval.

Theorem [Anisca, llie, 2001], [Sannami, 1992]
Let a = (a,) € (0,1)Y. Then C(a) — C(a) is:
(1) the interval [—1,1] if and only if a, < % for all n € N;

(2) a finite union of intervals if and only if the set
{n€N: a, > 1} is finite;
(3) a Cantor set if the set {n € N: a, < 1} is finite.

.
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Basic assumptions and additional notation

Assume that a = (a;),y € (0, 1)V is a sequence such that: a, > :

for infinitely many terms, a, < % for infinitely many terms, and
ko € NU {0} is such that a1 < 3. Let (k,) be the sequence of
all indices greater than kp, for which aj, > % Denote

Op = min{3d,- —di_1: 1 € {k,,_l +1,...,ky — 1}},

Ap:=max{3di —di_1:i €{kn_1+1,..., kn—1}},

where max () = —oo, min () = co.
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Theorem 1 [Filipczak, N., 2023]
Let a € (0,1)" satisfy basic assumptions. Put

2|

mf, = min{én_l — (dkn,1 — dk,,)>4dkn — An—l, 5,,}

M, .= max{d,—1 — (dk,—1 — dk, ), 4dk, — Dp—1,Dn}

for n € N. If for any n € N we have
m;: = M; = Z(dki_l - dki)v
i=n
then the set C (a) — C (a) is a Cantorval.

Moreover, if kg = 0, then

|C(a) — C(a)| =2-2 i 3" (dk,—1 — 3dk,) -

n=1
o
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Definition

Let x = (Xj)jEN be a nonincreasing sequence of positive numbers
such that the series Zool xj is convergent. The set

E(x):= ZXJ ACN
JEA

(where 37 x; 1= 0) of all subsums of 3772, x; is called the
achievement set of x.
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Let x = (Xj)jEN be a nonincreasing sequence of positive numbers
such that the series Zool xj is convergent. The set

E(x):= ZXJ ACN
JEA

(where 37 x; 1= 0) of all subsums of 3772, x; is called the
achievement set of x.
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Let x = (Xj)jEN be a nonincreasing sequence of positive numbers
such that the series Zool xj is convergent. The set

E(x):= ZXJ ACN
JEA

(where 37 x; 1= 0) of all subsums of 3772, x; is called the
achievement set of x.

Definition

If x, > r, for n € N, then the series is called fast convergent.
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The following conditions hold.
Q If a=(aj)jen € (0, DY A\, = 152 for n € N, then the series

n—

2721 X given by the formula

x31=1—X1 and )(j:)\l-..m)\j,l'(l—)\j) for j > 1,

is fast convergent, S =1 and C (a) = E (x).
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The following conditions hold.
Q If a=(aj)jen € (0, DY A\, = 152 for n € N, then the series
2721 X given by the formula

x31=1—X1 and )(j:)\l-..m)\j,l'(l—)\j) for j > 1,

is fast convergent, S =1 and C (a) = E (x).
O If a series >3, x; is fast convergent and a; = Xr’;lr’ for j € N,

then (a));.y € (0, 1)Nand E(x)=5-C(a).

Piotr Nowakowski Cantor sets and their algebraic differences



Theorem 2 [Filipczak, N., 2023]

Let (kn),cn be an increasing sequence of natural numbers such
that k; > 1 and the set N\ {k, : n € N} is infinite. Put

S5:=321 %, rni=232,11%, and a, := =% for n € N. The
following conditions hold.

|"N

: if j€{kn:neN}
- if j¢{k,:neN} "’

o

@

@ The sequence a = (ap) is the only sequence satisfying the
assumptions of Theorem 1 with kg = 0 such that a, > % if
and only if n = k; for some i € N.

@ The set E (x) — E(x) is a Cantorval and E(x) =S - C(a).

Q |E(x) — E(x)| = 3.
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Assume that k, = 2n and the sequences x and a are defined as in
Theorem 2. Then for n € N ay,_1 = % aoy = % C(a)— C(a) is
a Cantorval and |C (a) — C (a)| = &.
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Assume that k, = 2n and the sequences x and a are defined as in
Theorem 2. Then for n € N ay,_1 = % aoy = % C(a)— C(a) is
a Cantorval and |C (a) — C (a)| = &.

A

Assume that k, = 3n and the sequences x and a are defined as in

Theorem 2. Then for n € N az,_» = % azn_1 = % az, = %,

C(a) — C(a) is a Cantorval and |C (a) — C(a)| = 173

.
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Assume that k, = 2n and the sequences x and a are defined as in
Theorem 2. Then for n € N ay,_1 = % aoy = % C(a)— C(a) is
a Cantorval and |C (a) — C (a)| = &.

Assume that k, = 3n and the sequences x and a are defined as in
Theorem 2. Then for n € N asp_o = 2, @301 = 15, 230 = 33,
C(a) — C(a) is a Cantorval and |C (a) — C (a)| = 173

Assume that (k,) = (2,3,5,6,8,9,...) and the sequences x and a
are defined as in Theorem 2. Then for n € N az,_» = 5—11

an-1 = %, asn zzg—g, C(a) — C(a) is a Cantorval and
|C(a) - C(a)l = 17
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Suppose that a = (a,) € (0,1)" satisfies basic assumptions. Put

mp := min{d, — (dk,—1 — dx,), 4dk, — An}

for n € N. If for any n € N we have

mn > 2 . Z (dk,—]. - dk,')7
i=n+1
then the set C(a) — C(a) is a Cantorval. Moreover, if kg = 0, then

|C(a)— C(a)| =2 — 2%3”‘1 (dy,—1 — 3dy,) -

n=1

Piotr Nowakowski Cantor sets and their algebraic differences



Let a = (a1, a2, a1, a2, ... ), where a; < %,az > % If a1 < = and

35
—a; — 5+ 4/a? + 34a; + 33

2—231

a <

or a; € (& 6\/5_13) and

350 11
3a1+1—4y/a% + a1

32< )
1—31

then the set C(a) — C(a) is a Cantorval.
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Cantorvals for sequences (ay,

0.50+

048

0.46 1

040+

0384

0364

034+

0 001 0 003  0D4 005 006

a
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S-Cantor sets

ACZ- afiniteset, pe N, p> 2.
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S-Cantor sets

ACZ- afiniteset, pe N, p> 2.

Definition

We say that a nonempty perfect set E C R is an L-Cantorval
(R-Cantorval, respectively) if it is not an interval and the left
(right) endpoints of all gaps are accumulation points of other gaps
and accumulation points of nontrivial components of E and the
right (left) endpoints of all gaps are also endpoints of nontrivial
components of E.
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S-Cantor sets

Definition
Let /,r,p € N be such that p > 2 and [ +r < p. A set
C(l,r,p) = A(l,r,p)p, where

Allyr,p):={0,1,....I—1}u{p—r,p—r+1,...,p—1}

is called a special Cantor set (or an S-Cantor set).
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psh,n, b, €N, p>2 h+n<p h+n<p

(S1) h+h+rn>=p o h+n+n>p;

(S1") h+h+rn>por h+rn+mn>p;
(S2) h+n+h>por n+h+n>p
(S2°) h+tn+h>por n+h+nrn>p;

(S3) h+n+h+nrn<p.
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Assume that 1, n, b, n,pEN, p>2, h+n <pand h+nrn <p.

(1) C(h,r,p)— C(h,r,p)=[-1,1] if and only if (S§1) and (52)
hold.

(2) C(h,n,p)— C(h,r,p)is a Cantor set if and only if (S3)
holds.

(3) C(h,n,p)— C(k,r,p)is an L-Cantorval if and only if (51%),
holds, but (52) does not hold.

(4) C(h,n,p)— C(h,r,p)is an R-Cantorval if and only if (52%)
holds, but (S1) does not hold.

(5) C(h,n,p)— C(h,r,p)is an M-Cantorval if and only if
(51%), (52*), (S3) do not hold and at least one from (S51),
(52) also does not hold.
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Let I,r,peN, p>2,/+r<p. Then
(1) C(l,r,p) — C(l,r,p) =[-1,1] if and only if

2l+r>p or [+2r > p;
(2) C(l,r,p) — C(I,r,p) is a Cantor set if and only if
2/ +2r < p;

(3) C(l,r,p) — C(I,r,p) is an M-Cantorval if and only if

2l+r<p and [+2r < pand 2/4+2r > p.
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letn=2, h=3, n=3h=1 p=7. Then
h+n<ph+nrn<p,

/1—|—r1+r2 > p = (51*),

(h+n+h<pAn+h+n<p)=-(S2).

In consequence,
C(h,r,p)— C(h,rn,p)={-6,-5,—4,-3,-2,-1,0,1,2,5,6}7
is an L-Cantorval, and

C(h,r,p) — C(h,n,p) ={-6,-5,-2,-1,0,1,2,3,4,5,6}7

is an R-Cantorval. At the same time, 2 +r1 > p and 2+ h > p,
thus

C(h,r,p) — C(h,r,p) = C(k,r2, p) = C(k, r2, p) = [-1,1].




C(/,r, p) is symmetric with respect to % if and only if / = r.

Definition

Any set C(/,p) := C(I,1,p) is called a symmetric S-Cantor set.
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C(/,r, p) is symmetric with respect to % if and only if / = r.

Definition
Any set C(/,p) := C(/,1,p) is called a symmetric S-Cantor set.

Let h,h,peN, p>2, 21 <p,2b < p. Then
(1) C(h,p) — C(h,p) =[-1,1] if and only if

2h +h >p or h +2hL > p;
(2) C(h,p) — C(h,p) is a Cantor set if and only if
2h +2b < p;

(3) C(h,p) — C(h,p) is an M-Cantorval if and only if

2h+h <p and h +2h < pand 2h + 2L > p. )

Piotr Nowakowski Cantor sets and their algebraic differences




Let ,peN, p>2, 2/ <p. Then
(1) C(l,p) — C(I,p) =[-1,1] if and only if

I 1

-2
p 3

(2) C(I,p) — C(l,p) is a Cantor set if and only if

/

1-
p 4

(3) C(I,p) — C(/,p) is an M-Cantorval if and only if
U (1 1)
p 4’3)"
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Let h =2, h=1 p=5.Then2h + h > p, so
C(h,p) — C(h, p) = [-1,1]. Moreover, 512% and 2 < 1
therefore C(h, p) — C(h,p) =[-1,1], but C(h,p) — C(k,p) is a

Cantor set.
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Let h =2, h =1, p=05. Then 2/1+I2>
C(h,p) — C(h, p) = [-1,1]. Moreover,
therefore C(h, p) — C(h,p) = [-1,1], but
Cantor set.

p, so
2% ndl2<4
C(h,p) — C(h,p) is a

L
p
ut

Let /=1,p=3. The set C = C(/,p) is the classical Cantor
ternary set. By Corollary 3, C — C = [-1,1].
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Llet h=2,h=1 p=5. Then 2L+ h > p, so
C(h,p) — C(h, p) = [-1,1]. Moreover, 512% and 2 < 1
therefore C(h, p) — C(h,p) = [-1,1], but C(k,p) — C(h,p) is a

Cantor set.

Let /=1,p=3. Theset C = C(/, p) is the classical Cantor
ternary set. By Corollary 3, C — C = [-1,1].

v

Let /=2, p=7. Then é € (3,1), and therefore

C(l,p)—C(l,p) ={—6,—5,—4,—-1,0,1,4,5,6}7

is an M-Cantorval.
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