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Plenary talks

Per En�o
Kent State University, USA

Construction of Invariant Subspaces for Operators on
Hilbert Spaces

I will present a method to construct invariant subspaces - non-cyclic vectors - for
operators on Hilbert space. It represents a new direction of a method of �extremal
vectors�, �rst presented in Ansari-En�o [1]. One looks for an analytic function l(T ) of
T , of minimal norm, which moves a vector y near to a given vector x. The construction
produces a non-cyclic vector, by gradual approximation by almost non-cyclic vectors.
But for certain weighted shifts, almost non-cyclic vectors will not always converge to
a non-cyclic vector. The construction recognizes this, and when the construction does
not work, it will show, that T has some shift-like properties. The method also leads to
problems and conjectures in analysis, which may be of interest in themselves.

References

[1] S. Ansari, P. En�o, Extremal vectors and invariant subspaces, Trans. Amer.
Math. Soc. 350 (1998), no. 2, 539-558.

Audrey Fovelle
IMAG-Universidad de Granada, Spain

Asymptotic smoothness and concentration properties
in Banach spaces

In 2008, in order to show that Lp is not uniformly homeomorphic to ℓp ⊕ ℓ2 for
1 < p ̸= 2 < ∞, Kalton and Randrianarivony introduced a new technique based on
a certain class of graphs and asymptotic smoothness ideas. More speci�cally, they
proved that re�exive asymptotically uniformly smooth Banach spaces satisfy some
concentration property for Lipschitz maps de�ned on the Hamming graphs. After
introducing all the objects at stake and explaining their interest, we will see how one
can construct the �rst example of a Banach space that has such concentration property
without being asymptotically smooth.
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References

[1] Fovelle, Audrey. Asymptotic smoothness, concentration properties in Banach
spaces and applications. Journal of Functional Analysis, 288, n. 4, Paper No.
110763, 2025.

[2] Kalton, Nigel J. and Randrianarivony, N. Lovasoa. The coarse Lipschitz geometry
of lp ⊕ lq. Mathematische Annalen, 341, n. 1, 2008.

Krystal Taylor
Ohio State University, USA

Fractals and the Buffon Circle Problem

From the delicate geometry found in a snow�ake to the intricate patterns of a coastal
shoreline, nature holds in�nite patterns and scales. The world is not easily described
us- ing mere lines and cones, and classic Euclidean geometry falls short. The notion of
fractals gives us a language and a set of tools to understand more complex phenomena.
The modern application of fractals spans both pure and applied mathematics � from
the study of lung vasculature to surprising constructions of counter examples.

There are many classical results relating the geometry, dimension, and measure of
a fractal set to the structure of its orthogonal projections. Among them, the Favard
length problem, also known as Bu�on's needle problem (after Count Bu�on), concerns
the average length of the linear projections of a subset of the plane. This fascinating
and di�cult problem lies in the intersection of harmonic analysis, combinatorics, and
number theory. In more detail, let K =

⋃∞
n=1 Kn be a self-similar set in the plane,

constructed as a limit of Cantor iterations Kn. Assuming that K has �nite length
and is purely unrecti�able (so that its intersection with any Lipschitz graph has zero
length), a classic theorem of Besicovitch implies that the Favard length of K vanishes.
It is an open problem to determine the exact rate of decay. Substantial progress has
only been achieved in recent years. In this talk, we survey these developments with
emphasis on main ideas and present new developments in a nonlinear setting.

Luis Bernal González
University of Sevilla, Spain

Modes of convergence of sequences of real or complex
functions: a linear point of view

The aim of this talk is to study the implications among the diverse types of conver-
gence of sequences of functions, with focus on the space L0 of real measurable functions
on a measure space, and on the space H(Ω) of holomorphic functions on a planar do-
main. After reducing the problem to convergence to the zero function, the comparison
between two given families A, B of null sequences satisfying A ̸⊂ B will be faced from
a linear point of view, in the context of the modern theory of lineability, initiated by
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V.I. Gurariy at the beginning of the millennium. If X is a vector space, then a subset A
of X is said to be lineable if it contains, except for zero, an in�nite dimensional vector
space M . If, in addition, X is a topological vector space, then one can demand for M
to be dense, or closed. This problem of �nding large algebraic or algebraic-topological
structures inside a set A becomes more interesting when A is far from being linear.

Several degrees of lineability, including existence of large linear algebras, will be
exhibited in the present talk for the diverse di�erence sets A \ B induced by the most
relevant modes of convergence on L0 and H(Ω).
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Short talks

Izabella Abraham
Transilvania University of Bra³ov

The Invariant Measure for an at most Countable
Topological Generalized Iterated Function System

We prove the existence and uniqueness of the invariant measure for generalized
iterated function systems consisting of an at most countable number of maps, in the
context of Hausdor� topological spaces. Our results give a positive answer to an
open problem posed in [F. Strobin, On the existence of the Hutchinson measure for
generalized iterated function systems, Qual. Theory Dyn. Syst. 19(3), 85 (2020)]. As
a corollary, we derive the existence and uniqueness of the invariant measure for classical
countably in�nite topological iterated function systems.

References

[1] Dumitru, D., Ioana, L., Sfetcu, R-C., Strobin, F. Topological version of gen-
eralized (in�nite) iterated function systems, Chaos Solitons Fractals 71, 78�90
(2015).

[2] Miculescu, R., Mihail, A. Generalized IFSs on noncompact spaces, Fixed Point
Theory Appl. 1 (Article ID 584215), 1�15 (2010).

[3] Le±niak, K., Snigireva, N., Strobin, F. Weakly contractive iterated function sys-
tems and beyond: a manual, J. Di�erence Equ. Appl. 26(8), 1114�1173 (2020).

[4] Strobin, F. On the existence of the Hutchinson measure for generalized iterated
function systems, Qual. Theory Dyn. Syst. 19(3), 85 (2020).

Nacib G. Albuquerque

Universidade Federal da Paraíba (UFPB), Brazil

A summability principle and applications
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In this talk, we explore recent advances in summability principles for multilinear
summing operators. Our main result introduces a new inclusion theorem for a class of
summing operators:

ΠBI
(r;p) (E1, . . . , Em;F ) ⊂ ΠBI

(s;q) (E1, . . . , Em;F ) ,

where E1, . . . , Em, F are Banach spaces, r, s ≥ 1, and p = (p1, . . . , pm), q = (q1, . . . , qm)
∈ [1,∞)m are parameters subject to speci�c technical conditions. The class ΠBI refers
to summing operators associated with blocks BI . This framework not only recovers
several classical results, such as inclusion theorems for absolutely and multiple sum-
ming operators, but also leads to new applications, including improved estimates for
Hardy�Littlewood inequalities in multilinear settings and a Grothendieck-type coinci-
dence result in anisotropic contexts. The results presented are part of a joint work
with Gustavo Araújo, Lisiane Rezende, and Joedson Santos.

References

[1] N. Albuquerque, G. Araújo, L. Rezende, and J. Santos, A summability principle
and applications, preprint, 2025.

[2] N. Albuquerque, F. Bayart, D. Pellegrino, and J.B. Seoane-Sepúlveda, Sharp
generalizations of the multilinear Bohnenblust�Hille inequality, J. Funct. Anal.
266 (2014), no. 6, 3726�3740.

[3] N. Albuquerque, F. Bayart, D. Pellegrino and J.B. Seoane-Sepúlveda, Optimal
Hardy�Littlewood type inequalities for polynomials and multilinear operators, Is-
rael J. Math. 211 (2016), no. 1, 197�220.

[4] N. Albuquerque and L. Rezende, Anisotropic regularity principle in sequence
spaces and applications, Commun. Contemp. Math. 20 (2018), 1750087.

Aliasghar Alikhani-Koopaei
Pennsylvania State University, Berks College, Reading, PA 19610

On dynamics generated by a convergent sequence of
maps

Let (X, d) be a compact metric space. Denote by C(X) the set of continuous self-
maps of X, and by B1(X) the set of Baire class one self-maps of X. Let E(X) be
a class of self-maps of X that contains C(X). When studying the dynamical behav-
ior of a function f ∈ E(X), or of a sequence of functions {fn} ⊂ E(X) converging
pointwise to a limit f ∈ E(x), various sets naturally arise whose structure, size, and
properties are of interest. In this paper, we examine some aspects of the dynamics
of continuous and Baire one functions, in order to highlight the di�culties involved in
extending similar results to functions in E(X), particularly when X is the unit interval.

In studying the dynamical systems of non-continuous members of E(X), we en-
counter di�culties due to the lack of the following properties:

17



(i) E(X) being compositely closed, that is for f and g in E(X), f ◦ g ∈ E(X);

(ii) E(X) being closed under pointwise or uniform limits;

(iii) if a sequence {fk} ⊂ E(X) converges to f uniformly (resp. point-wise), then
fn
k converges to fn uniformly (resp. point-wise).

Here we discuss the conditions needed to be imposed on E(X) and relate the dy-
namical behaviour of (X,F) with the dymical behaviour of the limit function f , where
F = {fn} ⊂ E(X); especially when E(X) = B1(X).

References

[1] Aliasghar Alikhani-Koopaei, On dynamics of families of Equi-Baire one func-
tions on metric spaces. Topology Appl. 322 (2022) 108267,11 pp.

[2] Aliasghar Alikhani-Koopaei, T.H. Steele, Iterates of Borel functions. Topology
Appl. 320 (2022) 108237,10 pp.

[3] Aliasghar Alikhani-Koopaei, Equi-Baire one family of functions on metric spaces;
A generalization of equi-continuity; and some applications. Topology Appl. 277:
107170, 11, 2020.

[4] Aliasghar Alikhani-Koopaei, On chain recurrent sets of typical bounded Baire
one functions. Topology Appl. 257 (2019), 1-�10.

[5] Aliasghar Alikhani-Koopaei, On the sets of �xed points of bounded Baire one
functions. Asian-Eur. J. Math. 12 (2019), no. 3, 1950040, 10 pp.

[6] Balcerzak, Marek; Hola, Lubica; Holy, Dusan, Properties of equi-Baire 1 and equi-
Lebesgue families of functions. Topology Appl. 367 (2025), Paper No. 109317,
13 pp.

[7] M. Balcerzak; O. Karlova; P. Szuca, Equi-Baire 1 families of functions, Topol.
Appl. 305 (2022) 107900.

[8] A. M. Bruckner, J. Ceder Chaos in terms of the map x → ω(x, f). Paci�c J.
Math. 156 (1992), no. 1, 63-�96.

[9] E. D'Aniello; M. Maiuriello, On some generic small Cantor spaces. Z. Anal.
Anwend. 39 (2020), no. 3, 277-288.

[10] E. D'Aniello; S. Elaydi, The structure of ω-limit sets of asymptotically non-
autonomous discrete dynamical systems. Discrete Contin. Dyn. Syst. Ser. B 25
(2020), no. 3, 903-915.

[11] E. D'Aniello, T. H. Steele, Attractors for classes of iterated function systems.
Eur. J. Math. 5 (2019), no. 1, 116�137.

[12] Emma D'Aniello, T. H. Steele, Chaotic behaviour of the map x → ω(x, f). Cent.
Eur. J. Math. 12 (2014), no. 4, 584�592.

[13] B. Hanson, P. Pierce, T. H. Steele, Dynamics of typical Baire-1 functions on a
compact n-manifold. Aequationes Math. 93 (2019), no. 6, 1111-1125.
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[14] D. Lecomte, How can we recover Baire one functions?. Mathematika, 50 (2003),
171-198.

[15] Peng-Yee Lee, Wee-Kee Tang, and Dongsheng Zhao, An equivalent de�nition of
functions of the �rst Baire class, Proc. of the Amer. Math. Soc., vol. 129, no.
8, 227

[16] T. H. Steele, Dynamics of Baire-2 functions on the interval. Topology Appl. 265
(2019), 106821, 11 pp.

Bogdan-Cristian Anghelina
Transilvania University of Bras

,
ov

The canonical projection associated with a mixed
possibly infinite iterated function system

In this presentation we provide an alternative description for the �xed points of
the fractal operator associated with a mixed possibly in�nite iterated function system
(mIIFS). Such a system is a possibly in�nite iterated function system (i.e. a possibly
in�nite family of Banach contractions on a complete metric space, satisfying some
extra conditions) enriched with an orbital possibly in�nite iterated function system
(i.e. a possible in�nite family of nonexpansive functions which need not be Banach
contractions on the entirely previously mentioned complete metric space, but just on
the orbits of space's elements).

To this end, we develop a canonical projection type theory for mIIFSs. Finally,
some visual aspects concerning our results are presented.

References

[1] B. Anghelina, R. Miculescu, A. Mihail, On the fractal operator of a mixed possibly
in�nite iterated function system, Rev. Real Acad. Cienc. Exactas Fis. Nat. Ser.
A-Mat., 119 (2025), 31.

[2] H. Fernau, In�nite iterated function systems, Math. Nachr., 170 (1994), 79�91.

[3] K. Le±niak, N. Snigireva, F. Strobin, Weakly contractive iterated function systems
and beyond: a manual, J. Di�er. Equ. Appl., 26 (2020), 1114�1173.

[4] A. Mihail, I. Savu, Φ-contractive parent-child possibly in�nite IFSs and orbital
Φ-contractive possibly in�nite IFSs, Fixed Point Theory, 25. (2024), 229-248.

[5] A. Mihail, R. Miculescu, The shift space for an in�nite iterated function system,
Math. Rep. Bucur., 61 (2009), 21-32.
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Daria Bugajewska
Adam Mickiewicz University, Pozna«, Poland

Superposition operators in spaces of functions of
generalized bounded variation

It is well known that superposition operators play an essential role in many areas
of nonlinear analysis. A very important in the theory of autonomous superposition
operators in the space of functions of bounded variation in the sense of Jordan is the
Josephy theorem, which states that the autonomous superposition operator maps the
space of functions of bounded variation in the sense of Jordan into itself if and only
if its generator satis�es the local Lipschitz condition. This result has many general-
izations in various spaces of functions of generalized bounded variation. During the
talk I would like to focus on some such generalized spaces like spaces of functions of
bounded variation in the sense of Young, in the sense of Waterman and in the sense
of Wiener (both for 1 < p and 0 < p < 1) and I would like to present, in particular,
some new results connected with Josephy's theorem. Other properties of autonomous
superposition operators I am going to discuss as well.

Ibrahim Dahi
Moulay Ismail University of Meknes

On the Well-Posedness of the global attractor for a
triply nonlinear thermistor problem

In this work, we examine a broader variant of the nonlocal thermistor problem,
which characterizes the temperature di�usion that occurs when an electric current
�ows through a substance. We analyze the doubly nonlinear problem in which the
equation describing the temperature evolution has a nonlocal term on the right-hand
side whereas the �rst nonlinearity is present in the di�usion term. Therefore, we inves-
tigate the existence and uniqueness of bounded weak solutions for a triply nonlinear
thermistor problem formulated within Sobolev spaces. Additionally, we establish the
existence of an absorbing set, which leads to the existence of a global (universal) at-
tractor, thereby characterizing the long-term behavior of the system.

References

[1] Reynolds, R. and Swartz, C. The Vitali convergence theorem for the vector-valued
McShane integral. Mathematica Bohemica. 129, 2, 159�176, (2004), publisher
Institute of Mathematics, Academy of Sciences of the Czech Republic.

[2] R. Temam In�nite-Dimensional Dynamical Systems in Mechanics and Physics.
Applied Mathematical Sciences. 68, (1988), Spring-Verlag.

[3] Sidi Ammi, Moulay Rchid and Torres, Del�m F. M. Galerkin spectral method for
the fractional nonlocal thermistor problem. Comput. Math. Appl. Computers
& Mathematics with Applications. An International Journal, 73, (2017), 6, p
1077�1086, ISSN 0898-1221, https://doi.org/10.1016/j.camwa.2016.05.033.
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[4] Sidi Ammi, Moulay Rchid and Torres, Del�m F. M. Numerical analysis of a
nonlocal parabolic problem resulting from thermistor problem. Math. Comput.
Simulation. 77, (2008), 2-3, 291�300, ISSN 0378-4754.

[5] Sidi Ammi, Moulay Rchid and Torres, Del�m F. M. Optimal control of nonlocal
thermistor equations, Internat. J. Control. 85, (2012), 11, 1789�1801, ISSN
0020-7179, https://doi.org/10.1080/00207179.2012.703789.

[6] Simon, Jacques. Compact sets in the space Lp(0, T ;B), Ann. Mat. Pura Appl.
(4). 146, (1987), 65�96, ISSN 0003-4622, https://doi.org/10.1007/BF01762360.

[7] Simon, J. Régularité de la solution d'un problème aux limites non linéaires. Ann.
Fac. Sci. Toulouse Math. 3, 3-4, 247�274, (1981).

Emma D'Aniello
Università degli Studi della Campania �Luigi Vanvitelli�

Adding machines, composition operators, and chaos
induced by measures

A systematic study of dynamical properties of composition operators on Lp spaces
has been carried out in the last decades. In this talk, we investigate some types of
chaotic behaviour for composition operators induced by measures on adding machines
(odometers), illustrating some recent results and open problems.
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Do the Change of Variable Formula Integrals have
equal value?

Assuming that the two integrals in the Change of Variable Formula for the unidi-
mensional Riemann integral are �nite, one can ask if they have equal value. We give
an answer to this question. The proof is very easy to follow and to keep in mind. An
example is given.
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Radon-Nikodýmification of integral geometric
measures

I will review necessary and su�cient conditions on a measure space for the canon-
ical embedding L∞ → L∗

1 to be (A) injective and (B) surjective. I will describe the
situation for Hausdor� measure and explain how this depends on the σ-algebra consid-
ered. Next, I will present a result in collaboration with Ph. Boua�a: the existence, for
any measure, of a Radon-Nikodými�cation akin the completion of a measure space or
the compacti�cation of a separated topological space. Finally, I will explicitly describe
this construction in the case of integral geometric measures.
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Carnegie Mellon University in Qatar

A free boundary problem for systems
(The symmetric regime)

We study a system of PDEs with free boundaries inside the unit ball. In particular,
we prove that solutions to our problem exist and, furthermore, that any solution must
be symmetric.The core di�culty arises from the non-variational nature of the system,
coupled with a highly singular right-hand side term. These characteristics preclude the
application of standard techniques. However, the inherent symmetry of the problem,
derived from the geometry, allows us to circumvent these challenges. Although we treat
the Laplacian case in more detail, the approach is easily generalized to more general
operators, m-component case, and p-Laplacian operator as stated in the paper.
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Sets where Lip f is infinite and lip f vanishes

Assume f : R → R is continuous. Then the Big Lip and little lip functions are
de�ned by

Lip f(x) = lim sup
r→0+

sup
|x−y|<r

|f(x)− f(y)|
r

lip f(x) = lim inf
r→0+

sup
|x−y|<r

|f(x)− f(y)|
r

.
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In [1] the authors construct a function f : R → R and a set E ⊂ R such that |R\E| = 0,
Lip f = ∞ on E and lip f = 0 on E. We consider the problem of characterizing the
sets E ⊂ R such that there exists f : R → R with Lip f = ∞ and lip f = 0 on E.
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Overview of the generalizations of the classical
density and corresponding topologies

In the recent years the notion of the classical Lebesgue density were genralized
by weakening the assumptions on the sequences of intervals and consequently several
notions like ⟨s⟩-density by M. Filipczak, J. Hejduk [3], J -density by J. Hejduk and R.
Wiertelak [11], S-density point by F. Strobin and R. Wiertelak [13] were obtained.

The presentation contains the essential ideas of the above generalizations and some
properties of related density topologies. The results related S-density investigated by
M. Widzibor in his PhD thesis [15] are also included.
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On multiadditive set-valued maps �modulo K�

Let p ∈ N, Y be a real vector metric space and K be a closed convex cone in Y
satisfying K ∩ (−K) = {0}.

A set valued map F : Xp → n(Y ) is called K-p-additive (or K-multiadditive, or
p-additive �modulo K�), if it is K-additive with respect to each variable, i.e.

F (x1, . . . , xi + yi, . . . , xp) =K F (x1, . . . , xi, . . . , xp) + F (x1, . . . , yi, . . . , xp) (3.1)

for every x1, . . . , xp, yi ∈ X and i ∈ {1, . . . , p}.
The relation =K is de�ned as follows:

∀ A,B ∈ n(Y )
[
A =K B ⇐⇒ (A ⊂ B +K ∧ B ⊂ A+K)

]
.
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We are especially interested in looking for su�cient conditions making such set-
valued map continuous in our setting. We prove that a K-p-multiadditive s.v. map
F : Rp → n(Y ) which isK-continuous with respect to each coordinate, orK-measurable
in the sense of Lebesgue/Baire, is K-continuous on the whole domain, and we give an
explicit formula of such s.v. maps. These results, obtained with E. Jabªo«ska, W.
Jabªo«ski and M. Terepeta, generalize well-known results for multiadditive real func-
tions from [5].
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On strong c-algebrability of some families of functions

The idea of quasi-continuity emerged from a modi�cation of the de�nition of con-
tinuity, naturally leading to the question of whether such functions belong to speci�c
Baire classes. In response to this question, Marcus demonstrated ([4]) that within
every Baire class, one can �nd quasi-continuous functions that do not belong to any
preceding Baire class.

The introduction of cliquish functions broadened the scope of quasi-continuous func-
tions considerably, prompting the question of the relative size of this expanded family
within a given Baire class. The paper [3] showed that, concerning topology and poros-
ity, the set of quasi-continuous functions is signi�cantly smaller than the set of cliquish
functions within certain Baire classes, and both are negligible compared to the Baire
class itself.

Furthermore, it was established that, in terms of porosity, moving from a Baire class
Bα to the next, Bα+1, substantially increases the size of the families of quasi-continuous
and cliquish functions, as well as the Baire class itself. This naturally led to comparisons
of these families using di�erent frameworks, such as algebraic properties.
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Algebrability, a concept attracting widespread mathematical interest across various
�elds, includes the construction of large algebraic structures within function spaces
([1], [2], [5]). We used these methods to demonstrate that there are large algebraic
structures between function spaces mentioned above. This means that, concerning
algebrability, the set of quasi-continuous functions is also signi�cantly smaller than
the set of cliquish functions within certain Baire classes, and both are also negligible
compared to the Baire class itself.

We also strengthen these results by focusing on more restricted function classes:
namely, the class of quasi-continuous functions possessing the Darboux property and
the class of Darboux cliquish functions. It turns out that the transition from Bα-class
to Bα+1 also signi�cantly expands the family of Darboux quasi-continuous functions
and the family of Darboux functions which are not cliquish.
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On set-valued maps aditive �modulo K�

Let X, Y be real vector spaces, K ⊂ Y be a convex cone and n(Y ) := 2Y \ {∅}.
A set-valued map F : X → n(Y ) is called K-additive, if

F (x+ y) =K F (x) + F (y) for x, y ∈ X,

where =K is the equivalence relation de�ned in the following way:

∀ A,B ∈ n(Y ) (A =K B ⇐⇒ A ⊂ B +K ∧ B ⊂ A+K).

If Y is additionally topological, we can consider K-continuity of set-valued maps intro-
duced in [3]. More precisely, a set-valued map F : X → n(Y ) is called K-continuous
at x0 ∈ X, if for every neighborhood W ⊂ Y of 0 there is a neighborhood U of x0 such
that

F (x) ⊂ F (x0) +W +K ∧ F (x0) ⊂ F (x) +W +K

for all x ∈ U .
During the talk we would like to present selected properties ofK-additive set-valued

maps. We focus on K-continues K-additive set-valued maps and, among others, we
give an explicit formula of K-continuous K-additive set-valued maps de�ned on the
line.
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Approximate Morse-Sard type results for
non-separable Banach spaces

In this talk we will review some results on ranges of derivatives and present several
results on approximation by smooth functions with no critical points. For E and F
Banach spaces, if g : E → F is a C1 smooth function, a point x ∈ E is called critical if
Dg(x), the derivative of g at x, is not a surjective operator. The set of critical points
is denoted by Cg. The classical Morse-Sard theorem states that if g : Rn → Rm is
Ck-smooth with k > max{n−m, 0}, then the set of critical values g(Cg) is of Lebesgue
measure zero in Rm. In many cases Morse-Sard theorem fails when dim(E) = ∞.
In this talk we present su�cient conditions to ensure an approximate strong version
of the Morse-Sard theorem for mappings from an in�nite-dimensional Banach space
E to a Banach space F . Namely, under some appropriate conditions on an in�nite-
dimensional (not necessarily separable) Banach space E, for every (non-zero) quotient
F of E (or a certain class of quotients F of E), every continuous function f : E → F ,
and for every continuous function ε : E → (0,∞), there exists a Ck smooth function
g : E → F with no critical points such that ∥f(x)− g(x)∥ ≤ ε(x) for all x ∈ E. Here
k depends on the smoothness of E. Joint work with D. Azagra and M. García-Bravo
[1].
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Nonabolute integration on compact lines
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We present a nonabsolute integration process on compact lines (linearly ordered
compact topological spaces) which extends the notion of Kurzweil-Stieltjes nabla inte-
gration on time scales. We establish some basic properties of this integral and provide
illustrative examples. Moreover, we propose a derivation process on compact lines mo-
tivated by the nabla derivative and which, together with the introduced integral, allows
for a formulation of a Fundamental Theorem of Calculus in this setting. Contrasts with
the time scale theory are highlighted, since for general compact lines we cannot rely
on metrizability to prove, for instance, Cousin's Lemma or Vitali's Covering Theorem.

Joint work with Leandro Candido.
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Nonadditive measure representation theorems for
nonlinear functionals

To deal with various problems in game theory and expected utility theory, it is
necessary to consider set functions that do not satisfy additivity due to interactions
among sets of players or states of nature. A nonadditive measure is a monotone set
function vanishing at the empty set. Among the integral concepts based on nonaddi-
tive measures, the Choquet [1], Shilkret [4], and Sugeno [5] integrals are particularly
popular, which are in turn de�ned by

Ch(µ, f) =
∫ ∞

0

µ({f > t})dt, Sh(µ, f) = sup
t>0

tµ({f > t}),

and
Su(µ, f) = sup

t>0
t ∧ µ({f > t})

for a function f : X → [0,∞] on a nonempty set X and a nonadditive measure µ : 2X →
[0,∞]. The Choquet integral is not linear in general, but it coincides with the Lebesgue
integral when µ is σ-�nite. In contrast, the Shilkret and Sugeno integrals are not
linear even if µ is additive. Each of these integrals can be viewed as a monotone
nonlinear functional on a collection of functions and has unique characteristics such
as comonotonic additivity, comonotonic maxitivity, and constant minitivity. This talk
gives necessary and su�cient conditions under which a given monotone functional on a
collection of functions can be described by each of the above nonlinear integrals for some
nonadditive measure. Furthermore, the uniqueness and continuity of a representing
measure will be discussed [2, 3].
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On c-lineability

We would like to present some results about c-lineability and c-spaceability of some
families F of real functions de�ned on an interval I. The main goal is to formulate gen-
eral conditions under which any non-empty family F ⊂ RI of functions is c-spaceable
or c-lineable. Generally, we consider the families of function of the form F = F1 \ F2.
In most cases, families of functions for which lineability and spaceability are studied
have such a form. Most often, family F2 is seemingly �very close� to F1 or consists
of �almost all� functions. The results obtained by us are a generalization of previous
ideas, [1].

The main idea of our constructions is to �reproduce� one function to obtain c-
dimensional (closed) linear space. For this �reproduction� we use the Fichtenholz-
Kantorovich Theorem, applied to a countable family of pairwise disjoint intervals con-
tained in the domain of functions from the considered class. The initial function is
�squashed� and �pasted� into disjoint intervals included in the domain of constructed
function.

We present some natural conditions under which families constructed in this way
belongs to considered class (it always forms c dimensional linear space). Finally, we
present numerous examples of applications of the presented theory.

Presented results was obtained jointly with Maªgorzata Turowska.
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Center of distances and Bernstein sets
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The notion of center of distances has been introduced in [5] as follows. If (X, d) is
a metric space, then the set

S(X) := {a ∈ [0,∞) : ∀x∈X∃y∈Xd(x, y) = a}

is called the center of distances of X. In [3], the question to characterize sets S(X) for
subsets of the real line has been raised. At the conferences `Inspirations in Real Analysis
II' (2024) and `46th Summer Symposium in Real Analysis' (2024), M. Filipczak asked
whether, for any given subset A ⊂ [0,∞) with 0 ∈ A, there exists X ⊂ R such that
S(X) = A. We give a positive answer to Filipczak's question and improve this result
showing that in addition X can be chosen to be a Bernstein set, see [6].

It is worth noting that the answer to Filipczak's question was already known for
compact A and in that case X can be chosen to be closed, see [3, Corollary 4.11]. The
notion of the center of distances is quite general, but most applications concern subsets
of real numbers R. For example, this notion has been successfully used in proofs that
some sets are not achievement sets of any series, see [5] or [4]. Exact calculation of the
center of distances is interesting on its own, compare [2] and [1].
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The ergodicity of Orlicz sequence spaces

According to Ferenczi and Rosendal, a separable Banach space X is called ergodic if
the equivalence relation E0 is Borel reducible to the isomorphism relation of subspaces
of X. In particular, an ergodic space has continuum many pairwise non-isomorphic
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subspaces. It is conjectured that any space which is not Hilbertian (i.e., isomorphic to
a Hilbert space) is ergodic.

The study of ergodicity of Banach spaces has yielded several remarkable results.
In the talk, we will show that every Orlicz sequence space which is not Hilbertian is
ergodic. The proof is based on a construction of an asymptotically Hilbertian subspace.
As a consequence, we prove that the twisted Hilbert spaces ℓ2(ϕ) constructed by Kalton
and Peck are either Hilbertian, or ergodic.

The talk is based on a work in collaboration with Noé de Rancourt.
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On the almost everywhere convergence of
two-parameter ergodic averages along directional

rectangles

In this talk, we study the almost everywhere convergence of sequences of two-
parameter ergodic averages over rectangles in the plane. On the one hand, we see
that if the rectangles we consider have their sides with slopes in a �nitely lacunary
set, then the averages converge almost everywhere in all Lp spaces, 1 < p ≤ ∞. On
the other hand, given some non-lacunary sets of directions, we construct sequences of
rectangles oriented along these directions for which the associated ergodic averages fail
to converge almost everywhere in any Lp space, 1 < p < ∞.
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Martina Maiuriello
Link Campus University

Infinite-dimensional dynamics: (frequently)
hypercyclic phenomena for composition operators

Inspired by recent developments in the study of lineability and spaceability within
the framework of linear dynamics, we explore the existence of in�nite-dimensional
closed subspaces consisting of (frequently) hypercyclic vectors for (frequently) hyper-
cyclic composition operators on Lp(X), 1 ≤ p < ∞. Given the central role played
by (frequent) hypercyclicity in the chaotic theory of linear operators, we further in-
vestigate its intricate connections with other key dynamical properties: we analyze, in
particular, the relationship between (frequent) hypercyclicity and (frequent) recurrence
in the setting of dissipative composition operators. This analysis leads to interesting
applications for the widely studied class of weighted shift operators as well.
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Relaxation result for differential inclusions on finite
and infinite intervals

Applying a recent Filippov Lemma for measure di�erential inclusions, we �rst
present on a compact interval a Filippov-Wa»ewski-type theorem for the very gen-
eral setting of di�erential inclusions involving the Stieltjes derivative with respect to
a non-decreasing, left-continuous map g. The solutions y : [0, 1] → Rd of the relaxed
problem

y′g(t) ∈
{

coF (t, y(t)), t /∈ Dg, y(0) = ξ0
F (t, y(t)), t ∈ Dg

(3.2)

can be approximated by solutions z : [0, 1] → Rd of

z′g(t) ∈ F (t, z(t)), z(0) = ξ0, (3.3)

where Dg is the set of discontinuity points of g.
Using the relaxation result on a compact interval we get in the second part a

relaxation theorem on an in�nite domain. In this case the approximation can be
achieved once we allow to the initial value to di�er (but remaining close to) from
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the initial value of the considered solution of the relaxed inclusion. New relaxation
results can be deduced for generalized di�erential problems, for impulsive di�erential
inclusions with multivalued impulsive maps and possibly countable impulsive moments
and also for dynamic inclusions on time scales.
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Relational generalized iterated function systems

In this talk, we introduce a wider class of generalized iterated function systems,
called relational generalized iterated function systems. More precisely, the classical
contraction condition for functions de�ned on product spaces is weakened by means
of an equivalence relation. In particular, if we consider the total equivalence relation,
we recover the classical generalized iterated function systems. Our main result states
that each compact subset of the underlying metric space generates, via a sequence
of iterates, a �xed point of the associated fractal operator, called an attractor of the
system. We also establish a structure result for the attractors and a theorem concerning
the continuous dependence of the attractor on the associated compact set. Ultimately,
we provide some examples which illustrate our main results.
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On an operator induced by invariant measures

We investigate a linear operator associated with a functional equation that arises by
studying some class of invariant measures under multidimensional transformations. By
examining its iterates, we derive an explicit solution formula for the functional equation
and establish a result on the existence of an invariant measure under a multidimensional
transformation that can be viewed as a generalization of classical p-adic maps to higher
dimensions.

Piotr Nowakowski
University of Lodz, Faculty of Mathematics and Computer Science

Cantor sets and their algebraic differences

Denote by C(a) ⊂ [0, 1] the central Cantor set generated by a sequence a = (an) ∈
(0, 1)N. It is known that the di�erence set C(a) − C(a) has one of three possible
forms: a �nite union of closed intervals, a Cantor set, or a Cantorval ([1]). Our main
results describe two di�erent conditions for (an) which guarantee that C(a)− C(a) is
a Cantorval. Examples of application of both results will be also presented. We will
also consider a class of special Cantor sets (or S-Cantor sets) and a full classi�cation
of their di�erence (with one common parameter). The presentation is based on the
papers: [2], [3] and [4].
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Maximal operators and differentiation
with respect to collections of shifted convex bodies
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Let Ω be a collection of shifted balls in Rn. The term "shifted ball" here means
that the ball does not contain the origin. Maximal operators and di�erentiation of
integrals with respect to the collection Ω, i.e. with respect to the basis BΩ for which
BΩ(x) = {B + x : B ∈ Ω} (x ∈ Rn), have been studied by Nagel and Stein, Stein,
Aversa and Preiss, Csörnyei, and Hagelstein and Parissis. One of the motivations
for the research was the intimate connection with the boundary behaviour of Poisson
integrals along regions more general than cones. Moonens and Rosenblatt examined
the case of collections of shifted two-dimensional intervals, while Laba and Pramanik
studied the topic for dilation invariant collections of sparse one-dimensional sets.

We will discuss some new results related with maximal operators and di�erentiation
of integrals with respect to collections of shifted convex bodies.

The talk is based on a joint research with Emma D'Aniello and Laurent Moonens.

Cheng-Han Pan
Mount Holyoke College

A Mazurkiewicz Set as the Union of Two
Sierpinski-Zygmund Functions

A Mazurkiewicz set is a plane subset that intersect every straight line at exactly
two points, and a Sierpi«ski-Zygmund function is a function from real from R into R
that has as little of the standard continuity as possible. In this talk, we will construct a
Mazurkiewicz set that contains no graph of Sierpi«ski-Zygmund function and another
one that can be expressed as a union of two Sierpi«ski-Zygmund functions.
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Weak Amenability Constant in Banach Algebras

Recall that a locally compact group G is amenable if there is an invariant mean µ
on L∞(G), i.e. a linear functional such that µ(1G) = 1 and µ(Lgf) = µ(f) for all g ∈ G
and f ∈ L∞(G) (here Lg is a left-translation operator). Soon after a connection to
Banach�Tarski Paradox had been found. And in 1972 B.E. Johnson showed in [1] that
a locally compact group G is amenable if and only if the convolution algebra L1(G)
satis�es a speci�c condition: namely all derivations into dual bimodules are inner. This
condition then served as a de�nition of an amenable Banach algebra and launched a
vast development of this theory. In this talk I will start with a historical note on the
topic after which I will focus on the quantitative approach to amenability of Banach
algebras. This will then be applied to characterization of some matrix algebras as
well as vector-valued sequence algebras. This is a joint work with my Ph.D. student
Krzysztof Koczorowski.
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Four open problems in achievement set theory

We present four of the open problems in achievement set theory. In some cases,
we will mention some limited recent progress in solving them. In particular, we will
observe that the set of uniqueness of an achievement set is always a Gδ set. In addition,
we will demonstrate a solution to the problem of the Lebesgue measure of the boundary
of a multigeometric achievement set, a solution which unfortunately does not work in
the general case.
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A topological aspect for rough sets approximations
inspired by supra-topology structures

In this presentation, we propose extending the rough set model inspired by supra
topology Uk, introduced by Al-Shami [1]. We introduce the approximation operators
determined by the family of the complements of a supra topology's members U c

k. Any
supra-topology and the family of its complements generate a pair of symmetric Alexan-
drov topologies. Those topologies characterize the approximations determined by the
base families. What is more, the new characterizations have granular-based repre-
sentations. As a result, we obtain an assessment of the accuracy of the investigated
approximations. Using these topologies gives more accurate approximations than those
generated by the basic families.
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Directional Maximal Operators and Kakeya-Type Sets

We will discuss a recent result that provides a condition on a set of directions
Ω ⊆ S1 su�cient to show the admissibility of Kakeya-type sets, extending prior work of
Bateman and Katz. This condition guarantees that the associated directional maximal
operator MΩ is unbounded on Lp(R2) for every 1 ≤ p < ∞. This work is joint with
Paul Hagelstein and Alex Stokolos.
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Little Lipschitz constant of functions on the real line

The Little Lipschitz constant of a function (also known as the lower scaled oscilla-
tion or just �little lip�) has now been studied by many authors from various viewpoints.
Some basic open questions are still left without complete answers, however. One such
question concerns the fact that, given any continuous real function f of one real vari-
able, the set of points at which lip(f) equals in�nity is of the type Fσδ; the natural
question of the validity of the converse, i.e. that for any Fσδ set there exists an �ap-
propriate� function, immediately springs to mind of a typical real-analyst. However,
only partial answers have so far been published; namely, for Fσ sets, as well as for Gδ

sets, this is the content of a 2019 joint paper with Zoltán Buczolich, Bruce Hanson,
and Thomas Zürcher. Much more recently, with Thomas Zürcher, we published a con-
struction of an �appropriate function� for any Lebesgue null Fσδ set. I want to give
a brief account of this (fairly involved) result as well as of our ongoing work on the
most general case (arbitrary Fσδ set) which is now nearing completion. Both proofs
are based on ideas of David Preiss.
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Trees of continuous functions

We present several new results concerning the interaction of the topology of a
compact Hausdor� space with its Banach space of continuous real-valued functions.
The proofs of these results are mainly based on a new descripiton of spaces of continuous
functions over metrizable compact spaces in terms of certain trees.

Anna Rita Sambucini
University of Perugia, Department of Mathematics and Computer

Sciences

A survey on the Riemann-Lebesgue integrability in
non-additive setting

We present some results regarding Riemann-Lebesgue integral of a vector (real
resp.) function relative to an arbitrary non-additive set function. Then these results are
generalized to the case of Riemann�Lebesgue integrable interval-valued multifunctions.
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The Hardy�Littlewood maximal function on spaces of
homogeneous type

We explore the boundedness properties of the Hardy�Littlewood maximal operator
M on quasi-Banach function lattices X(Ω, d, µ) over a space of homogeneous type
(Ω, d, µ). Spaces of homogeneous type are quasi-metric spaces with a doubling measure;
they are equipped with adjacent systems of dyadic �cubes� designed by Hytönen and
Kairema [1] in logic of the Euclidean dyadic decomposition. With the dyadic tool in
hand, we prove the self-improving boundedness property of M , which is the main result
in [2]:

if M is bounded on a lattice X(Ω, d, µ) with the Fatou property,
then M is bounded on its lower convexi�cation X( 1

s
)(Ω, d, µ) for some s > 1.
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An important application of this result is the special case when X(Ω, d, µ) is a
variable Lebesgue space Lp(·)(Ω, d, µ). Then the class of exponents p(·) such that M
is bounded on Lp(·)(Ω, d, µ) is left-open, meaning that every p(·) is contained there
together with a smaller exponent p(·)

s
, s > 1. In addition, we obtain a nice interpolation

result for this class of exponents using the left-openness.
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A general form of Gronwall inequality with Stieltjes
integrals

The Gronwall inequality is a fundamental tool in the theory of di�erential and
integral equations. In its classical version, if u,K,L : [t0, t0+T ] → [0,∞) are continuous
functions such that

u(t) ≤ K(t) +

∫ t

t0

L(s)u(s) ds, t ∈ [t0, t0 + T ],

then the inequality provides an a priori bound for u in terms of K and L, namely

u(t) ≤ K(t) +

∫ t

t0

K(s)L(s) exp

(∫ t

s

L(τ) dτ

)
ds, t ∈ [t0, t0 + T ].

In the present talk, we are interested in Gronwall-type results with ordinary inte-
grals replaced by Kurzweil-Stieltjes (or Lebesgue-Stieltjes) integrals with respect to a
nondecreasing function. Several results of this type are available in the literature, but
their assumptions are not completely satisfactory. In short, it is usually assumed that
K a constant function, or that the integrator is a left-continuous or right-continuous
function. We will show that these assumptions are not necessary, and provide a new
general version of Gronwall's lemma formulated in terms of the generalized exponential
function. The proof is based on a new quotient rule for Stieltjes integrals.
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Topological prevalence of variable speed of
convergence in the deterministic chaos game

The chaos game algorithm gives one of the most popular methods of generating
images of attractors of iterated function systems. Its validity can be explained by
the fact that with probability 1, randomly chosen sequences of a �nite alphabet are
disjunctive, meaning that they contain all �nite words as subwords. This observation
leads to deterministic version of the chaos game - given a (initially de�ned) disjunctive
sequence, we are sure that the generated orbit approximates the attractor.

In the main part of my talk I will show that a typical (in the sense of Baire's
category) disjunctive sequence do not provide any control over the speed of convergence
of the orbit toward the attractor. This will need a certain tool for measuring the speed
of convergence - the set λ(i) of exponents of rate of convergence of a given driver i. I
will show that a typical driver, the set λ(i) is the biggest possible interval: [D(A),∞],
where [D(A) is the lower box dimension of the attractor A. Finally, I will show that
this result cannot be extended to certain σ-porosity.

In the last part of will also recall a recent result of Bárány, Jurga and Kolossváry
which shows that things changes when we focus to drivers chosen with probability one,
and I will presenta some additional properties of disjunctive sequences that can give
some control of the speed of convergence.

The presented results (except from the mentioned one of Bárány, Jurga and
Kolossváry) were obtained together with Krzysztof Le±niak and Nina Snigireva.
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A partitioning property of δ-fine intervals and the
HKr-integral

Let δ be a positive-valued function on the real line. We say that an interval-point
pair ([c, d], ξ) is δ-�ne if [c, d] ⊂ (ξ − δ(ξ), ξ + δ(ξ)). We say that an interval [c, d] is
doubly δ-�ne if both ([c, d], c) and ([c, d], d) are δ-�ne.

The notion of doubly δ-�ne has proven useful in an ε-δ characterization of Baire one
functions [1]. In this talk, we will discuss its application in the monotonicity theorem
for the HKr-integral [2].
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De�nition 1 ([2]). A function f : [a, b] → R is Lr-Henstock�Kurzweil integrable (HKr-
integrable) on [a, b] if there exists a function F ∈ Lr such that for any ε > 0 there exists
a gauge δ so that for any δ-�ne partition {([ci, di], xi)}ni=1 of [a, b] we have

n∑
i=1

(
1

di − ci

∫ di

ci

|F (y)− F (xi)− f(xi)(y − xi)|r dy
)1/r

< ε.

The talk is based on a jont work co-authored by Paul Musial, Valentin Skvorstov,
and Francesco Tulone.
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On [r, s]-superporosity

We characterize families of [r, s]-(upper) superporous subsets of R. [r, s]-
superporosity generalize notions of superporosity and strong superporosity of subsets
of R, [3, 4]. De�nitions and properties of [r, s]-superporosity are similar to de�nitions
and properties of superporosity and strong superporosity. Superporous sets preserve
positive porosity and strongly superporous sets preserve strong porosity, i.e. if E is
superporous (respectively, E is strongly superporous) then for every x ∈ E and for every
F such that porosity of F at x is greater than 0 (respectively, is equal to 1), porosity
of E ∪ F at x is greater than 0 (respectively, is equal to 1). Taking arbitrary positive
numbers, instead of 0 or 1, we obtain the following de�nition of [r, s]-superporosity for
0 < r ≤ s < 1, [r, s]-superporous sets transfer s-porous sets to r-porous sets, i.e. the
set E is [r, s]-superporus i� for every x ∈ E and for every F such that porosity of F
at x is not less than s, porosity of E ∪ F at x is not less than r.

Even though the de�nition and properties of [r, s]-superporosity, superporosity and
strong superporosity are similar and all of them consist of very small sets, the families of
these sets are essentially di�erent. We focus on relationships between [r, s]-superporous
sets for di�erent indices [r, s]. Furthermore, we compare [r, s]-superporosity to super-
porosity and strong superporosity. Finally we apply the notion of [r, s]-superporosity
to �nd multipliers and adders of porouscontinuous functions, introduced by J. Borsík
and J. Holos in [1].

This is jointly work with Stanisªaw Kowalczyk.
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On functions continuous with I(Y)�density topology

Let Y be a bounded set of the second category, and let {an}n∈N and {bn}n∈N be
sequences of real numbers converging to zero, such that an ̸= 0 for every n ∈ N. De�ne
Yn = anY + bn for every n ∈ N, and let Y = {Yn}n∈N.

We say that x0 is an I(Y)�density point of a set A having the Baire property if

χ(A−x0−bn)
1
an

∩Y (x)
I−→

n→∞
χY (x).

The concept of an I(Y)�density is a generalization of the so-called I(J )�density
([2]), I⟨s⟩�density ([1]), and �nally I�density ([3]).

For every Baire set A, let us de�ne

ΦI(Y)(A) = {x ∈ R : x is an I(Y)�density point of A}.

Then ΦI(Y) is a lower density operator, and the family

TI(Y) =
{
A ∈ Ba : A ⊂ ΦI(Y)(A)

}
is a topology containing the natural topology.

For a sequence Y of intervals tending to zero, we consider four families of continuous
functions de�ned as follows:

Cnat,nat = {f : (R, Tnat) → (R, Tnat)},
Cnat,I(Y) = {f : (R, Tnat) → (R, TI(Y))},
CI(Y),nat = {f : (R, TI(Y)) → (R, Tnat)},
CI(Y),I(Y) = {f : (R, TI(Y)) → (R, TI(Y))}.

The aim of this talk is to discuss the properties of continuous functions equipped
with the I(Y)�density topology or natural topology in the domain or the range.
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Bounds for L∞ extremal polynomials

In this talk I will give an overview of some of the recent results on norm estimates for
L∞ extremal polynomials. In particular, I will discuss sharp lower and upper bounds
and an analog of the Szeg® theorem for the L∞ extremal polynomials.
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Combinatorics of null-additive sets

A set of reals X ⊆ R is termed null-additive if X + N is Lebesgue null for any
Lebesgue null set N ⊆ R. Replacin Lebesgue measure with Haar measure it easily
extends to other locally compact Polish groups.

This notion is around over 30 years. It is related to the classical notion of strong
measure zero and therefore of interest in set theory. The basic result of Shelah [1]
provides a combinatorial characterization of null-additive sets in the Cantor set 2ω.

We discuss characterizations of null-additive sets in terms of

� fractal measures,

� selection principles and

� games

in the Cantor set, the line and Euclidean spaces and have a look at the general case of
a locally compact Polish group.
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