
,
, Grant Number: 2022ZXZTN2

Missione 4
Istruzione e
Ricerca
▶ “Nonlinear differential problems with

applications to real phenomena”

▶ CUP: J53D23003920 006

Grant N.: 2022ZXZTN2

Department of Mathematics and Computer

Science - University of Perugia, Italy

Anna Rita Sambucini

A survey on the Riemann-
Lebesgue integrability
in non-additive setting

47th Summer Symposium
in Real Analysis

Madrid, June 16-20, 2025

Missione 4 • Istruzione e Ricerca June 16, 2025 1 / 19



,
, Grant Number: 2022ZXZTN2

The subject of this talk is in the field of integration in non-additive setting, which have applications,
for instance, in

▶ statistics,

▶ computer science,

▶ control and game theories

▶ mathematical economics.
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Let S be a non-empty set with card(C) ≥ ℵ0 and C a σ-algebra of subsets of S .

The integrability we consider in this paper is related to the partitions of the whole space S.

A finite (countable) partition of S is a finite (countable) family of nonempty sets P = {Ei}ni=1

({En}n∈N, resp.) ⊂ C such that Ei ∩ Ej = ∅, i ̸= j and
n⋃

i=1

Ei = S (
⋃
n∈N

En = S ,).

▶ If P and P ′ are two partitions of S , then P ′ is said to be finer than P,

P ≤ P ′ (or P ′ ≥ P), if every set of P ′ is included in some set of P. (1)

▶ The common refinement of two finite (countable) partitions P = {Ei} and P ′ = {Gj} is the
partition P ∧ P ′ := {Ei ∩ Gj}.

▶ A countable tagged partition of S if a family {(En, sn), n ∈ N} such that (En)n is a countable
partition of S and sn ∈ En for every n ∈ N.
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Let X be a Banach space over R. Let ν : C → [0,∞) be a set function, such that ν(∅) = 0.

Definition of |RL|1ν(X ) the class of all X -valued function that are |RL| integrable (on S) w.r.t. ν

A vector function f : S → X is called absolutely (unconditionally resp.) Riemann-Lebesgue (|RL|)
(RL resp.) ν-integrable (on S) if ∃ a ∈ X such that for every ε > 0, ∃Pε of S , so that ∀P = {An}n∈N
of S with P ≥ Pε,

▶ f is bounded on every An, with ν(An) > 0 and

▶ ∀ sn ∈ An, n ∈ N,
∑+∞

n=0 f (sn)ν(An) is absolutely (unconditionally resp.) convergent and

∥∥∥ +∞∑
n=0

f (sn)ν(An)− a
∥∥∥ < ε.

The vector a is called the abs. (uncond.) Riemann-Lebesgue ν-integral of f on S and it is denoted by

(|RL|)
∫
S
f dν

(
(RL)

∫
S
f dν resp.

)
.

In an analogous way we denote the class of all functions that are RL ν-integrable.
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▶ If a exists, then it is unique. Moreover, if h ∈ |RL|1ν(X ) =⇒ then h ∈ RL1
ν(X )

▶ if X is finite dimensional, then |RL|1ν(X ) = RL1
ν(X ).

In the countably additive case

▶ if (S , C, ν) is a finite measure space, then L1
ν(X ) ⊂ |RL|1ν(X ) ⊂ RL1

ν(X ) ⊂ Pν(X ).1

▶ If X is a separable Banach space, then L1
ν(X ) = |RL|1ν(X ) ⊂ RL1

ν(X ) = Pν(X .)

▶ If (S , C, ν) is σ-finite, then the Birkhoff integrability coincides with RL ν-integrability 2.

▶ If h : [a, b] → R is Riemann integrable, then h is RL-integrable. The converse is not valid
h = χ[0,1]∩Q

1Kadets, V. M., Tseytlin, L. M., On integration of non-integrable vector-valued functions, Mat. Fiz. Anal.
Geom. 7 (2000), 49-65.

2Potyrala, M., Some remarks about Birkhoff and Riemann-Lebesgue integrability of vector valued functions,
Tatra Mt. Math. Publ. 35 (2007), 97–106.
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In the non additive case: assumption on ν : C → [0,∞), ν(∅) = 0.
ν is said to be:

▶ monotone if ν(A) ≤ ν(B), ∀A,B ∈ C, with A ⊆ B;

▶ subadditive if ν(A ∪ B) ≤ ν(A) + ν(B), ∀A,B ∈ C, with A ∩ B = ∅;
▶ σ-subadditive if ν(A) ≤

∑+∞
n=0 ν(An), ∀ (An)n∈N ⊂ C with Ai ∩ Aj = ∅, i ̸= j and A =

⋃+∞
n=0 An.

▶ null-additive if, for every A,B ∈ C, ν(A ∪ B) = ν(A) when ν(B) = 0.

▶ has the property σ if ∀ {En}n ⊂ C with ν(En) = 0 ∀ n ∈ N, we have ν(∪∞
n=0En) = 0;

▶ A set A ∈ C is an atom of ν if ν(A) > 0 and ∀B ∈ C, with B ⊆ A, =⇒ ν(B) = 0 or ν(A\B) = 0.

The variation of ν is ν : P(S) → [0,+∞] defined by

ν(E) = sup{
n∑

i=1

∥ν(Ai )∥, {Ai}ni=1 ⊂ C : Ai ⊆ E ,Ai ∩ Aj = ∅, i ̸= j , ∀ i ∈ {1, . . . , n}}, ν is said to be

of finite variation (on C) if ν(S) < +∞.
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Definition Bs1ν(X ): the family of Birkhoff-simple functions on S .

h : S → X is called Birkhoff simple ν-integrable (on S) if ∃ b ∈ X : ∀ ε > 0, ∃Pε of S countable so that

∀P = {An}n∈N of S , with P ≥ Pε and ∀ sn ∈ An, n ∈ N, lim supn→+∞

∥∥∥∑n
k=0 h(sk )ν(Ak )− b

∥∥∥ < ε.

Definition G 1
ν(X ): the family of Gould integrable functions on S .

h : S → X is called Gould ν-integrable(on S) if ∃ a ∈ X such that ∀ ε > 0, ∃Pε of S finite, so that ∀P = {Ei}ni=1

of S , with P ≥ Pε and ∀ si ∈ Ei , i ∈ {1, . . . , n}, we have
∥∥∥ n∑

i=1
h(si )ν(Ei )− a

∥∥∥ < ε.

▶ RL1
ν(X ) ⊂ Bs1ν(X )

▶ RL1
ν(R) = G 1

ν(R) when ν(S) < +∞, monotone and σ-subadditive (for bounded function).
Without the σ-subadditivity of ν, h = 1 ∈ RL1

ν(R) \ G 1
ν(R), when S = N, C = P(N) and

ν(A) = 0, if card(A) < +∞, 1, otherwise.

▶ h : S → R, RL1
ν(A) ⊂ G 1

ν(A) on each atom A ∈ C when ν is monotone, null additive and has (σ).

▶ RL1
ν(X ) = G 1

ν(X ) when ν is complete measure and ν(S) < +∞ ;
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Theorem ν : C → [0,∞), ν(∅) = 0

(a) If h ∈ |RL|1ν(X ), then h is |RL| ν-integrable on every E ∈ C (⇐⇒ hχE is |RL|1ν(X ))

(|RL|)

∫
E

h dν = (|RL|)

∫
S

hχE dν.

Moreover, if g , h ∈ |RL|1ν(X ) and α, β ∈ R. Then:

(b) αg + βh ∈ |RL|1ν(X ) and (|RL|)

∫
S

(αg + βh) dν = α · (|RL|)
∫
S

g dν + β · (|RL|)
∫
S

h dν,

(c) h ∈ |RL|1αν(X ) for α ∈ [0,+∞) and (|RL|)

∫
S

h d(αν) = α(|RL|)

∫
S

h dν.

The results also hold for the RL ν-integrability.
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Theorem (monotonicity)

Let g , h ∈ RL1
ν(R) such that g(s) ≤ h(s), for every s ∈ S , then

(RL)

∫
S

g dν ≤ (RL)

∫
S

h dν.

Let ν1, ν2 : C → [0,+∞) be set functions such that ν1(A) ≤ ν2(A), ∀A ∈ C and h ∈ RL1
νi (R

+
0 ) for

i = 1, 2. Then

(RL)

∫
S

h dν1 ≤ (RL)

∫
S

h dν2.
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Theorem ν(S) < +∞

Let ν : S → [0,∞) be of finite variation and h : S → X be bounded

(a) then h ∈ |RL|1ν(X ) and
∥∥∥(|RL|)

∫
S
h dν

∥∥∥ ≤ sup
s∈S

∥h(s)∥ · ν(S).

(b) If h = 0 ν-a.e.a, then h ∈ |RL|1ν(X ) and (|RL|)

∫
S

h dν = 0.

Moreover let g , h : S → X be vector functions.

(c) If sup
s∈S

∥g(s)− h(s)∥ < +∞, g ∈ |RL|1ν(X ) and g = h ν-a.e., then h ∈ |RL|1ν(X ) and

(|RL|)

∫
S

g dν = (|RL|)

∫
S

h dν.

(d) If g , h ∈ |RL|1ν(X ) then
∥∥∥(|RL|)

∫
S

g dν − (|RL|)

∫
S

h dν
∥∥∥ ≤ sup

s∈S
∥g(s)− h(s)∥ · ν(S).

ah = 0 holds ν-a.e. if there exists ∃ E ∈ C, with ν(E) = 0 and h = 0 is valid on S \ E .
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Definition

For every h : S → X that is |RL| (RL resp.) ν-integrable ∀E ∈ C, Th : C → X , defined by,

Th(E) = (|RL|)

∫
E
h dν

(
Th(E) = (RL)

∫
E
h dν resp.

)
, ∀E ∈ C

▶ order-continuous (shortly, o-continuous) if lim
n→+∞

ν(An) = 0, ∀ (An)n∈N ⊂ C, with An ↘ ∅;

▶ exhaustive if lim
n→+∞

ν(An) = 0, ∀ (An)n∈N ⊂ C, with Ai ∩ Aj = ∅, i ̸= j .

Theorem

Let h ∈ |RL|1ν(X ). If h is bounded, and ν is of finite variation then

(a) ▶ Th is of finite variation too;
▶ Th ≪ ν in the ε− δ sense;
▶ Moreover, if ν is o-continuous (exhaustive resp.), then Th is also o-continuous

(exhaustive resp.).

(b) If h : S → [0,∞), ν is monotone, then the same holds for Th.
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Convergence results

Theorem

Let h, hn : S → X , ν : C → [0,+∞), ν(S) < +∞. If h, hn ∈ |RL|1ν(X ) ∀ n ∈ N and hn ⇒ h then

lim
n→∞

(|RL|)

∫
S

hn dν = (|RL|)

∫
S

h dν.

▶ ν satisfies the condition (E) if for every double sequence (Bm
n )n,m∈N∗ ⊂ C, such that for every

m ∈ N∗, Bm
n ↘ Bm (n → ∞) and ν(∪∞

m=1B
m) = 0, there exist two increasing sequences

(np)p, (mp)p ⊂ N such that lim
k→∞

ν(
⋃∞

p=k B
mp
np ) = 0.

▶ the semivariation of ν is the set function ν̃ : P(S) → [0,+∞] defined for every A ⊆ S , by

ν̃(A) = inf{ν(B); A ⊆ B, B ∈ C}.

Missione 4 • Istruzione e Ricerca The indefinite integrals June 16, 2025 12 / 19



,
, Grant Number: 2022ZXZTN2

Theorem (scalar case)

Suppose ν : C → [0,+∞) is a monotone set function with µ(S) < +∞ and ν̃ satisfies (E).

▶ ∀ n ∈ N, let (hn) be uniformly bounded. Then

(RL)

∫
S
(lim inf
n→∞

hn)dν ≤ lim inf
n→∞

(
(RL)

∫
S
hn dν

)
. (Fatou)

▶ If ∃ h such that sups∈S,n∈N
{
h(s), hn(s)

}
< +∞ and hn

ν−ae−→ h or hn
ν̃→ h then

lim
n→∞

(RL)

∫
S
hn dν = (RL)

∫
S
h dν.
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If p > 0 and g : S → R : |g |p ∈ RL1
ν(R) and measurable, then ∥g∥p =

(
(RL)

∫
S
|g |pdν

)1/p
Theorem (Inequalities)

Let ν : C → [0,∞) be suitable σ-subadditive set function and g , h be scalar measurable functions.

▶ Let p, q ∈ (1,∞), with p−1 + q−1 = 1.

(a) If |g · h|, |g |p , |h|q ∈ RL1ν(R), then ∥g · h∥1 ≤ ∥g∥p · ∥h∥q . (Hölder Inequality)
(b) Let p ≥ 1. If |g + h|p , |g + h|q(p−1), |g |p , |h|p ∈ RL1ν(R), then ∥g + h∥p ≤ ∥g∥p + ∥h∥p (Minkowski

Inequality)

▶ Let p, q ∈ (0,∞), with 0 < p < 1 and p−1 + q−1 = 1.

(c) If |g · h|, |g |p , |h|q ∈ RL1ν(R) and 0 < (RL)
∫
S |h|q dν, then ∥g · h∥1 ≥ ∥g∥p · ∥h∥q (Reverse Hölder

Inequality).
(d) If |g + h|p , |g + h|)(p−1)q , |g |p , |h|p are RL-integrable, then

∥∥ |g |+ |h|
∥∥
p
≥ ||g ||p + ||h||p(Reverse

Minkowski Inequality).
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ck(R) denotes the family of all non-empty, convex, compact subsets of R, by convention, {0} = [0, 0].
We consider on ck(R)

▶ the Minkowski addition A⊕ B := {a+ b | a ∈ A, b ∈ B}, ∀A,B ∈ ck(R)
▶ and the multiplication by scalars λA = {λa | a ∈ A}, ∀λ ∈ R, ∀A ∈ ck(R).
▶ dH denotes the Hausdorff distance dH([r , s], [x , y ]) = max{|x − r |, |y − s|}, ∀ r , s, x , y ∈ R;
▶ [r , s]·[x , y ] = [rx , sy ];

▶ [r , s] ⪯ [x , y ] ⇐⇒ r ≤ x and s ≤ y ( [r , s] ∨ [x , y ] = [max{r , x},max{s, y}])
Given h1, h2 : S → R+

0 with h1(s) ≤ h2(s) ∀ s ∈ S , let H : S → ck(R+
0 ) be the interval-valued

multifunction defined by
H(s) :=

[
h1(s), h2(s)

]
, ∀ s ∈ S . (2)

For two set functions ν1, ν2 : C → R+
0 with ν1(∅) = ν2(∅) = 0 and ν1(A) ≤ ν2(A) ∀A ∈ C let

Γ : C → ck(R+
0 ) be an interval-valued set function defined by

Γ(A) =
[
ν1(A), ν2(A)

]
, ∀A ∈ C. (3)
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Γ is an interval-valued multisubmeasure if

▶ Γ(∅) = {0}; Γ(A) ⪯ Γ(B) for every A,B ∈ C with A ⊆ B (monotonicity) and
Γ(A ∪ B) ⪯ Γ(A)⊕ Γ(B) for every disjoint sets A,B ∈ C. (subadditivity).

▶ Γ is of finite variation ⇐⇒ ν2(S) < +∞.

∞∑
n=1

H(sn)·Γ(Bn) =
∞∑
n=1

[
h1(sn)ν1(Bn), h2(sn)ν2(Bn)

]
=

{ ∞∑
n=1

yn, yn ∈
[
h1(sn)ν1(Bn), h2(sn)ν2(Bn)

]
, n ∈ N

}
.

Definition: Riemann-Lebesgue integrability with respect to Γ (on S)

A multifunction H : S → ck(R+
0 ) is RL integrable w.r.t. Γ (on S) if ∃[c, d ] ∈ ck(R+

0 ) such that ∀ ε > 0,
∃Pε of S countable, so that ∀P = {(Bn, sn)}n∈N of S with P ≥ Pε,

▶ the series
∑∞

n=1

[
h1(sn)ν1(Bn), h2(sn)ν2(Bn)

]
is convergent with respect to the Hausdorff

distance dH and

▶ dH(
∑∞

n=1

[
h1(sn)ν1(Bn), h2(sn)ν2(Bn)

]
, [c, d ]) < ε.
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Theorem

An interval-valued multifunction H = [h1, h2] is RL integrable w.r.t. Γ on S ⇐⇒ h1 and h2 are RL integrable
w.r.t. ν1 and ν2 respectively and

(RL)

∫
S
H dΓ =

[
(RL)

∫
S
h1 dν1, (RL)

∫
S
h2 dν2

]
.

Monotone Convergence

Suppose Γ = [ν1, ν2] with νi , i ∈ {1, 2} non negative submeasures of finite variation. ∀ n ∈ N, let Hn = [h
(n)
1 , h

(n)
2 ]

be such that (h
(n)
2 ) is uniformly bounded and Hn ⪯ Hn+1 for every n ∈ N. Then

(RL)

∫
S

∨
n

Hn dΓ =
∨
n

(RL)

∫
S
Hn dΓ.
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Convergence type theorem for varying multisubmeasures

Let (Hn)n := ([h
(n)
1 , h

(n)
2 ])n be a sequence of bounded multifunctions, and (Γn)n := ([ν

(n)
1 , ν

(n)
2 ])n a

sequence of multisubmeasures. Suppose ∃ Γ := [ν1, ν2], with ν2 of finite variation (interval-valued
multisubmeasure) and a bounded multifunction H := [h1, h2] such that:

(a) Hn ⪯ Hn+1 for every n ∈ N and dH(Hn,H) → 0 uniformly on S ,

(b) Γn ⪯ Γn+1 ⪯ Γ for every n ∈ N and (Γn)n setwise converges to Γ

Then

lim
n→∞

dH
(
(RL)

∫
S

Hn dΓn, (RL)

∫
S

H dΓ
)
= 0.

νn
setwise−−−−→ ν if limn νn − ν(A) = 0, ∀A ∈ C.

(Γn)n setwise converges to Γ (namely ν
(n)
i

setwise−−−−→ νi , i = 1, 2 =⇒ limn dH(Γn(A), Γ(A)) = 0, ∀A ∈ C).
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