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The Setting for Analysis.

Spaces of Homogeneous Type
(Ω, d, µ)

quasi-metric
d(x, z) ≤ κ(d(x, y)+d(y, z))

doubling Borel measure
µ(B(x, r)) ≤ Aµ(B(x, r/2))

The Hardy-Littlewood
Maximal Operator

Mf(x) := sup
B∋x

1

µ(B)

ˆ
B
|f(y)|dµ(y)

�

�

�

�
Quasi-Normed Lattices
X(Ω, d, µ) ⊂ L0(Ω, d, µ)

• ∥f + g∥X ≤ C(∥f∥X + ∥g∥X)

• ∥f∥X ≤ ∥g∥X whenever |f | ≤ |g|

⊃ Quasi-Banach
function
spaces

⊃
�
�

�
�

Variable Lebesgue spaces
Lp(·)(Ω, d, µ)

[ Cruz-Uribe, Fiorenza, 2013

+�
�

�



Their r-Convexifications (r > 0)

X(r)(Ω, d, µ) = {meas. f : |f |r ∈ X(Ω, d, µ)}
(Lp(·))(r) = Lrp(·)

d e f i n e

b o u n d e d n e s s ?

∥f∥
X(r) := ∥ |f |r∥1/r

X
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How variable Lebesgue spaces grew out of applications:

Electrorheological Fluids
change the viscosity—drastically, reversibly—when

an electric field is applied.

A 1996

Rajagopal, R̊užička

On the Modeling of

Electrorheological

Materials

E = 0 E ≈ 4 kV/mm

Simplified Model.

v velocity field

π pressure

f mechanical force

ε(v) = 1
2
(∇v + (∇v)T )

∂tv + (v · ∇)v − div
(
|ε(v)|p(x,t)−2ε(v)

)
+∇π = f

divv = 0

}
. . . . . .

Dirichlet
energy
integral

ˆ
|ε(v)|p(x,t)dx



Self-Improving Boundedness of M over Rn.

Variable Lebesgue Spaces
Lp(·)(Ω, d, µ)

E x p o n e n t = f u n c t i o n p(·) : Ω → (0,∞].

All f ∈ L0(Ω, d, µ) s.t. for some λ > 0,

ϱp(·)(f/λ) :=

ˆ
Ω\Ω∞

∣∣∣∣f(x)λ

∣∣∣∣p(x) dµ(x) + ess sup
x∈Ω∞

∣∣∣∣f(x)λ

∣∣∣∣ .

= Quasi-Banach Lattices w.r.t.
the Luxemburg–Nakano quasi-norm

∥f∥p(·) := inf{λ > 0 : ϱp(·)(f/λ) ≤ 1}

+ satisfy
the Fatou property

What do we get
if M is bounded on Lp(·)(Rn)?

• Boundedness of pseudodifferential operators,
Calderón–Zygmund singular integrals;

• good properties of the space: density of
smooth functions in the Sobolev spaces
W 1,p(·)(Ω) for Lipschitz domains Ω ⊂ Rn.

A 2005 Diening

p− := ess infx∈Ω p(x) > 1,
p+ := ess supx∈Ω p(x) < ∞

M bounded on Lp(·)(Rn)

⇓ ⇑
M bounded on Lp(·)/s(Rn)

for some s > 1

A 2010 Lerner

A 2010 Ombrosi

Extension to
quasi-Banach function

spaces X(Rn)
+

simplified proof

w h e n
p− > 0



What We Proved.

↑ M bounded on X(r) =⇒ M bounded on X(s) ∀s > r. ∵ Hölder’s inequality

↓ [Self-Improvement] Quasi-Banach lattices:
X(Ω, d, µ) + Fatou property: 0 ≤ fn ↑ f, sup ∥fn∥X < ∞ =⇒ ∥f∥X ≤ CF sup ∥fn∥X

�



�
	∃r0 : ∀ r0 ≤ r < 1

M bounded on X(r) ⇐=

�



�
	M bounded

on X
⇐=

�

�

�

�
∃s0 : ∀ 1 < s < s0

M bounded on X(s)

&

lim
s→1+

(s− 1)∥M∥X(s)→X(s) = 0

Underlying machinery in Rn: Dyadic Cubes.

L o o k :
Generations of
one dyadic grid D1.
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Hytönen–Kairema dyadic system.

SHT allow construction of a system of adjacent dyadic grids D =
⋃K

t=1 Dt (!)

A 2012 Hytönen, Kairema

• Each grid Dt = {Qt,k
α : Gen k ∈ Z, α ∈ Ak} is modeled after the Euclidean dyadic decomposition:

(a) Ω =
⋃

α∈Ak
Qk,t

α (disjoint);

(b) Q,P ∈ Dt =⇒ Q ∩ P ∈ {∅, Q, P};

(c) B(zk,tα , c1δk) ⊂ Qk,t
α ⊂ B(zk,tα , C1δk);

(d) Qk+1,t
β ⊂ Qk,t

α ⊂ Qk−1,t
γ .


∀ generation k ∈ Z

• [Nice Covering Property] Any ball B = B(x, r) can be covered by a cube Qk−1,t
α ∈ D ,

[Nice Covering Property] where k ∈ Z satisfies δk+1 < r ≤ δk.

Idea:

�

�

�

�
prove the self-improvement theorem

for the “dyadic” maximal operator

MDf(x) := sup
Q∋x:
Q∈D

1

µ(Q)

ˆ
Q
|f(y)|dµ(y)

+

�
�

�



use the equivalence
1

c
MDf(x) ≤ Mf(x) ≤ cMDf(x)



Essentials of the Proof.�� ��AD
1 Weights

[w]AD
1

:= ess sup
x∈Ω

MDw(x)

w(x)
< ∞

A 2017 Anderson

Hytönen

Tapiola

weak RHI for AD
∞

=⇒ A 2019 Karlovich

RHI for AD
1

Reverse-Hölder type inequality for dyadic weights:

∀w ∈ AD
1 and ∀Q ∈ D , for a certain range of 0 < η ≤ η0,

(
1

µ(Q)

ˆ
Q
w1+η(y) dµ(y)

) 1
1+η

≤ C[w]AD
1

1

µ(Q)

ˆ
Q
w(y) dµ(y).

Principal Tool.

Rubio de Francia iteration algorithm: RD
ε f(x) :=

∞∑
k=0

εk(MD)kf(x) ∈ AD
1 .



Application: One Interpolation Lemma

for X(Ω, d, µ) = Lp(·)(Ω, d, µ) with p(·) : Ω → [1,∞]—Banach case.

Known

A 2020 Karlovich

Duality
1 < p− ≤ p+ < ∞

M bounded on Lp(·)(Ω, d, µ) ⇐⇒ M bounded on Lp′(·)(Ω, d, µ),
1

p(x)
+ 1

p′(x) = 1, x ∈ Ω.

New
Self-Improvement

p− > 1
M bounded on Lp(·)(Ω, d, µ) =⇒ M bounded on Lp(·)/s(Ω, d, µ)

for some s ∈ (1, p−).

Corollary—extension of A 2022 Diening, Karlovych, Shargorodsky from Rn to (Ω, d, µ).

Corollary—A tool for transferring properties like compactness of linear operators
Corollary—from standard Lebesgue spaces to the variable ones.

�
�
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The maximal operator
M bounded on Lp(·)(Ω, d, µ)

with 1 < p− ≤ p+ < ∞

∀q∈(1,∞)

⇐=====⇒

'

&

$

%

the exponent p(·) can be represented
as the weighted harmonic mean

1

p(x)
=

θ

q
+

1− θ

r(x)
, x ∈ Ω,

s.t. M is bounded on Lr(·)(Ω, d, µ)
for all sufficiently small θ > 0.
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