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Introduction

Let X be a real linear space. A function f: X — R is called:

» additive, if f(x+y)="Ff(x)+f(y), x,yelX,
» subadditive, if f(x+y)<f(x)+f(y), x,y€X,

(x+y> < f(x)+ f(y)
> <

» midconvex, if f 5 ,

x,y € X,

e superadditive, if —f is subadditive,

e midconcave, if —f is midconvex.
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subadditivity — additivity == midconvexity
7= #=
f(x) = |x| f(x)=x-2
=
f(x)=x-—2
subadditivity midconvexity
#+=
XR\Q
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Set—valued maps

Let X, Y be real vector spaces, and n(Y) = 2Y\ {0}.

v D. Henney, Set valued additive functions, Math. Jap. 11 (1966), 117-120.

v W. Smajdor, Subadditive and subquadratic set—valued functions, Prace Nauk. Uniwersytetu

élaskiego w Katowicach 889, Katowice 1987.

A set—valued map F: X — n(Y) is called:
» (Henney 1966)
additive, if F(x1) + F(x) = F(x1 +x2), x1,x € X,
» (Smajdor 1987)
subadditive, if F(x1)+ F(x2) C F(x1 + x2), x1,x2 € X,
superadditive, if F(x1)+ F(x2) D F(x1 + x2), x1,x € X.

In fact, all three notions generalized the notion of additivity of

single—valued maps!
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Let K C Y be a closed convex cone such that K N (—K) = {O}‘

v K. Nikodem, K—convex and K—concave set—valued functions, Zeszyty Nauk. Politechniki
tédzkiej Mat. 559; Rozprawy Mat. 114, £6dZ 1989.

v' E. Jabtoniska, K. Nikodem, K-subadditive and K-superadditive set—valued functions bounded
on "large” sets. Aequationes Math. 95 (2021), 1221-1231.

» (Nikodem 1989)

K—midconvex, if M C F(m

5 > )+K, x1, X2 € X,

X1+ X2 F(x1) + F(x2)
2 ) < 2

K—midconcave, if F( + K, x1,x € X,

» (J.—Nikodem 2021)
K-subadditive, if F(x1)+ F(x2) C F(x1 +x) + K, x1,x € X,
K-superadditive, if F(x1 +x2) C F(x1) + F(x2) + K, x1,x € X.
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v E. Jabtoriska, W. Jabtonski, Properties of K-Additive Set-Valued Maps, Results Math. 78
(2023), 221.

» (J.—Jabtoriski 2023) K—additive, if it is simultaneously K—subadditive
and K—superadditive, i.e.

{F(Xl) + F(x2) C F(x1 +x2) + K,

x1, % € X.
F(Xl +X2) C F(X1) + F(Xz) + K,

1. If K = {0}, then K—-additivity of F means Henney's additivity.

2. If K=10,00), Y =R, and F(x) = [m(x), M(x)] for x € X, where
m,M: X — R and m < M, then K—additivity of F means the
classical additivity of m.

We introduce the equivalence relation = in n(Y) by

WA Ben(Y) [A=«xB < (ACB+K A BCA+K) |
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F(x+y) =k F(x)+ F(y) for x,y € X.

(VA Ben(Y) [A=kxB < A+K=B+K]|

This property allows us to find a minimal representative of any equivalence
class.

Example 1

Let Y =R? and K = [0,00) x [0,00). If S is the closed unit disk with
center (0,0), then S =k Si, where S is the following part of the unit
circle with the same center

51::{(X,y)6R2:X§O,y§O, x2+y2:1}.
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Basic properties of K—additive s.v. maps

Let F: X — n( Y) be K—additive. Then,
» (tF)(x) := tF(x) for x € X, where t >0,
» (conv F)(x) := conv F(x) for x € X,

» (clF)(x) :=clF(x) for x € X,
where F(x) are relatively compact for x € X,
» (int F)(x) := int F(x) for x € X,
where F(x) are convex and int F(x) # () for x € X,

are also K-additive.
Let F,G: X — n(Y) be K-additive. Then,
> (F+ G)(x) := F(x) + G(x) for x € X, is also K—additive,
> (F x G)(x) := F(x) x G(x) for x € X, is (K x K)-additive.
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K-Jensen v.s. K—additivity

Theorem: A function f: X — R is additive if and only if f(0) =0 and f is
Jensen, i.e.,

f<x+y>:f(x)+f(y) .y €X.

2 2 ’

Theorem (J.—Jabtoniski 2023)

If F: X — n(Y) is a K—Jensen midconvex—valued map, i.e.,

+ 1
F(552) =k 5(F()+ F)), xy € X,
such that F(0) =k {0}, then it is K—additive.

Conversely,

E. Jabtoriska K—additive s.v. maps 9/23



Theorem (J.—Jabtonski 2023)

If F: X — n(Y) is a K—-additive midconvex—valued map, then it is
K—Jensen. If, moreover, F(0) is a compact convex set, then

F(0) =« {0}

There are K—additive s.v. maps such that F(0) #x {0}!

Example 2

Let X =R, Y =R?, and K = [0,0) x {0}. Let F: R — n(R?),
F(x):={x} xR, xeR.

e F(0) ={0} x R, so it is not compact,
e F(0) #k {(0,0)}, because
F(0)+ K=[0,00) x R# K ={(0,0)} + K,
e F is convex—valued and K—additive, because
Fix+y)+K=[x+y,00)xR=F(x)+ F(y)+ K.
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K—continuous K—additive s.v. maps

e B(Y) — the family of all nonempty bounded subsets of Y.
e BC(Y) - the family of all nonempty bounded convex subsets of Y.

e CC(Y) — the family of all nonempty compact convex subsets of Y.

A set—valued map F: X — n(Y) is called:

» K-lower bounded on a set A C X, if
dBeB(Y) VxeA F(x)CB+K,
» weakly K—upper bounded on a set A C X, if
dBeB(Y) VxeA F(x)N(B—-K)#1,
» K—continuous at a point xp € X, if
F(xo) C F(x)+ W+ K,
VWoCY JU,CX Vxe U
F(x) C F(xo) + W + K.
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1. If K ={0}:

o K—lower boundedness of F <= boundedness of F, i.e.,
I3BeB(Y) VxeA F(x)CB,
e weak K—upper boundedness of F <= weak boundedness of F, i.e.,
IBeB(Y) VxeA F(x)NnB#1,

o K—continuity of F <=> continuity with respect to the Hausdorff metric.
2. f K=1[0,00), Y =R, and F(x) = [m(x), M(x)] for x € X, where
m,M: X — R and m < M, then:
e K-lower boundedness of F <= boundedness from below of m,
e weak K—upper boundedness of F <= boundedness from above of m,
e K—continuity of F <= the classical continuity of m.
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Theorem: Let A C X be a “large” set, i.e.,
> A is of the positive Lebesgue measure provided X = R" with n € N,
» A is non—meager with the Baire property.

If f: X — R is additive and bounded from above/below on A, then f is
continuous.

Theorem (J.—Jabtonski 2023)

Let AC X be a “large” set. If an s.v. map F: X — BC(Y) is K—additive
and weakly K—upper bounded or K—lower bounded on a set A, then F is
K—continuous on X.
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Theorem: If f: X — R is a continuous additive function, then f is
homogenous, i.e., f(tx) = tf(x) fort e R, x € X, i.e.,

{t e R: f(tx) = tf(x) forx € X} = R.

Theorem (J.—Jabtonski 2023)

If an s.v. map F: X — CC(Y) is K—continuous and K-additive, then F is
K—-homogenous, i.e.,

F(tx) =k tF(x), t>0, x € X.
Moreover, if F is not single—valued, then

{t € R: F(tx) =k tF(x) forx € X} = [0, c0).
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Theorem: If f: X — R is an additive function, then the set
Hf := {t € R: f(tx) = tf(x) forx € X}
is a subfield of R (called the homogeneity field of 7).
Theorem (J.—Jabtonski 2023)
If an s.v. map F: X — CC(Y) is K-additive and not single-valued, then
He k == {t € R: F(tx) =k tF(x) forx € X}

(called K—homogeneity set of F) satisfies the following conditions:
(i) {0,1} C HF k C [0,00),

(i) s+t e Hrpk fors,t € Hr g,

(iii) £ € Hpk fors,t € Hp x with t # 0.
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Theorem: For every field L C R there is an additive function f: X — R
such that Hf = L.

Theorem (J.—Jabtoriski 2023)

Let S C R be a set satisfying the following conditions:
(i) {0,1} € S C [0,00),
(i) s+teSfors tes,
(i) 2 €S fors,teS witht#0,
(iv) s—teS fors,t €S withs—t>0.
Then there exists an s.v. map F: X — CC(Y') such that S = HF k.

Problem: Is it true that
s—te€ Hrpk for s,t € HF k such that s—t>0

for a K—additive s.v. map F: X — CC(Y') which is not single—valued?
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Theorem: A function f: R — R is continuous and additive if and only if
there is a € R such that

f(x)=ax for x € R.

v' E. Jabtoniska, Characterization of continuous additive set—valued maps "modulo K" on finite

dimensional linear spaces, Math. Slovaca 74 (2024), 1165-1172.

Theorem (J. 2024)

An s.v. map F: R — CC(Y) is K—continuous and K—-additive if and only if
there are sets A, B € CC(Y') such that 0 € A— B C K and

tA, t>0,

F(t) =
(t) =« tB, t<O0.
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The above result is optimal, i.e., K—continuous and K—additive s.v. map
needn't be given by F(t) = tC for t € R with some C € CC(Y).

Example 3

Let Y =R, K =[0,00), A=[0,1] and B = [-2,0]. Then,
e 0 € A— B C K, so F defined above is K—continuous and K—additive.
o A #k B, because

A+ K =1[0,00) # [-2,00) = B+ K.
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Theorem (J. 2024)

Let N € N. Ans.v. map F: RN — CC(Y) is K-continuous and K-additive
if and only if there exist sets Ay, By, ..., An, By € CC(Y) such that

0 A — B CK, ie{l,...,N}
and
F(tl,...,tN) =k 1 G + ...+ tnyCp, (tl,...,tN)ERN,

tA,', t> 0, .
tC = IE{].,...,N}.
tB;, t <0,
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i.e., for N =2,

an s.v. map F: R? — CC(Y) is K-continuous and K-additive if and only if

there exist sets Ay, Bi, Az, Bx € CC(Y) such that
0 A, — B CK, ie€{1,2},

and

t1A1 + A>, t1 >0, to >0,
tlAl + t2827 tl Z 07 t2 < 07
F(t1, ) =k
tlBl + t2A27 t1 < 07 t, > 07

B+ tB, ti <0, th<O0.

E. Jabtoriska K—additive s.v. maps

20/23



K— continuous K—sublinear s.v. maps

A function f: R — R is called sublinear if it is subadditive and

f(nx) = nf(x) for xe X, neN.

additivity = = sublinearity = subadditivity

4= 4=
f(x) = Ix] F) = VIxI

Theorem: A function f: R — R is continuous and sublinear if and only if
then there are reals a > b such that

>
F(x) = {ax, x>0,

bx, x<O0.
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v E. Jabtoniska, On K-sublinear set-valued maps. Period. Math. Hungar. (accepted).

An s.v. map F: R — n(Y) is called K—sublinear if it is K—subadditive and

F(nx) =k nF(x) for xe€ X, neN.

Theorem (J. 2024)

An s.v. map F: R — CC(Y) is K—continuous and K—sublinear if and only
if there are sets A, B € CC(Y') such that A— B C K and

tA, t>0
F(t) = ’ =
(t) K{tB, t < 0.
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Thank you very much
for your attention!

Do you have
any questions
or comments?
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