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THE SETTING FOR ANALYSIS.

SPACES OF HOMOGENEOUS TYPE ————— d e f i n e ———— THE HARDY-LITTLEWOOD
(2.4, ;j) MAXIMAL OPERATOR
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How wvariable Lebesgue spaces grew out of applications:

ELECTRORHEOLOGICAL FLUIDS

change the viscosity—drastically, reversibly—when
an electric field is applied.

B 1996 SIMPLIFIED MODEL.

Rajagopal, RiZicka
On the Modeling of
Electrorheological

v velocity field
T pressure
f mechanical force

Materials e(v) = %(Vv +(vv)T)

E ~ 4 kV/mm

Dirichlet
X _ p(z,t)—2 —
v+ (v V)v — div (|5(v)| s(v)) + V=t } ,,,,, enorgy / )P de
divv =0 integral



SELF-IMPROVING BOUNDEDNESS OF M OVER R".

VARIABLE LEBESGUE SPACES Z,h>e o = QUASI-BANACH LATTICES w.r.t.
LPO(Q, d, 1) the Luxemburg—Nakano quasi-norm
Exponent = function p(:):Q — (0,oc0]. Hf”p() :1nf{>\>0 . Qp()(f/k)gl}

All f € L9(Q,d, ) s.t. for some A > 0,
+ satisfy

p(w)
op() (f/A) = ‘f dp(z) + esssup @’ the Faiou property
\QOc €N
What do we get B 2005 Diening
if M is bounded on LP()(R™)? p— = essinfyeq p(z) > 1, ~

b P4 1= esssup,cq p(x) < 0o B (2010, [Lerner
e Boundedness of pseudodifferential operators, Ombrosi

Calderén—-Zygmund singular integrals; M bounded on LP() (R™) EXTENSION to
e good properties of the space: density of U quas;;i::: C)?(fﬂélr?)c tion

smooth functions in the Sobolev spaces M bounded on LP()/s(R™) +

Wwbp()(Q) for Lipschitz domains Q C R™. for some s > 1 simplified proof
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HYTONEN-KAIREMA DYADIC SYSTEM.

SHT allow construction of a system of adjacent dyadic grids ¥ = Uf(:l 70
B 2012 Hytonen, Kairema

e Each grid 2t = {QZ\A : Gen k € Z, o € @/} is modeled after the Euclidean dyadic decomposition:
@ Q=Uqcw, Q& (disjoint);
) Q,Pe?t = QmPe{(Z)Q,P};
(© B(zE* c16%) c Q&' ¢ B(E!, C16%);
@ Q5 cQrtciTM

V generation k € Z

e [NICE COVERING PROPERTY] Any ball B = B(z,r) can be covered by a cube QL 1t ¢ g,
where k € Z satisfies 6511 < r < §%.

prove the self-improvement theorem
for the “dyadic” maximal operator use the equivalence

M? f(z) := sup )/ If ()| dp(y) * %M-@f(z) < Mf(z) < cM? f(x)

QG

IDEA:




ESSENTIALS OF THE PROOF.

pa— A? WEIGHTS
B 2017 Anderson — [B 2019 Karlovich

2
[w] 42 = esssup M7w(z) < oo llgfibnen RHI for AY
i

z€Q ’LU(Q?) Tapiola

weak RHI for AZ,

Reverse-Holder type inequality for dyadic weights:
Yw € A? and V@ € 2, for a certain range of 0 < n < g,

PRINCIPAL TOOL.

oo
Rubio de Francia iteration algorithm: %7 f(x) := Z Vef(x) € AY.
k=0

(@ /Q @) dMy)) e < Clwlag oy / vduly). |4




APPLICATION: ONE INTERPOLATION LEMMA
for X(Q,d, n) = LPO)(Q,d, p) with p(-) : Q — [1, c0]—Banach case.

KNOWN DUALITY M bounded on LP( >(Q d, u) = M bounded on L? () (2, d, ),
B 2020 Karlovich 1<p_ <py<oo (T) + (T) 1, zeq.

SELF-IMPROVEMENT M bounded on LP()(Q,d,u) = M bounded on LP()/*(Q,d, 1)

NEW po>1 for some s € (1,p_).

COROLLARY—extension of B 2022 Diening, Karlovych, Shargorodsky from R™ to (Q, Cl7 u)

A tool for transferring properties like compactness of linear operators
from standard Lebesgue spaces to the variable ones.

the exponent p(-) can be represented
as the weighted harmonic mean

The maximal operator Vge(1,00) 1 0 1—0
M bounded on LPO)(Q,d, ) | ——= —— =—-+ , TELQ,
with 1 <p_ <py < oo p() q (@)

s.t. M is bounded on L") (Q,d, 1)
for all sufficiently small 6 > 0.
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