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Dual of L (X, &7, i)



Let (X, <7, 1) be an arbitrary measure space. There is a
canonical embedding:

Y Loo(X, o, p) — Ly(X, o, )"

Theorem. Y is a (bijective) isometric isomorphism in
case (X, o/, u) is o-finite.

In general, T is neither injective nor surjective.
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Let (X, <7, 1) be an arbitrary measure space.
T Loo(X, o u) = Li(X, o, )"

Theorem. Y is injective if and only if (X, o/, 1) is
semi-finite.

A measure space (X, .27, 1) is semi-finite, by definition,
if for every A € &7 such that y(A) = oo there exists

B € @/ suchthat B C Aand 0 < u(B) < oo.
Obviously, o-finite measure spaces are semi-finite.

Radon-Nikodvymification of Inteeral Geometric Measures — p. 5/2?



Semi-finite measure spaces

Let (X, .o/, 11) be an arbitrary measure space and define
Sy =/ 0N : p(N) = 0}
o =/ N{A: u(A) < o}
Jl@)locchfﬂ{A:AﬂFEJl@forallFEngf}.

It 1s easy to observe that the following are equivalent:
w (X, .o, p) is semi-finite
» Every A € & \ ), contains some F' € &/ \ A,
Wy loc = Jl@
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Let (X, .o/, 11) be an arbitrary measure space. It is not
difficult to modity slightly the measure w, leaving the

underlying measurable space (X, <) untouched, in
order to make it semi-finite. Specifically,

i (A) = sup{p(AN F) : F e a7},

A € /. One checks that (X, &7, ug) is semi-finite and
%Sf — t/%,loc-
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Given o € L(X, o7, 1)* and A € o7/ we consider
Li(A, g, i) — Li(X, o, u) — R

There exists g4 € Loo(A, 94, j14) representing o o ¢ 4.
The family (g4) 4c.rs is compatible: for all A, A’ € o7/

AﬂA/ﬂ{gA#gA/}E%.

A gluing of (g) sc.y¢ 1S an @7 -measurable function
g : X — R such thatforall A € &7/

AN{ga # g} € .
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A Measurable Space with Negligibles (X, o/, N ) is
a measurable space (X, <) and a o-ideal 4 C &7

L. (X, o, /") makes sense.

Given & C &7, a family (gg) ges of &/g-measurable
functions gg : £ — R 1s compatible 1f, by definition,
ENE N{grg # g} € N forall E, E' € &.

A gluing of a compatible family (gg) pes 1s an
a7 -measurable function g : X — R such that
EN{ge #g} € AN forall E € &.
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Essential supremum

Let (X, .o/, /") be an MSN and & C .o/. An essential
supremum of & 1s an A € &/ such that

mvVEc & . E\NAe N

wVBeo :WVEe€& . E\BeN]=A\Be N
Theorem. Let (X, o/, AN) be an MSN. TFAE

w The Boolean algebra <f | NV is order complete

w Each & C o/ admits an essential supremum

w Each compatible family (gr) pecs admits a gluing.
We say these MSNs are localizable.
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KExamples

w (Tarski, 1937) If (X, &7, 1) is a (o-)finite measure
space then (X, @7, .1, is localizable.

wIn (R, Z(R), #1) an essential supremum of
{{x} :z € R} is ().

wIn (R, A(R),{0}) an essential supremum of
{H{x} :z e R} isR.
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Surjectivity of 1

Theorem (DP, 2024). Let (X, o7, i) be an arbitrary
measure space. TFAE

m 1 is surjective

m (X, o, N, o) is localizable.

Theorem. Let (X, o7, 1) be an arbitrary measure space.
TFAE

m T is an isometric isomorphism

w (X, o, ) is semi-finite and (X, o/, .N,,) is
localizable.
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Hausdorff measures: Injectivity

m If X 1s a complete separable metric space and
0 < d < oo then (X, B(X), 5%) is semi-finite.
X = R" due to Davies, general case to Howroyd.

» The measure space (R?, &1, ##1) is not semi-
finite. Here, 27,1 is the o-algebra of

' -measurable sets in the sense of Caratheorody.
Due to Fremlin.

Theorem (Grzegorek, 1981). Define
non (ANg1) :=min{card S : S CRand S & N1 }.

There exists a universally negligible set Y C R with
card Y = non (A ).
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Hausdorff measures: Surjectivity

m (R?, B(R?), N1 10c) is not localizable. We will
explain how this follows from Fubini’s Theorem.

» Whether the MSN (R?, &1, N p1 10¢) is localizable

1s undecidable in ZFC. It 1s localizable under the
Continuum Hypothesis.

Define
mVo={s} xR,seR
lHt:RX{t},tER

and assume that A € Z(R?) is an A1 1,.-essential
supremum of {V : s € R}. Then
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Fubini

aVscR: 7 (V,\ A) =0
aVteR: #(H,NA) =0 (take B = A\ H)

Thus,
LR\ A) = [R%l(%\A)d%l(s) — 0
and
LA (A) :/Ryfl(ﬂmA)dzl(s) =Xi]

a contradiction.
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Refining needed

This reasoning does not apply if:

= A is not .£*-measurable (because Fubini’s Theorem
then fails)

= R? is replaced by an ambient set X such that
£?(X) = 0 (because no contradiction ensues).
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Part of Cichon diagram

non (A'y1) := min{card S : S CRand S & AN},
COVv (/Vogl) L= min{card] R C UiEINi and NZ = J/gl,i ~ ]}

Theorem. It is consistent with ZFC to assume that

non (A1) < cov (Negr) .
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Necessity of a larger ambient X

Theorem (DP, 2024). Assume that
® non (Ag1) < cov (N gn)
m C C |0, 1] is some Cantor set of dimension 0
m X =C x|0,1]
mABX)Co CHAX)
N = NNpror N = NN,

Then (X, of , ) is not localizable. (If we replace the
first condition by CH instead then (X, o/ 1, N 1) is
localizable.)
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General Theorem



Stone-Cech compactification

Objets: Topological Spaces
Arrows: Continuous Maps

Alternatively, the forgetful functor
Forget : Comp — Top

has a left adjoint.
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Universal property: first attempt

Objects: Saturated MSN
Arrows: Equivalence Classes of Measurable Morphisms

(Y, B, M) v S o (X, o, N)

This is a first attempt at defining the localizable version
of an arbitrary MSN.
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The categories MSN and LOC

® An MSN (X, &7, /) is saturated if for each
N € A4 and each N’ C N one has N’ € &/

m A measurable morphism between two MSNs
(X, o, N )and (Y, B, #)isamap f: X - Y
such that
Forall B € %: fY(B) € «

Forall M € .#: f~'(M) e N

= Two measurable morphisms f, f’ between
(X, o, N)and (Y, B, #) are equivalent if
XN{f#[f}teN.

= This defines the categories MSN and LOC
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Localizable version of (X, .o/, {(})

If .o/ contains all singletons then the localizable version

of (X, o7, {0}) should be (X, Z(X), {0}).

Forq =idgr and r € r one has R N {r #£ idg } € N1,
contradicting the existence of non .#!-measurable sets.
In fact, g should not be an arrow of the category.
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Supremum preserving morphisms

® An equivalence class of measurable morphisms
between (X, .o/, A") and (Y, B, ) is supremum
preserving 1f the following holds. For every
F C A, if ¥ admits an . -essential supremum F’
then f~1(F) is an .4 -essential supremum of
fH(F).

= This defines the categories MSNg, and LOC,,,.

» If X is uncountable and % '(X) is the countable -
cocountable o-algebra in X then (X, Z(X), {0}) is
not the (new) localizable version of (X, % (X), {0}).
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In (X, o/, V) wesay & C & is .V -generating if X
1S an ./ -essential supremum of &'. For example, if
(X, <, ) is semi-finite then <77 is .4/,-generating.

(X, o7, A) is locally determined if for every
A -generating family & C .o/ one has:
VAe X)) VEe& . ANFed]|=Aec o

For instance if ¢ i1s an outer measure on X and has
measurable hulls then (X, @7, .4;) is locally
determined.

This defines the category LLDqp.
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Arrows are in MSNq, and (X, o7, .4) is (saturated)
localizable and locally determined.

V7N — . s (X, N)

(X, o, N)

It 1s an open question whether each saturated MSN
admits an 1ld version. It boils down to whether
coequalizers exist in MSNp,.
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(X, o, /) satisfies the Countable Chain Condition
(cce) if each almost disjointed family & C o7 (i.e.
ENE' € .4 whenever E, £/ € & are distinct) is at
most countable. For example, if (X, .o7, 1) is
o-finite then (X, o7, .4}, satisfies the ccc.

If (X, .o/, 1) is ccc then it is 11d.

(Zorn) In an MSN (X, o7, A) it € C & is

V -generating then there exists an almost disjointed
and ./ -generating & C .o/ each member of which is
contained in some member of % .

(X, o7, A)is ccee if it is a coproduct (in MSN,) of
ccc MSNs. A cccec MSN 1s also 11d.
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Theorem (Bouafia - DP, 2023). Let (X, o/, ") be a
saturated MSN such that the collection
Seee = {72 (4, 9y, N7) is ccc} is N -generating. Then

(1) (X, o, N) admits a cccc version.

(2) If furthermore &,... contains an NV -generating
subcollection & such that card & < ¢ and each
(Z,.977) is countably separated, for Z € &, then

(X, o7, N) admits an lld version which is also its

cccce version.

The hypothesis is satisfied by (X, <7, .4,) in case

(X, o7, 1t) is complete and semi-finite, since 27/ is
¥,-generating.
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Radon-Nikodymification

Theorem (Bouafia - DP, 2023). Let (X, o7, 1) be a

complete semi-finite measure space and [(X g N ), P
its corresponding cccc version. Let p € p. There exists a
unique (and independent of the choice of p) measure |[i

defined on of such that puft = pand N, = N

Furthermore (X 2 it) is a strictly localizable measure
space, and the Banach spaces 1.1(X, o7, 1) and

Ly (X : o , 1) are isometrically isomorphic.
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Integral Geometric Measure



We consider the measure space (R™, Z(R™), folé)

where 1 < k£ < m — 1 are integers and fo’g 1s the integral
geometric measure. It 1s not semi-finite. Thus, we
replace it with its complete semi-finite version

N

(R™, B(R™), I).

We let & be the collection of k-dimensional
submanifolds M C R™ of class C! such that

oy = %L M is locally finite. It follows from the
Besicovitch - Federer - Mickle Structure Theorem that &
is /¥ 7, -generating.
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Integral geometric measure

For each x € R™ we define &, = &N {M : x € M} and
we define on &, an equivalence relation as follows. We
declare that M ~, M’ if and only if

k /
. "M NM NB(z,r))

= 1.
r—0+ C\ﬁ(k)’l“k

Letting [ M ], denote the equivalence class of M € &, we
prove that the underlying set of the cccc, 1ld, and strictly

localizable version of the MSN (R™, Z(R™), .4, ) can
be taken to be

X ={(z,[M],) :z € R™and M € &} .
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Thank you!
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