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An iterated function system is a pair

(X, d), (fi)ier) =S,

where (X, d) is a complete metric space, [ is a finite set and
fi : X = X, 1 €I, are Banach contractions.

We can associate the operator Fs : P,,(X) — P.,(X), given by

Fs(K) = U fi(K),

i€l
for all K € P,,(X) ={C | C is a non empty compact subset of X}.

Via the Banach contraction principle, J. Hutchinson ! proved that Fs has
a unique fixed point As (which is called the attractor of S)

1J. Hutchinson, Fractals and self similarity, Indiana Univ. Math. J., 30 (1981),
713-747.



Introduction

[e]e] lele]e}

The above mentioned theory (which was initiated by J. Hutchinson and
developed by M. Barnsley) has been extended in different directions. Two
of them are of special interest from the point of view of the present paper:

i) the direction concentrating on systems involving not necessarily finite
families of functions

i) the direction focusing on systems involving functions from larger
classes of contractions

We emphasize that the corresponding fractal operator is usually a Picard
operator for the above mentioned generalizations of the concept of
iterated function system.
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In a recent work 2, we integrated the previous directions by considering
possibly infinite iterated function systems enriched with orbital possibly
infinite iterated function systems (called mixed possibly infinite iterated
function systems) and we proved that the fractal operator associated
with such a system is weakly Picard.

Our aim is to develop a canonical projection type theory for mixed
possibly infinite iterated function systems, in order to obtain an
alternative descriptions for the attractors.

2B. Anghelina, R. Miculescu, A. Mihail, On the fractal operator of a mixed possibly
infinite iterated function system, Rev. Real Acad. Cienc. Exactas Fis. Nat. Ser.
A-Mat., 119 (2025), 31.
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The canonical projection associated with S is a continuous surjection 7
from the code space A(I) onto the attractor As.
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The importance of this projection is emphasized by the following facts:

a) It provides, via the formula 7(A(I)) = As, an alternative description
of the attractor of & and, consequently, it is an important device in the
topological study of Hutchinson-Barnsley fractals.

b) It is involved in the alternative presentation of the Hutchinson
measure associated with S as the push-forward measure of the Bernoulli
measure on A(I) through .
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Notation and definitions

The Hausdorff-Pompeiu metric

Given a metric space (X, d), we define a function
h*: Py(X) x Py(X) — [0,00), described by

h*(A, B) = max{sup 1nf d(z,y),sup inf d(z,y)},
z€AYE ycATEB

for every A, B € Py(X)

Given a metric space (X,d), the restriction of h* to P, (X) X Py o(X)
is a metric, denoted by h, called the Hausdorff-Pompeiu metric.
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Notation and definitions

Given a set I and n € N, we consider:

N2 A(D

The elements of A(I), which is called a code space, are written as infinite
words o = a1 g...QL iy y 1. With letters from

[l 207 (1),

The elements of A,,(I) are written as words @ = @1 a...a, having n
letters from I and n, which is denoted by |«/, is called the length of a.
In the sequel we will use the following notation:

@]
neNu{o}

where Ag(I) = {\} and X designates the empty word.
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Notation and definitions

If @« = ajas...anapyq.... € A(I) or if a = ayas...a, € Ay (B) and
m,n € N, n > m, then we will use the following notation:

not
0109...0y = [

By the concatenation of the words « and 3, where
a=ajas..a, € Ay(I)and § = B152...0mBm+1-.. € A(I), we mean the
infinite word a;...anB1...8mBm+1..- which is denoted by af.
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Notation and definitions

For ¢ € I, we introduce the function 7; : A(I) — A(I), given by
7i(a) = i,
for all a € A(I).

A(I) can be endowed with the metric d, (), called the Baire metric,
described by:

dno,B)={ o

omin{k€NJoay #By } 1

for all @ = ajas...anapy1... € A(I) and 8 = B15s...008n+1-.. € A(I).



Preliminaries

[e]e]ee] }

Notation and definitions

Given f; : X —» X, i€, and a = ajas...a, € Ay, (I), the following
notation will be used in the sequel:

not
fal o fDéQ 0....0 fozn = fa
and
Idy ™2 fy.
[n]

i

In particular if I = {i}, we have f, ; =

n times

for every n € N.
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Infinite iterated function systems

Definition A possibly infinite iterated function system (for short IIFS) is
a pair (X, d), (fi)ier) 2" S, where (X,d) is a complete metric space
and f; : X — X, i € I, are such that:
a) fi is continuous for every i € I,
b) the family (f;)icr is bounded, i.e.

iLeJIfi(B) € Py(X),

for every B € Py(X).
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Infinite iterated function systems

The function Fs : Py i(X) — Py 1(X), given by

Fs(B) = iLeJIfi(B)'

for every B € P, i(X), is called the fractal operator associated with S.
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Infinite iterated function systems

In the framework of the above definition, if the functions f; are Lipschitz,
then

lip(Fs) < sup lip(fs)-
1€

For each IIFS S = (X, (f;)ier) such that the functions f; are Lipschitz
and

suplip(f;) < 1,
i€l

Fs is a Banach contraction with respect to h and its unique fixed point
Ags is called the attractor of S.
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The canonical projection associated with an IIFS

Theorem® We have:

a) For every o € A(I), the set QNf[D‘]"(AS) has just one element, which
n

is denoted by a,.

b)

nh_{%of[oc]n (1‘) = Qaq,

for every x € X and every oo € A(I).

3A. Mihail, R. Miculescu, The shift space for an infinite iterated function system,
Math. Rep. Bucur., 61 (2009), 21-32.
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The canonical projection associated with an IIFS

¢) The continuous (with respect to the Baire metric) function
m: AN(I) = Ags, defined by

() = aq,

for every a € A(I), is called the canonical projection associated with S
and it has the following properties:
i) moT; = fiom, forevery i € I;

i) 7(A(D)) = As.
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Given a metric space (X,d), x € X, B C X and a family of functions
F = (fi)ier , where f; : X — X, we shall use the notation:

U U B) " 0x(B
neNu{O}aeAn(I)fa( ) }-( )

and
Or({z}) "= OF(x).
(fi)ier) and B € Py (X)), we

In particular, given an IIFS § = ((X, d),
shall use the notation
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Definition A mixed possibly infinite iterated function system (briefly
mlIFS) is an IIFS S =((X,d), (fi)ic1us), where I and J are disjoint
sets, such that:
a)

lip(fi) <1,

for every i € I U J,
b) there exists a € [0,1) having the following properties:

b1)
lip(fi) < a,
for every i € I;
b2)
ifijo @) <@

for every x € X and every i € J.
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Theorem (*)

For each mIFS S =((X,d), (fi)icrus) and every B € Py, (X)) there
exists Ag € Py (X)) such that

FS(AB) = AB

and
lim h(FSY(B), Ag) =0,

n—oQ

i.e. Fs is weakly Picard.

In the above mentioned framework, for a word @ = ajavg -+ - € A(T U J),
we will use the notation

nr(a) = #{o;|a; € I'}.

4B. Anghelina, R. Miculescu, A. Mihail, On the fractal operator of a mixed possibly
infinite iterated function system, Rev. Real Acad. Cienc. Exactas Fis. Nat. Ser.
A-Mat., 119 (2025), 31.
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Proposition

For each mlIFS S = ((X,d), (fi)ictus), @« € A(JUJ) and z € X, the
sequence (fia),, (7))nen is convergent.

For an mlIFS S = ((X,d), (fi)icrus) and a € A(I U J), based on the
previous proposition, we can consider the function a,, : X — X, given by

ao(z) = lim fiy, (),

n—oo

for every x € X.
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The proof is split into two parts, for « € A(I U J) we have
a) ny(a) is infinite;

b) ny(a) is finite.

It suffices to prove that in each case (fia), (%))nen is Cauchy.
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Corollary For each mlIFS S = ((X,d), (fi)icrus), a € A(I U J) and
B € Py(X), we have

lim sup d(fi, (), aq(z)) = 0.

n—oo x€B

Proposition Given an mlIFS S = ((X,d), (fi)ierus), we have
lim h*(f[a]n<B)va'a(B)) =0,

n—oo

for all B € Pp(X) and oo € A(TUJ).
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Proposition For each mlIFS § = ((X,d), (fi)icrus) and « € AT U J),
we have:

a)

lip(ae) < 1;

b) a is constant for every o € A(I U J) with ny(a) = 0.
Proposition Given an mlIFS S = ((X,d), (fi)ic1us), we have

Qi = fi © Qs

forall i€ TU.J and o € A(TUJ).
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Proposition Let us consider an mlIFS S = ((X,d), (fi)ic1us),
a=oQ3...ay... € A(IUJ) and B € P, (X) such that Fs(B) C B.
a) If ny(a) = oo, then

nQNf[a]” (B) = Ima,,

and

nlLIréOh(f[a]n (B),Imay) =0.
b) If n(a) < oo, then
aa(B) = falag.”an* (aan*Jrl‘..am...(B))v

and

a'an*+1~~am~~(B) = pQNfan*+1'-~an*+p (B) = pli)rgoflxn*-l-l“'an*ﬁ-p (B)'
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Proposition For an mlIFS S = ((X,d), (fi)ierus), « € A(TUJ) and
B e Pb,cl(X)r we have

aa(B) Q AB.
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Proposition Given an mlIFS S = ((X,d), (fi)ic1us), we have

A= U A
B mEBw'

for all B € P, (X).
Lemma Given an mlIFS S =((X,d), (fi)icrus), we have

Agiz) € Ag,

forallz € X andieIUJ.
Lemma For every mlIFS S =((X,d), (fi)ierus), we have

Aaa (x) C A,

for all x € X and o € A(TUJ).
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A Code Space

A1 (I U J) denotes the set of finite words with letters from I U J ending
with a letter from I

Ao(I U J) denotes the set of finite words with letters from I U .J starting
with a letter from [

As(TUJ)=A1(TUJ)NAs(IUJ) denotes the set of finite words with
letters from I U J starting and ending with letters from [
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A Code Space

Yo(I,J) denotes the set of finite words with letters from T U J U A(J)
having the form

BoY1B1--YnPn,

with n € N, where
Bo € {AJUA(TUJ),

Bn € {ANFUA(TUJ),
e € A(J)
for every k € {1,...,n} and
B € As(TUT),

forevery k€ {1,....,n—1} if n > 2
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A Code Space

Si(I,J)={ae AJUJ) | ni(a) =00}

(I, J) = So(I, J)USi (I, J).




Main results

®000000

The Canonical Projection associated
with an mlIFS
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The Canonical Projection

For an mlIFS S =((X, d), (fi)ictus), B € Py (X) and v € X(I, J), we
introduce the function A, : X — X as follows:

If « € ¥1(I,J) then
Ao = ag.

If a = ,Bo’ylﬂl’)/nﬂn S 20([, J), n € N.

Bo€ AVUATUT),  Ba€ NJUAIUT), e As(TU),
’ykEA(J)

forevery l € {1,...,n—1}ifn>2and k € {1,...,n} then

Ao = fﬂo O @y © f/Bl O @y, ©...0 fﬁnq O @y, © fﬁn'
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The Canonical Projection

For every mlIFS S =((X,d), (fi)ic1us) and B € Py, (X), we have

{As(z) |a € X(I,J) and x € B} = Ap.




Main results
[e]e]e] le]ee)

The Canonical Projection

For an mlIFS S =((X,d), (fi)icrus), the function w : X(I,J) x X — X,
given by

(o, x) = Ao (),

for every (o, z) € 3(I,J) x X, is called the canonical projection
associated with S.

For each mIIFS S =((X, d), (fi)icrus), the set w(a, X) has just one
element for all a € ¥1(I, J).
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The Canonical Projection

For each mlIFS S =((X, d), (fi)icrus), we have

moT; = fiom,
for every i € I U J, where 7; : £(I,J) x X — X(I,J) x X is defined by
Ti(a, x) = (la, ),
for every (o, x) € (I, J) x X, i.e. the following diagram is commutative

L) xX B S(I,J)xX
Tl b
X X

1
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The Canonical Projection

Let S =((X,d), (fi)ictus) be a mlIFS and B € P, .;(X). Then

(5, J) x B) = Ap.
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The Canonical Projection

Question
Is there a suitable metric on X(I,J) x X that makes 7 continuous?




Thank you for your attention!
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The Hausdorff-Pompeiu metric

Remark
i) Given a metric space (X,d) and A and B subsets of X, we have

D(A,B) = D(A, B).
ii) Given a metric space (X, d) and a set I, we have

D(UA;,, UB;) < D(A;, B;),
(iEI s l)_sllGlII) ( iy z)

for every A; and B; subsets of X.



00@000

Proposition Given a metric space (X, d), the function
h* 1 Py(X) x Py(X) — [0,00), described by

h*(A, B) = max{D(A, B), D(B, A)},

for every A, B € P,(X), has the following properties:

i)
h*({x}, {y}) = d(z, ),
for every z,y € X;
ii) o
h*(A,B) = h*(A, B),
for every A, B € Py(X);
iii)
* . N < *(A. B
h (iLeJIA“igIBl) < sup h*(A;, B;),

for all families {A;}icr and {B;};cr of elements of Py(X) such that
U A; € Py(X) and U B; € Py(X).
K3 3
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Proposition Given a complete metric space (X, d), the metric space
(Py,c1(X), h) is complete and if (Ap)nen C Py.ci(X) is Cauchy, then

lim A, = {x € X | there exist an increasing sequence (nj)reny C N
n—oo

and z,, € A, forevery k € N such that klim Tp, =T}
— 00
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Additionally, we consider the function g : X — P, ;(X), given by
9(x) = Ag,

for every z € X.
Lemma Given an mlIFS S =((X,d), (fi)ierus), we have

lip(g) < 1.
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Given an mlIFS § =((X,d), (fi)icrus), z € X, B € P, 4(X) and
a=aiaz.an... € A(ITUJ) or a = ajaz...a, € A*(I U J), we shall use
the following notation:

not
A{z} = Az

Os,(B) "2 0,(B) € Py(X)

8161% max{diam({z}UFs({z}), diam(Og(z)), diam(O (z))} ' Np eR

card({l e N | a; € I}) "2 ny(a).
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