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Abstract

In Econometrics, imposing restrictions without assuming underlying distributions to modelize complex
realities is a valuable methodological tool. However, if a subset of restrictions were not correctly specified,
the usual test-statistics for correctly specified models tend to reject erronously a simple null hypothesis. In
this setting, we may say that the model suffers from misspecification. We study the behavior of empirical phi-
divergence test-statistics, introduced in Balakrishnan et al. (2015), by using the exponential tilted empirical
likelihood estimators of Schennach (2007), as a good compromise between the efficiency of the significance

level for small sample sizes and the robustness under misspecification.
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1 Introduction

Let X4, ...,X,, be i.i.d. observations on a data vector X with unknown distribution function F' having a finite
expectation, a non-singular variance-covariance matrix and a p-dimensional parameter of interest, 8 € © C RP.
All the information about F' and 6 is available in the form of r > p estimating functions of the data observation
X and the parameter 0

9(X,0) = (91(X,0), ...,.9.(X,0))". (1)
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The model has a true parameter 8 satisfying the moment condition
Erlg(X,60)] = 0,, (2)

where Ep [-] denotes expectation taken with respect to the distribution of F' of X. The parameter 6 has been
traditionally estimated using two-step efficient generalized method of moments estimators (GMM). This method
of estimation was introduced by Hansen (1982). In Hayashi (2000), for instance, all the estimation techniques

are presented and discussed in the GMM framework. A GMM estimator for 8 is gc MM, defined by
O = arggliggg(X, 0O)W . '(0)g,(X,9),
€

where
n

7,(X.0) = = g(X.,0) )

i=1
and W, is a positive semidefinite matrix. Under some regularity conditions /ég MM s consistent for Oy but in
general it is not efficient if » > p. The §G wmy will be asymptotically efficient if the limit of the matrix W, is
the matrix

811(00) = EF [g(X,Go)gT(X,GQ)] . (4)

A feasible version of this efficient procedure is based on obtaining an initial consistent estimator 0 of 6y by,

0= ing?(X,0)g, (X
6 = argming, (X, 0)g,(X, 6)
and then to consider
b\G]\/IM = arg ggg gZ(X, 0)§;11 (a)gn(Xa 0),
with
~ 1
S11(0) == X.:,0)97(X,,0). 5
1(6) = 130X 009" (X::0) )

An alternative to the GMM estimator is the (CU) continuous updating estimator obtained by
Ocu = argmingy (X, 0)S1,!(0)g, (X, 0).
ce

The GMM estimators have nice asymptotic properties (see Gallant and White (1988), Newey and McFadden
(1990)). They are consistent, asymptotically normal and asymptotically efficient under some regularity assump-
tions. However, several authors report that the two-step GMM estimator suffers from a substantial amount
of bias in finite samples (see Altonji and Segal (1996), Andersen and Sgrensen (1996) and Hansen, Heaton
and Yaron (1996)). This encourages the increasing literature on alternatives to the GMM. Maybe the most
known alternative estimators to the GMM are: the continuously updated (CU) estimator of Hansen, Heaton
and Yaron (1996), the empirical likelihood estimator (EL) of Owen (1988, 1990), Qin and Lawless (1994), and
Imbens (1997), the exponential tilting (ET) estimator of Kitamura and Stutzer (1997) and Imbens, Spady and
Johnson (1998), the minimum Hellinger distance estimator of Kitamura, Otsa and Evdokimov (2013) and the
generalized empirical likelihood (GEL) estimators of Newey and Smith (2004). Although EL estimator is prefer-

able to the previous estimators in higher-order asymptotic properties, these properties hold only under correct



specification of the moment condition, and the asymptotic behavior of EL estimator becomes problematic un-
der misspecification. The ET estimator is inferior to the EL estimator in relation to higher-order asymptotic
properties, but remain well behaved in presence of misspecification under relative weak regularity conditions.
To overcome this problem, Schennach (2007) suggests the exponentially tilted empirical likelihood (ETEL) that
shares the same higher-order property with EL under correct specification while maintaining usual asymptotic
properties such as /n-consistency and asymptotic normality under misspecification.

Qin and Lawless (1994) studied the empirical likelihood ratio statistic for testing simple null hypotheses based
on the EL estimators. Later Balakrishnan et al. (2015), using EL, considered some families of test statistics
based on ¢-divergence measures: empirical ¢-divergence test statistics, which contain the empirical likelihood
ratio test as a particular case. Some members of this family have a better behavior for small sample sizes in
the sense of the size and power of the test. The contribution of the current paper is to extend the empirical ¢-
divergence test statistics replacing the EL estimators by the ET and ETEL estimators to study their robustness,
in particular under misspecification, which is their major advantage with respect to the previous ones.

In Section 2l we introduce the ETEL estimator given by Schennach (2007) which is obtained as a combination
of EL and ET procedures to deliver an estimator and we present its asymptotic properties. Section [3is devoted
to introduce the empirical ¢-divergence statistics for testing simple null hypotheses on the basis of the ETEL
estimator and we present their asymptotic distribution. Based on it, power approximations of the empirical
¢-divergence test statistics are derived. A rigorous study of the robustness of the empirical ¢-divergence test
statistics is derived in Section [ and the asymptotic distribution of the empirical ¢-divergence is developed
under misspecified alternative hypotheses. In Section [A] a simulation study is presented and finally, in Section

some conclusions are given.

2 Exponentially tilted empirical likelihood

Let «1, ..., z, be a realization of X, ..., X,,. The empirical likelihood function is given by
£Fn (IBl, 7wn) = HdF (ml) = Hpi7
i=1 i=1

where p; = dF (x;) = P(X = ;). Only distributions with an atom of probability at each x; have non-zero
likelihood, and without consideration of estimating functions, the empirical likelihood function L, is seen to

be maximized, at X = @1, ..., X,, = ®,, by the empirical distribution function
n
F,(x) = ZuJ(Xz <),
i=1
which is associated with the n-dimensional discrete uniform distribution
u = (ula -"aun)T = (%a T %

Let .
Fro(z)= sz' 0)I1(X; < z),



be an empirical distribution function associated with the probability vector

p(0) = (p1(6),....pn(0))", pi(6) >0, Zpi 0)=1, (6)

and

lpr(0) = Zlogpi (9) (7)

the kernel of the empirical log-likelihood function. The moment conditions given in (2)) can be expressed from

an empirical point of view as
Er,,[9(X,0)] = Zpi (0)g(X;,0) =0,, (8)
i=1

which are the so-called estimating equations. If we are interested in maximizing (7)) subject to (8), by applying
the Lagrange multipliers method it is possible to reduce the dimension of the probability vector (n), to the

number of estimating functions (r), since

1 1
T n1+t5.(0)9(Xi,0)

PEL,i (0) ,1=1,...,n, 9)

where tgr,(0) is an r-dimensional vector to be determined by solving the non-linear system of r equations,

1 — 1
- Xlae :07‘) 10
0 2T, g%, 00 X0 (10)

1—n

st t5,(0)9(X;,0) >

n

Maximizing expression (7)) is equivalent to minimize the expression

—%Z log (np; (8))

and this expression can be written as the Kullback—Leibler divergence measure between the probability vectors

u and p (0), i.e.,
w;

bi (9)'

Dxun (u, p (0)) = Zuz log
i=1

Therefore,

Opr, = in D, 9

BL = arg gull UKull (u,ppr (0))
subject to the restrictions given in ().
If we consider Dxun (p(0),u), rather than Dgyn (u,p (0)), we get the empirical exponential tilting (ET)

estimator, considered for instance in Kitamura and Stutzer (1997). In that case

Opr = argmin D, (p (0) 1) .
LSS

where

Dxun (p(0) ,u) = sz' (0) log (npi (0)) (11)



and

1=1

n (12)

3 3 )

pET.i (0) = exp{t5r(0)g9(X;,0)}

> exp{thr(0)9(X;,0)}
j=1
where tgr(0) is an r-dimensional vector to be determined by solving the non-linear system of r equations
1 n
~>_exp{tir(0)g9(X:,0)}g(X;,0) = 0,. (13)
i=1

The exponentially tilted empirical likelihood (ETEL) introduced by Schennach (2007) combines EL and ET

procedures to deliver an estimator. The ETEL estimator is defined as

OpreL = arg lglei({)l Dyxun (u, ppr (9)), (14)
where
Per (0) = (pET,l (0) sy PET,n (0))Ta (15)

and pgr,; (0) is given by ([[2). Theorem 1 in Schennach establishes that the ETEL estimator of 6 maximizes

the kernel of the empirical log-likelihood function given by
n 1 n .
prEL(0) =) logppr, (0) = —log (52 exp {tir(0) [9(X:,0) — g, (X, 0)]}) : (16)
i=1 i=1

where tg7(0) is obtained by solving (I3]) and g,,(X, 0) was defined in (B]). In Schennach (2007, page 659) the

following important relation for this paper is presented,

7,(X,0) N S1T1 (6p) S12(60) tAET(GETEL) — oy(n-1/2), (17)
0, S12(80)  0pxp OrrEL — 60
with S11 (8p) given in (), and
S12(0) = Er [Gx(0)], (18)
0
Gx(0) = aoﬁg(xae)- (19)

Based on (I7), we have

Brs — 00 = V (60) ST, (85) Sii! (80)7,(X.00) + 0,(n~"/?),

where
V (80) = (ST (00) 811 (00) 12(80)) . (20)
and
ter(OpreL) = —R(00)G,(X,00) + 0,(n~"/?). (21)
where

R(00) = S17 (60) — S1' (80) S12 (80) V (80) ST, (60) S1i' (60) .



Expression (2]]) is obtained from (7). Hence,
Vi(@preL — 60) nig N (0,,V (60)),

and

Viter(@preL) néo N (0., R (6y)).

In the following section we propose a new family of empirical test statistics for testing a simple null hypothesis,
when the unknown parameters are estimated using the ETEL estimator defined in (I4) and then derive their

asymptotic distribution.

3 New family of empirical phi-divergence test statistics

The empirical likelihood ratio statistic for testing
Hol 0= 00 VS. H1: 7] 75 00 (22)
based on the ETEL estimator has the expression

G2 (/éETELa 6p) =2 Z log pET,i(aETEL) -2 Z log prT,:(60) (23)

i=1 i=1

= —2n (EETEL(GO) - fETEL(aETEL)) )
where T (e) was defined in ([[@). Schennach (2007) established that under Hy
G2 (aETEL 00) £> XQ.
n ’ n—oo P
It is clear that the empirical likelihood ratio test statistic given in ([23]) can be expressed as
G2(0preL. 00) = 2n (DKun (w, Pgr (60)) — Dxun (uapET(aETEL))) ;

where pgr (0) is ([I3).
We shall denote by ®* the class of all convex functions ¢ : Rt — R such that at = 1, ¢ (1) =
¢" (1) >0, and at z = 0, 0 (0/0) = 0 and 0¢ (p/0) = plim,_,c 2

u

. If instead of considering the Kullback—
Leibler divergence measure, we consider a general function ¢ € ®* to define the ¢-divergence measure between

the probability vectors u and p (6) as

n u; .
Do (up(0) =Y (0)0 (). vea (24)
i=1 ¢
we obtain a new family of empirical test statistics for testing ([22) given by
2n ~
T?(@prer, 00) = o0 (D¢ (u,pgr (00)) — Dy (uvaT(OETEL))) ; (25)
ie.,
(0 6o) an (6o) ( ! > inp (5 Vo !
ETEL,00) eT,i (60) - eT,i(OETEL — | |-
¢" nper,i (6o) ] nper,i(0ETEL)



Moreover, the empirical likelihood ratio test statistic falls inside this new family since G%(EETEL,n,Go) =
T¢OprEL, 00), With ¢ (z) = zlogz — z + 1.

It is well-known that the family of test statistics based on ¢-divergence measures has some nice and optimal
properties for different inferential problems in relation to efficiency, but especially in relation to robustness; see
Pardo (2006) and Basu et al. (2011).

For every ¢ € ®* differentiable at = = 1, the function ¢ (x) = ¢(z) — (z — 1) ¢’ (1) also belongs to &*. Then,
we have

Tff(aETEL, 0o) = T,f(aETEL, 6o)

and ¢ has the additional property that ¢’ (1) = 0. Since the two divergence measures are equivalent, without
any loss of generality we can consider the set ® = ®* N {¢: ¢ (1) = 0}. In what follows, we shall assume that
pcd.

Another family of statistics for testing the hypotheses in [22) based only on the ¢-divergence measure

between pET(/éETEL) and pyp (0o), namely, Dy (PET (/éETEL)apET (00))a is given by

S¢(OpreL, 00) = ¢,,( )D¢ (pET(eETEL) PeT (00)) (26)
" ~
peT,i(0ETEL)
(6o) —_— |
¢,, ZpETz 0) ( peTs (00) )

where ¢ is a function satisfying the same conditions as function ¢ used to construct 7. (5 ETEL, 00).
We shall refer to both families of test statistics as empirical ¢-divergence test statistics. The first family
has been applied for the first time in Broniatowski and Keziou (2012) but using the EL estimator rather than

the ETEL estimator and only in the case that the parameter dimension is equal to the number of estimating

equations (p = r). Both families were applied in Balakrishnan et al. (2015) only with the EL estimator.

Condition 1 Let ||-|| denote any vector or matriz norm. We shall assume the following regularity conditions
(Theorem 1 in Qin and Lawless, 1994):

i) S11(00) in ({{]) is positive definite, and for S12(0¢) in (I8), rank(S12 (60)) = p

i1) There exists a neighborhood of 8y in which ||g (X, 0)”3 s bounded by some integrable function of X ;

iii) There exists a neighborhood of 0 in which Gx(0), given in ({I3), is continuous and ||Gx (0)] is bounded
by some integrable function of X ;

iv) There ezists a neighborhood of 8 in which BG(;;(G)

function of X.

66"(0) H 18 bounded by some integrable

is continuous and H

The asymptotic distribution of the empirical ¢-divergence test statistics, T,‘f (5 ETEL,00) and S,‘f (/é ETEL,00),

is given in the following theorem.
Theorem 2 Under Condition [l and under the null hypothesis given in (22),

~ ~ c
T?(OprEL,00), S¢(O0pTEL,00) e Xﬁ-



Proof. We shall prove the result for SS(/G\ETEL,OO). In a similar way can be established the result for
Tff(gETEL, 0o).

Let us consider

terer = ter(@prer) and to = t(8y).

We rename D (pET(aETEL),pET (00)) = dd)(?ETEL,tO) as a function of?ETEL and tg, i.e.

~ " exp{tlg(xz;, 0 exp{t :Bl,0 exp{tlg(z;, 0
dy(tereL.to) = Y pito 9(21,60)) (it ETELg( ETEL) /Z pitog 0)}

=1 Z?:1 exp{tOTg(:Bj, o)} Z" 1 exp{tETELg x;, OETEL =1 exp{to g(x;,60)}

A second-order Taylor expansion of d¢(ZETEL, to) around (0,,0,) gives

~ Ody (t1,t - ddy (y,t
dy(teTEL, t0) = dg (01, 0;) + M terer + M to
It ly—t,—o, 9ty g —ts=0,
Lo 9Pdy(t,to) r %dg (t1,t2)
i Z8 M%) t Ll Pds i t) t
2 FTEL ot otT 1 —ts—0. FTELT 970 Otadty |y 4,0, ’

~T 82d¢ (tl, tg)

t to + o(|[t 2y + o (||to]?) -
ETEL 8t26t1T 0 (|| ETEL|| ) (|| 0|| )

t1=t2=0,
It is easy to show that
ddy (t1,t2) Odg (t1,t2) T
de (0,,0,) =0, o = ol =0,,
1 t1=t>=0, 2 t1=t2=0,

0?%dy (t1,t2) 0?%dy (t1,t2) -

Z e \P 22) = — @ e/ =¢"(1)811(0g) = ¢" (1) 811 (00) + 0, (1,%r),
T |,y T (1) S11(60) (1) S11(80) + 0p(Lrxr)
2dg (1, -

UL = 6" (1)1 (80) = —6" (1) S11 (80) + 0yl
Oty 0t t1=t2=0,

Then, we have

2ndgy (/t\ETELa to)

¢ (1)
T - T +T n 2 2
= ntprpr S (00) terer + ntg Si1 (00) to — 2ntgrppS11 (B0) to + o(n|[tpreLl*) + o (n|[tol?) -

Sff(aETEL, 0o) =

Denoting
Zexp{tT 9(X;,0)}g(X;,0),

from (I3) the Taylor expansion of h(ty) around to = 0, is equal to

0, = h(0,) + <i

7 Bt ) to-+o 1),

where h(0,) =7, (X, 00), % h(to)ls,—o, = S11(80) = S11 (80) + op(Lyxr), and from it the following relation
is obtained

n'?ty = —S77 (80) n'/?g, (X, 00) + 0p(1,), (27)



Taking into account (20), (Z1) and (27), it holds
T ~
ntprpLSi (00) teren = ng, (X, 00)R (60) 7, (X, 60) + 0p(1),
ntg S11(80) to = ng,, (X,600)S1' (60) g, (X, 80) + 0, (1),
~T _ —
ntprpLSi (00) to = ng, (X, 600)R (00) 7, (X, 60) + 0p(1),

and consequently

o~

2ndy(teTEL, o)
¢ (1)
=ng, (X,00)S77 (60) S12(00) V (80) ST (60) S11' (00) G, (X, 00) + 0,(1)

Sff(gETEL, 0o) =

=ng} (X,00)S1; (60) S12 (80) V (B0) V™' (80) V (60) ST, (60) 5;11 (60)g,,(X,60) +0p(1)
= Vn(@preL — 00)"V " (80) Vi(@pTEL — 00) + 0,(1)

= (VAV Y2 (00) @eres — 00)) VAV (00) Berrr — 00) + o0,(1).

It is clear that
ViV Y2 (00) (OpreL — 00) £, N(0,1,),

n—00

where I, is the p X p identity matriz. Now, applying Lemma 3 of Ferguson (1996), we readily obtain the desired

asymptotic distribution. ®

Based on the asymptotic null distribution presented in Theorem 2 we reject the null hypothesis in (22)), with
significance level «, in favour of the alternative hypothesis, if Sff(@ETEL, 6o) > x;a (or if T,‘f(aETEL, 6o) >
Xp.o)), where X2, is the (1 — a)-th quantile of the chi-squared distribution with p degrees of freedom. In most
cases, the power function of this test procedure cannot be derived explicitly. In the following theorem, we
present an asymptotic result, which provides an approximation of the power of the empirical ¢-divergence test

statistics described previously.

Theorem 3 Under the assumption that 8™ # 6q is the true parameter value

n'/2 <¢1/(1)T$(§ETEL, 0o)
/57 (00,07 )M 15 (60,0") 57060, 0) 2n

n—r00

—N¢>(90,9*)> 5 N(0,1),

where

Er,. [exp{r"g(X.00)}]
exp{rTg(X,60)] )*"(X’BO)] |

879(00,0") = E. [exp{T7g(X,600)}] E,. leXp{TTg(X ,80)}¢ (
(28)
T is the solution of

EFe* [eXp{TTg(X, 00)}Q(X7 00)] =0y,

() = d(x) -z (2), (29)

M 14(80,0") = Ep. [exp{7"g(X,00)}9(X,00)9" (X,00)] Er,. [exp{27" g(X,00)}g(X,00)g" (X, 6)])

x Ep,. [exp{rTg(X,60)}g(X,60)g" (X.00)] , (30)



and

(31)

ex TT
1o(00.0%) = B, [exp{rTg(X.00)}] Er,. [ew{rTg(X,eo)}as(E[ ol g(X”’())”)].

exp{7Tg(X,00)}
Proof. We rename Dy, (u, ppr (0)) = dg(u, t(0)) as a function of w and (), i.e.

Z exp{t’(0)g(X;,0)}

d Zexp{t X]70)} ZeXp{t Xue)}qﬁ nexp{tT(O)g(Xz,G)} )

and in particular for @ = 6y and 6 = OprpL, Dy (u,pgr (60)) = de(u,ty) and D¢(u,pET(§ETEL)) =
dd)(u,fETEL). Since tg £ 7, we shall consider, on one hand, the first order Taylor expansion of dg(u,to)
n—oo

around tg = 7
8d¢ (’l.l,7 to)

d Jto) =d ,
¢(’U, 0) ¢(’U, T)+ at(j)“

(to — 1) +o(|[to — 7II),

to=T1

where

Y exp{t"(0)g(X;.0)}
adwt (Zexp{tT 9(X; 0>}) ZeXp{tT 9(X,0)}w [ = 9(X:,0),

nexp{t’ (0)g(X;,0)}

and since ZET EL i> 0,-, we shall consider, on the other hand, the first order Taylor expansion of d(z,(u,fET EL)
n— oo
around /t\ETEL = OT

dg(u,tereL) = o(|[tereLl)).

Then

)

dy(u,to) = dy(u,tprrr) = do(u, ) + 57.4(60,0) (b0 — 7) + ol|[to — 7||) + o(|[preLl]), (32)
where s,4, given by (28), is such that

0dy (u, o)
Ly AN 00,0%).
ato to=T n—o0 ST‘?b( 0, )

Denoting
Zexp{tT 9(X;,0)}g(X;,0),

the Taylor expansion of h(tg) around o = 7 is equal to

0

0, = h(r)+ (W h(to>|t0_,> (to—7) + o |lto — 7I[1,),

where

h(t) = %Z exp{TTg(X;,00)}9(X,00),

i=1
0

1 n
ol h(to)ly,—r = 52 exp{T7g(Xi,00)}g(X:,00)g" (X, 00)

= EFB* [eXP{TTg(Xv 00)}9(Xa QO)QT(Xa 00)} + Op(]-rxr);

10



and from it the following relation is obtained

to— 1 =—Ep). [exp{T"g(X,00)}g(X,00)g" (X, 60)] (%Z exp{T"g(X,00)}g(X, 90)) +op(1;).

i=1

We obtain in virtue of the Central Limit Theorem

Vit (to = 1) <5 N (0., Mp4(80,6%)).
where M .4(6o,0") is (B0), since

Er,- [exp{T"g(X,00)}g(X,60)] = 0,,

and

vn <%Z€XP{TT9(XM00)}9(Xi700)> néo N (0, Ep,. [exp{277 g(X,60)}9(X, 80)g" (X, 60))),

i=1

On the other hand, since

S exp{r7g(X;,00)}

dg(u, ) = (Z eXP{TTQ(vaOO)}) ZQXP{TTQ(Xi’eo)}¢) nexp{tTg(X;,600)} |’

j=1 i=1

it holds
do(u,t0) = 16(60,0"),

where 14(60,0") is (3I). Hence, from [B2)) it follows

n—oo

m dy(u,to) — dy(u, tereL) — 1e(60,67) £y N(0,1),
\/ng (80,0 )M 1.6 (80, 0%)5..0 (80, 07)

which is equivalent to the enunciated result. m

Theorem 4 Under the assumption that 8™ # 6q is the true parameter value

1/2 "(1)S2(0 0
e (e, £ voo,
/552 (00,0 )M 50(00,0")55:(60,67)
where
840 (0070*) _ Sl,Sﬁ (0050*) 7 (33)
" 82752(0050*)

S1,5¢ (60,0") = *R(O*)EFe*

/ EFe* [exp{TTg(X,OO)}] *
‘f’( exp(rTg(X. 60)) )g(X"’ )1’

5275;4; (007 0*) = _E;},l* [eXp{TTg(X, 00)}] EZ;;* [eXp{TTg(X, 00)}9(Xa GO)QT (Xa 00)]

Er,. [exp{T7g(X,00)}] ) g(X 00)1

Er,.
X oxp{rTg(X,00)}

exp{7"g(X,00)}v <

11



Msg;(eo,e*) _ ( S11(0%) 212(0*700)) |

»L(0%,00) 22(0%,60)
$12(600,0") = Ep,. [exp{r"g(X,00)}g9(X,0%)g" (X,60)],
322(60,0%) = Ep,. [exp{277g(X,00)}g(X,00)g" (X,6y)] .

7, ¢ and py(09,0%) as in Theorem[3

o~

Proof. Since tprer £, 0, and tg £, 7, we shall consider the first order Taylor expansion of dy(tgrEeL, to)
n—oo n—oo

~

around (tETEL;tO) = (OTaT)v

o~ od tETEL7T -~ 0d, (0 ,to
dg(tereL,to) = dp(0r, T) + % terer + % (to—T)
atETEL tererL=0, 0 to=T7

+o(|[tereLl]) + o(l[to — 7)),

where
" -, > _exp{r")g(X;,60)}
ds(0,,T) = exp{tTg(X,0 exp{tTg(X,, 0 =1 7
s ) (; p{r" g(X; 0)}) ; p{7" g( 0)}¢ o9 (X100
ddg (/t\ETEL;tO) n T R o o R
7 = Z exp{tprpLg(X;,0preL)} Z exp{tprpL9(Xi,0prEL)}
OtpTEL = =
> exp{tgg(X;,60)} o
j= expit i ~
w4 | = _ n P{tpreg( ETEL)} 9(X:.0mrp1)
exp{ty9(Xi,00)} T ~
Z exp{tprpL9(X;, 0prEL)}
j=1
and
~ -1
ddg (teTEL, to n n
( i ) — Zexp{tng(Xj,Oo)} Zexp{tOTg(Xi,ao)}
Jj=1 i=1
> exp{ti g(X;,600)} - R
% =1 exp{tprpr9(Xi, 0prer)} 9(X..80)
exp{tfg(Xi,60)} & T ~ TR
Z exp{tprpL9(X;,0pTEL)}
j=1

with ¢(z) given by (29). Then,

dy(tpreL,to) = He(00,07) + §1T.,$5€ (60,6 ) tprEL + §§Sg (60,67)(to — 7) + o[t prLll) + ollto — 7I]), (35)

where

§1,S:f (0*’ 00) - EFB* |fbl <EF8;X[§?£'§;(§((,)§O,§O)H ) Q(X, 0*)‘| ) (36)

exp{T"g(X,00)} (EFG;X[E{?;;(;(?;;;O)H ) 9(X, 00)1 ;

8y g9 (6%,00) = E;el* [exp{TTg(X7 60)}] Er,.
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are such that

dd)(O’ra T) n%o IU/¢>(005 0*)5

Ody (/t\ETELy to)

P _ *
Itprer e Sl’sg(e 60),
terEL=0,
O0dy (/t\ETELvtO) r .
| ol Fase(®.60).
to=T1

Denoting
Zexp{tT 9(X;,0)}g(X;,0),

the Taylor expansion of h(tg) around ¢y = 7 is equal to

0

0, = h(r)+ (W h(to>|t0_,> (to—7) + o |lto — 7I[1,),

where

h(t) = %Z exp{TTg(X;,00)}9(X,00),

i=1
0

1 n
ol h(to)ly,—r = 52 exp{T7g(Xi,00)}g(X:,00)g" (X, 00)

= EFe* [exp{TTg(X, 00)}9(Xa BO)QT(Xa 00)} + Op(lrxr);

and from it the following relation is obtained

_ RS
to— T = —Ep,. [exp{7"9(X,00)}9(X,00)g" (X, 60)] (;Z exp{r"g(X;,00)}g(X, 00)) +0p(1,).
i=1
From (2I) its follows
terer = —RG,(X,07) +oy(n”1/?),

and then
s, qu (6%,00)terEL + 32 52 (07,60)(t0 — 7)

1 n
= 57 3(67,00)9, (X, 0p75L) + 5] 4 (67,60) <EZ€XP{TT9(X1',90)}9(Xi700)>

i=1

R . 5 *
= EZS{SE’,(@ ,00)9(Xi,0pTEL) + 5, 34 (07, 00) exp{T" g(X:,00)}9(X, 60)
- —2354, (6%,00)g X“0ETEL700)

where sgg (6%, 00) is (33),
g(lee*)

9(X;,0%,60) = .
exp{T" g(X,00)}9(X,00)

13



and taking into account that
Er,. [Sgﬁ(e*aGO)E(XaaETELaGO)} = Sgﬁ(e*;OO)EFe* [g(Xab\ETELaeo)} =0,

we obtain in virtue of the Central Limit Theorem

NG
/5507, 00)Varr,. [§(X:.07.00)] 5, (6" 60)

(d¢(?ETEL,t0) */w(@o,@*)) =5 N(0,1),

n—oo

which is equivalent to the theorems result. m

Let
Bre(0°) = P(T(0prEL, 00) > X 4|07),
Bgo(0") = P(S2(OprEL, 00) > X207,
be the exact power functions of T,‘f (EET £L,0p) and S,‘f (EET EL,00) respectively, with respect to the asymptotic
critical value of the test, at 8% # 6, for a significance level . Notice that in practice, since the exact

distributions of T¢(0 grer,00) and S?(@prsL,0,) are unknown, B4(0%) and By (6™) are also unknown. The

following result provides an approximation for 5,.4(0") and g4 (0").

Remark 5 From Theorem[3, we can present the approzimation to the asymptotic power f0(0%), at 6% # 6o,

of the empirical ¢-divergence test Tff(aETEL, 0y) for a significance level o, as

Br0(0") = 1= @ (v70 (67, 80) ) = 7 (6), (37)
where ®(-) is the standard normal distribution function and

1/2 " 2
n <¢ (1)Xp7a _lud)(eo,e*)) -
\/s%f (60,0") M 1(60,0")5.6(85,6") 2n

VT;{’(G*aOO) =

If some alternative 0 # 0y is the true parameter, then the probability of rejecting (22) with the rejection rule
T,f(/éETEL,OO) > X;a , for fized significance level «, tends to one as n — oco. Thus, the test is consistent in
the sense of Fraser (1957). In a similar way, an approzimation to the asymptotic power function Bge (0%), at

0" £ 0, for the empirical ¢-divergence test Sff(/éETEL, 6o) can be obtained as

B(07) =1 ® (VS;,: 8 90)) : (38)
where )
. 1/2 " (D)Xp.a .
1/57?(0 500) = T " = - " ( (2 - _lu’¢(0030 )) :
\/55:(80.6)M 5 (60.67)s.5 (60.6) \ 2"

From the parametric statistical inference, 3}, (8") and B%4(6") are known to be good approxzimations of B (6")
and 44 (87) respectively (see for instance, Menéndez et al. (1998)). Notice that in practice, since F is unknown,
;;{’ (0) and ﬂ;g (6%) are also unknown. However, in practice ﬂ;ﬁ (6%) and ﬂg;‘i (0*) are consistently estimated,

by replacing expectations by sample means.
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To produce some less trivial asymptotic powers that are not all equal to 1, we can use a Pitman-type local
analysis, as developed by Le Cam (1960), by confining attention to n'/2-neighborhoods of the true parameter
values. A key tool to get the asymptotic distribution of the statistic T,?(@ETEL, 0o) (or S;f(@ETEL, 6y)) under
such a contiguous hypothesis is Le Calm’s third lemma, as presented in Hajek and Siddk (1967). Instead of
relying on these results, we present in the following theorem a proof which is easy and direct to follow. This
proof is based on the results of Morales and Pardo (2001). Specifically, we consider the power at contiguous
alternative hypotheses of the form

Hin:0,=00+n"'2A, (39)
where A is a fixed vector in R? such that 6,, € © C RP.
Theorem 6 Under Condition [ and Hy , in (39), the asymptotic distribution of the empirical ¢-divergence
test statistics S’;’f(@ETEL,OO) and T,?(@ETEL,OO) is a non-central chi-squared with p degrees of freedom and

non-centrality parameter

5(60) = ATV 1(80) A. (40)
i.e.
S¢(@rreL, 00) (or TS (OprEL,00)) néo X2(6(60)),
where V (0¢) was defined in (20).
Proof. We can write

\/ﬁ(aETEL —60y) = \/ﬁ(aETEL —6,)+vVn(6, -0y = \/ﬁ(aETEL —-0,)+ A.

Under Hy ,,, we have

Vi@prEeL — 0,) —= N(0,V (8))

n—o0

and
Vi@srer —60) = N(A,V(6))).
In Theorem[3, it has been shown that
~ ~ T ~
S¢(O0prEL,00) = (V(00)71/2\/ﬁ(0ETEL - 00)) V(80) Y2\ /n(@preL — 00) + 0p(1).
On the other hand, we have
V(00)2Vi(@presL —60) = N(V(60)'/?A,1,).

We thus obtain
Si(OpreL.00) ~5 X3(5(00)).

with 6(6o) as in [{Q). A similar procedure can be followed for the proof of T,‘f(/éETEL, 6)). m
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4 Robustness of empirical ¢-divergence test statistics

In Robust Statistics, two concepts of robustness can be distinguished, robustness with respect to contamination
and robustness with respect to model misspecification. We shall understand misspecification in the sense that

@) is not verified for any 8 € ©, in particular there is misspecification for the null hypothesis in (22) if
IEF [g(X,80)]]| > 0.

For brevity, in the sequel Eg|[-] is denoted by E[-].
It is well-known (see Imbens et al. (1998)) that the estimating equation with respect to @ for the EL and

ET estimators are given by
n

3 o (mi,él,te(ée)) —0, (e{ELET},

i=1

with
P (w8, (6)) = 7 E%(Legg;gz)m’ 1)
pr (2.0, t5(6)) = £5n(0)Ga(6) exp (£ (0)g(x. 0)} (12)

In relation to the ETEL estimators, from Theorem 2 of Schennach (2007) the following estimating equation

with respect to 0 is obtained
n

Z PETEL (mi7 gETEL, tET(aETEL)) =0,

with )
PETEL (:B, 0, tET(e)) = tET(e)Gw (0) (exp {t%T(e)g(:B, 0)} - mET(G)) ) (43)
oPr(6) = Sy o0 (e (0)9(2,,0)) . @€ {as}

The influence functions for the three types of estimators, EL, ET, ETEL, are proportional to the p; (x, 0, t:(0))
function, for £ € {EL, ET, ETEL}, respectively, given in (@II)-[#3]),

If(m,ag, Fnﬁg) X p¢ (.’1),/0\@, tz(ag)) ,

where tprpr(0) = tgr(0). Evaluating prr, (:B,b\EL, tEL(gEL)) at perturbations of tEL(aEL) # 0,., it can be-
come unbounded even if g(x, 8) is bounded, i.e. the influence function of 0 gL can be unbounded. This is in con-
trast with the influence function ofaET and éETEL, since ppT (:B, @EL, tEL(aET)) and pgrEL (:B, @EL, tEL(aETEL))
are affected to a much less extent by perturbations of tgr (5@), ¢ € {ET, ETEL}, respectively. At the limiting
values of the estimators, 0, n%o 0y, t; (5@) n%o 0,, for ¢ € {EL,ET, ETEL}, respectively, the influence

functions for the three types of estimators, are identical,
LF (2,00, Fn0,) = V (60) ST (60) S17' (60) g(w, 60),

reflecting the first order equivalence of the estimators (for a detailed proof see Lemma 1 in Balakrishnan et al.

(2015)).
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Let T'(e) be the functional associated the ETEL estimator of 0, i.e.
T(Fuo) = Oprer,  T(Fue,) = 0o,

and the test-statistic S¢(0grpL,60), given in (Z6), defined now through its functional

53(Fy0) = ¢,,?)D¢(pET(T(Fn,9)),pET 0) ¢,, ZpETZ <%§2;’))>

Theorem 7 The first and second order influence functions of S¢(F, . ¢) are

0

TF(z, 5%, Fpg) =
(@ 0) = 5T

S%(Fno)|g_ T(Foo) IF(x,0pTEL, Fae),

and

2n - i (T(Fy, 1
-,Z'--F‘Q(mwsfi)vF’n7 ) I]'—T(:B eETEL; n,0 Z(b <pET 79))>
i=1

¢"(1) i (80) pEeT,i (60)
X ( 4 (T(Fhp)) | ZF(x,0 F,o)
T (Fra) " (T aTT T (Frg) 7T erEL: Fuo
+ o iqﬁ’ (pETZ ) Ta pETz (T'(Fne)) | ZF2(x,0ETEL, Frp)
¢//(1) =1 pETz 00 oT (an ’
Proof. Let
0, s<w,
Froeo=(1—¢)F, 0+ €y, dz(8) = ,
1, s> x.

the e-perturbation of F), ¢ at . The first and second order influence functions of S (Fy,0) are defined as

‘F( 7Sn7F ) 8 Sd)( ns@)‘gzo
2n <~ , (PET T(an))) 9
= — ’ a- i T Fns
¢//(1) ;d’ ( PET (00) angT, ( ( , 79)) 0
2n <~ ,, (PETi (T(F1p)) 0 <a )
— 2 d i T Fn =T Fne
¢/I(1) ;¢ ( pETJ' (00) aTT(Fn79)pET ( ( 9)) 85 ( 0) —o
0 ~
= 597 S¢(Fp.e ‘0 _T(Fy e )I]:(w,OETEL,Fn,G%
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and

0
I]:Q(:B S F ) T SS(FH,E,G)’ =i

y Mno

2n <~ . (PETi (T(Fhe)) (%pET,i(T(Fnaaﬂ))‘a:o)Q
2.9 ( ( )

pET, (00)

+ 2n Z¢/ (Zm;;f—%f))) %pET,i (T(Fue))

e=0

_ 2 ¢ 1 w (PET (T(Fap))\ (O 1
=0 X e 80 < peri (90) ><asT (Frce)

5—O>
0 0 0

X (78T(Fn79)pET,i (T'(Fn, 9))) <_8TT( _)pET,i (T(Fn,e))> (%T(Fms,ﬂ) 6_0)
m — , [ PET,i (T(Fn,e)) 0 ) 8_2

t w2 ( per: (00) ) <8TT(F o) T (T(F""’))> (Z%QT(F"’E’G) e_o)

_ n [ PET,i (T(Fn,e))> 1
- (b/l(l)I‘F (m eETEL; n,0 ;¢ < pETl(GO) pET,i (00)

e PET,i T pET,i (T'(Fnp)) | ZF(x, OpreL, Fno)
0T (Fne)

2n ’ pETz ) 8 -~
+ ) i (T(Fy IFs(x,0 +Fne),
)¢ ( <8TT(Fn0 pETi (T(Fnp)) 2(x,0pTEL, Fno)

Corollary 8 Under the null hypothesis of the test (22), the first and second order influence functions of the

test-statistic S$ (gETEL7 00) are given by

B .
.7:((3, Sn7 F ) - 80']‘ S’f(Fn,e)‘e:eo I]:(:B; OcTEL, Fn,eo) =0,
. o2 .
IFs(x, S, Fue,) =IF " (x,0p1EL, Fn,GU)W S;f(Fn,e)|9:00 IF(x,0pTEL; Fno,)-

In particular, for large samples

IFs(x,82,Fye,) = I]:T(xagETELa Fre,)V ™! (Oo)If(mngTEL, Fr6,)
=g"(@,00)S77 (60) S12 (80) V (60) ST, (80) S11" (60) g(, 60). (44)

Proof. Both equalities are obtained taking into account

0 gl s 0 o
ao7 (o0, = i) ;aoT Pt Olo=z(r,ap1=00 = O
since ¢’ (1) =0, and
T B & P A
IF (m,eETEL,FmgU)W S"(F"10)|6:T(Fn,go):00I‘F(m’eETEL’F"ﬂU)
= ZF"(x,0575L, Fro,) i¢" apETz(@) 0 ——=pET,i (0) IF(2,05r5L, Fro,)
¢// pETz 00) 00 0—0, 90T 66, )

I]'-2(‘1775ETEL7 Frho).
6=0,

¢,, Z¢> OTpETZ(e)
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Since

02 0
S¢(Fne)|,_p =2n logper,; () pET,i (00) log per,: (0)
00967 o0, Z 0=0, a6” 0=0,

—2v~ (80) + 0,(1),

an alternative expression for the second order influence function, for large sample sizes, is (@]). m

Notice that aeaeT

EL, ET or ETEL, ZF3(x, S¢, F,, ¢,) remains unchanged.

S¢ (Fmg)‘ 0—0, is the same for any ¢ function and plugging any estimator into S¢, either

A similar results of Theorem [ and Corollary [§] can be enuntiated for the other family of test-statistics,
T’r? (F n,0 )

Let 0. grrr denote the ETEL’s pseudo-true value associated with the misspecified model, i.e.

0. grer, = argminlogE [exp {tT(H) (g(X,0)—E[g(X, 0)])}} ,

s.t. E[exp {t7(0)g(X,0)} g(X,0)] = 0,.

The ETEL’s pseudo-true value can be interpreted as the best approximation to the true value, according to the

ETEL’s estimation method.

Condition 9 We shall assume the following regularity conditions (Schennach, 2007):

6GX(9) H s bounded by some

i) There exists a neighborhood of 0. grEr in which M 18 continuous and H
integrable function of X ;

i) E [supgce exp {t7(8)g(X,0)}] < oo s.t. E [exp {t7(0)g(X,0)} g(X,0)] =0,;

iii) There exists a function of X, f(X), such that ||Gx(0)|, 66"(0) H are bounded by f(X) and
E [supgece exp {k1t" (0)g(X,0)} f*(X)] < o0, ko =1,2, ko =0,1,2,3,4, s.t. E[exp {t"(0)g(X,0)} g(X,0)] =

0,.

The ETEL estimator of 8, grer, éETEL, associated with the misspecified model, is obtained in the same
manner done for the true model, in fact in practice it is not possible to know when the model is misspecified.
By following Lemma 9 of Schennach (2007), it is convenient to study, apart from the vector of parameters of
interest € and the Lagrange multipliers vector ¢, two additional auxiliary variables & € R” and 7 € R in a joint
vector

B=0"t" kT, 1T
According to Theorem 10 of Schennach (2007), by calculating first the asymptotic distribution of ,B' ETEL =
(HETEL, tETEL, HETEL, Terer)?, and subtracting thereafter the marginal distribution of EETEL, the procedure

AT
to calculate the asymptotic distribution of @ ;- is simplified, under misspecification. The following auxiliary

function

QD(Xvﬁ) = (‘P?(Xvﬁ)v ‘pg(XaB)v 903T(Xu3), 904(Xaﬂ))Ta
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with

¢1(X.B) = exp{t’g(X,0)}G% (0) (k + tg" (X, 0)k — t) + 7Gx (O)t,
P2(X,B) = (1 — exp{t’g(X,0)}) g(X,0) + exp{t’ g(X,0)}9(X,0)g" (X, 0)x,
@3(X,8) = exp{t’ g(X,0)}g(X,8),

pa(X,B) = exp{t’g(X,0)} —

defines ,BETEL, as the solution of L 3" | (X, 3) = Opt2r41, and the pseudo-true value

_ (pT T T T
By prer = 0% prEL te ETEL Ke ETEL T+,ETEL)"

as the solution of E [p(X, 8)] = Op+2,+1. Under Condition @, the asymptotic distribution of Brrpr is given by

\/E(BETEL — B ETEL) néo N (0p+2r+17F_l(ﬁ*,ETEL)(I)(IB*,ETEL) (F_l(ﬁ*,ETEL))T) )
with

0
I'(B. prer) = E {% @(Xvﬂ”g—g*wmm} ;

‘I)(/B*,ETEL) =E [QD(XaB*,ETEL)LPT(XaB*,ETEL)] )

assuming that I'(3, prpy) is nonsingular. Based on this result,

VnO@rrEL — 0s prEL) 2 N( ngTEL) ; (45)

with

s — ! ) ! T Ty 46
Vabprer — \Ip  O@rt1)x(2r+1) By ereL)®B. grEL) ( (B*,ETEL)) . (46)
O02r11)x(2r4+1)

Lemma 10 The first derivative of ([I2) is given by

e (0) = per (0) Gk, (0)t51(0) — D51 (O)exppr @ (0)tr(0) ~ K(0)g(X .. 6)].

where EXp 7 (0) was defined in (43),

eXpETG Zexp{tET XZ,O)}GT (6),

—~ IE—

K(G) = (eXpET G" tETgT(G) + exXppr GT(B)) exppr 997 (9)7

eXPET GTtETg ZQXP{tET 9(X, 0)}GX (0)tpr(0)g" (X, 0),

exppr 997 (0) = gz exp{t’g(X,0)}9(X,,0)g" (X,,8).

i=1

(For the proof see Appendix)
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Lemma 11 The first derivative of Dy (u, pgr (0)) is given by

0 R 1 = T 4 Xppr(0) T
%Dqﬁ (u,ppr (0)) = eXpET(B) [n ;eXP{tET(G)Q(Xu 0)}y (exp{t%T(G)g(Xi, 0)}) GXi(e)tET(a)

B O) 5 Y exp{thr 0)9(X. 0} (P e T (O)t 0 (6)

“RO)7 Y eplthr(0)9(X 00} (O g(x. e>] , )

and

0 P

%D¢> (u, ppr (0)) o Ty @),
with Y (x) given by (29),

rpe(0) = B [exp{Er (0)g(X, 0)}] {r1(0) — r2(0) — r5(0)} (48)

. B[eolfer@a(x, 0} 7.
r1(0) = B |exp{Tpr(0)9(X,0)}v ot G%(0)| Tor (),
exp{tpr(0)g9(X,0)}

I o E [exp{Eir(0)9(X.0)]
r2(0) = B! [exp{Trr(0)g(X, 0)}| E |exp{rr (0)g(X. 6)}v —
exp{tpr(0)g9(X,0)}

< E [exp{tpr (0)g(X, 0)}G% (0)| Tor (6),

(0) = K(O)E | exp{Thr(0)g(X.0) )1 E (e ©)9(x.9) (X.0)
= O gL et @ax.0y )7

K(0) = {E [exp{Epr(0)9(X,0)} Gk (0)F1r(0)g" (X.0)| +E [exp{Err(0)9(X. 0)}G% (0)] }

x B! exp{Er(0)9(X.0)}g(X.0)g" (X.0)] . (49)
tpr(0) is the solution in t of E [exp {t"g(X,0)} g(X,0)] = 0,.

Let S15(8) = L3 Gx,(8) be a consistent estimator of S12(6) given in ([I§). It is interesting that according
to formula (42) of Schennach (2007),

0 0
Hg DKl (u,ppr () = — %EETEL(G)

K(0) <%ZQ(XZ-,0)> + (me,i (0)G%.(0) — §1T2(0)> ter(0)
K (o) (%ng,e)) '

which matches [7) with ¢(z) = zlogz —x + 1.
(For the proof see Appendix)

=1

B 1(6) (%Zexp{tTmXi,e)}G&i(o)) - §1T2<e>] tor(0),
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Lemma 12 The first derivative of Dy (gt (0),Pgr (00)) is given by

n

0 _ sl l o ((pETi (0) \ 7
80D¢(pET(0)apET (00)) = Py (6 n; (pET.i(Oo) exppr G (0)tgT(0)
I PET,i 1 DPET,i ) T
— (X;,0)—— Gx (0)tpr(0), 50
”; (pETz 00)) ng (pETz (60) x,(0)ter(6) (50)
where
peTi (0) _ exp{tir(0)9(Xi,0)} Dpr(0o)
peTi (00)  exp{tpr(0)g(Xi,60)} Sppr(6)’
and
9 P
%D¢ (Per (0),.Ppr (60)) e q52(0,00),
with

ds¢ (0, 00) =4q; (07 0o) + QQ(07 00) - QS(07 00)7 (51)

01(6.60) —E-! [exp{ZET(O)g(X 0)}}E {(b, ( exp{Ehr(0)g9(X, 0)} E{eXP{ZET(eo)Q(X,OO)})}

exp{Tpr(80)g(X,00)} B [exp{tir(6)9(X.0)]
% B [exp{Er(0)9(X, 0)}Gx (0)] Eor(0),

el (@)g(x,0)} B [explEnr(00)a(X,60)]
2(6,60) = K(O)E |/ | —21 — x.,6)|

=T E |exp{tr,(00)g(X,0
4s(0.00) = | & exngT(e)g(X,e)} [ p{t_:r( 0)g( o)} GL©®)| Tor(®),
exp{Epr (00)9(X.00)} B [exp{Tyr(0)9(X,0)]

trT(0) is the solution in t of of E [exp {tTg(X, 0)} g(X, 0)} =

The following two theorems evaluate the effect of a misspecified alternative hypothesis on the asymptotic

distribution of the empirical ¢-divergence test-statistics.

Theorem 13 Under the assumption that the pseudo-true parameter value 8, prer is different from 6

nt/? ")TS (0 ,0
9" (1) n(2ETEL 0) ~ tige (00,0, p7EL) £, N(0,1),
\/7“;? (04, 67BL)Z /7,0y, Tre (O ETEL) " nee
where EfGETEL is given by [{0), v+ (0« erEL) by [(#8) and

MTg (00, 0*,ETEL) =E! [GXP{EET(G*,ETEL)Q(X; 0*,ETEL)}}

E {ZT ® 19(X.0 1o E {eXP{ng(e*,ETEL)Q(X,9*,ETEL)}}
X N ,0, —
eXpitpr\U«,ETEL)G ,ETEL exp{th(G*_,ETEL)g(X,G*VETEL)}

~ B! [exp{Tpr(80)9(X, 00)} ]

exp{Tpr(00)g(X, 00)}

with ter(0) being the solution in t of E [exp {tTg(X, 0)} g(X, 0)} =

. E [GXP{ZET(QO)Q(Xv 00)}}
x E |exp{trpr(00)g(X,00)}o
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Proof. The first order Taylor expansion of Dy (u, pgp (0)) around 04 grer is
0
Dy (w,ppr (0)) = Dy (w, Py (0w, p151))+ 55 Do (w,Ppr (0))lo—g, 1y, (0 = O pror)+0([|0 — 6. prow) .
In particular, for 8 = OoraL
N ) N
Dy (wPET(@ETEL)) = Dy (u,ppr (0+,5781)) + 55 Do (W, Ppr (0))lg—p. 1, (OETEL=Os pTEL)
+o (HaETEL_O*,ETELH) .
According to Theorem [T %D¢ (u, pgr (0)) converges in probability to a fixed vector, and so
D¢(U7PET(§ETEL)) = Dy(u,ppr (0+.67EL)) + ?“;? (0. ETEL) (aETEL — 0. 5rEL) + 0(||§ETEL — 0. grEL|])-
From (@3) it holds v/ o(||0preL — 0. erELl]) = 0p(1). Thus, the random variables
vn <D¢(U7PET(§ETEL)) — Dy(u, pgr (0*,ETEL))) and r;? (0") Vn(O@prEL—0. BTEL)

have the same asymptotic distribution, and since

d;u—\%) (TT?(/éETEL, 00) — T2(0..prEL, 90)) =n (D¢ (uvaT(/éETEL)) — Dy (u, ppr (0*,ETEL))) :

¢" (T2 (04.pTEL,00)
2n

FE
Fe*,ETEL

] = jipo (60,05 ETEL),
the desired result is obtained. m

Theorem 14 Under the assumption that the pseudo-true parameter value 8, prer is different from 6

n'/? <¢”(1)S$f(§ETEL, 0o)

c
_ 5 —Msfz(@o,@*,ETEL)> — N(0,1),
\/qsas (0+.p7EL,00)% 55,,,, 953 (0« BTEL, O0) " o

where 3 ;5 s given by ({0), qg¢(0+,pTEL,00) by (E1) and

fige (60,04 pTEL) =E [GXP{EET(GO)Q(X7 00)}}

exp{tap (0, 5r50)9(X, 00 prEL)} E [eXp{ZET(Oo)Q(X7 00)}]
exp{ng(Go)g(X, 00)} E eXp{EET(G*,ETEL)g(X7 0*,ETEL)}}

x E exp{ZgT (00)g(X,00)}¢

with Tpr(0) being the solution in t of E [exp {t"'g(X,0)} g(X,0)] =0,.
Proof. It is omitted since similar steps of the proof for Theorem [I3] are needed. m

Corollary 15 Under the assumption that the pseudo-true parameter value 0. grrr is different from g, the

asymptotic distribution of the likelihood ratio test-statistics is given by

n'/? <¢"(1)Gi(§ETEL, 0o)

2n

n—o0

— /,[/GZ(0070*,ETEL)> i> N(O’ 1)’
\/"“52(0*,ETEL)E\/HI§ETELTG2(0*=ETEL)

where

re2(0+.57EL) = 7620« ETEL) — T6,3(04 ETEL), (52)
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with
rG 20+ prEL) = K04 57EL)E [9(X, 0, ETEL)]
rc,3(0«TEL) = {Ei1 [eXp{ng(e*,ETEL)g(X;0*,ETEL)}:|
xE {eXp{EET(O*,ETEL)Q(X, 0*,ETEL)}G7);(0*,ETEL):| - Sng(e*,ETEL)}EET(O*,ETEL%
K (0. greL) is given by ([£9) and

{GXP{EET(Q*,ETEL)Q(X, 0*,ETEL)}}

Yo, prer
a2 (00,04 grer) = log —
EFB*,ETEL |:exp{tET (BO)Q(X, 00)}:|
- EF"*,ETEL [EET(e*,ETEL)g(X, 0*,ETEL) - EET (00)g(X, 00)} . (53)

Proof. With ¢(z) = zlogz — z + 1 plugged into (29)

T
E[eXp{tET(O*’ETEL)g(X’0*’ETEL)} _ exp{tpr(0..pr51)9(X, 0. prEL)} _q

-T _
eXp{tET (0*,ETEL )Q(Xv 0. ETEL )} E [eXp{th (0*,ETEL )Q(X7 0*,ETEL ) }}

is obtained, and then according to Theorem [I3] plugging

E [GXP{EET(G*,ETEL)Q(X; 0*,ETEL)}

eXp{ng(e*,ETEL)g(X; 0. ereL)}

G% (0. 5rEL)

=E! [eXP{ZET(O*,ETEL)Q(X, 0*,ETEL):| E {eXP{ZET(e*,ETEL)Q(X, 0*,ETEL)}G§(0*,ETEL):| — ST(8..prEL),
_T
B [GXP{tET(G*,ETEL)g(X, 9*,ETEL)]
eXP{ng(e*,ETEL)Q(Xa 0. erEL)}

E {GXP{ZET(Q*,ETEL)Q(X, 0*,ETEL):|

exp{Epr (0., 5rer)9(X, 0. preL)}

E Q(X, 0*,ETEL) =-E [Q(X7 0*,ETEL)] )

E 0,

into rf(O*yETEL), rf(G*ﬁETEL), rg(G*yETEL) of Theorem [I[3] respectively, the desired result is obtained. The

expression of (53) is a particular case of 10 (00,0« prer) with ¢(z) = zlogr —z+ 1. =

Remark 16 From the previous two theorems, we can present an approximation of the power function under
misspecification Brs (0« eTEL), 0t O« ETEL # 00, Of the empirical ¢-divergence test Tff(gETEL, 0o) for a signif-

icance level o, as
ﬁ;ﬁf (0. prEL)=1—2 (VTS,’ (0. ETEL, 00)) =~ ﬁTg (0. ETEL),

where

n'/? <¢”(1)T$(5ETEL, 0o)

m - ,qu (90, 0*,ETEL)> .

Vo (04, 67EL, O0) = \/

r;? (0*,ETEL)EW§ETELTTT? (0..5TEL)

In a similar way, an approzimation to the asymptotic power function under misspecification Bg¢ (0. ETEL), 0t

0. erEL # 00, for the empirical ¢-divergence test Tﬁ(/O\ETEL, 6¢) can be obtained as

ﬂ;g (O.prEL)=1—0 (ng‘; (0. ETEL, 00)) >~ Bgs(0+,ETEL),
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where

— Hge (00, 0*,ETEL)> .

Vge(0+,ETEL, 00) =

n'/? <¢”(1)Sﬁ(5ETEL, 60)
\/qu (0+.678L,00)2 15,.., 952 (0« E7EL, 00) n

In practice, ﬂ;¢ (0..gTEL) and ﬂ;» (0. eTEL) are unknown but their consistent estimators are obtained by re-

placing the population mean by the sample mean.

Remark 17 The class of ¢-divergence measures is a wide family of divergence measures but unfortunately there
are some classical divergence measures that are not included in this family of ¢-divergence measures such as the

Rényi’s divergence or the Sharma and Mittal’s divergence. The expression of Rényi’s divergence is given by

1 = a o
D ényi (Per (0) ,pgr (00) = m 1ngpET 0)" Per (90)1 sifa#0,1, (54)
i=1
with
D(I){ényi (Prr (0),PET (60)) = ,113% Drenyi (Per (8) ,Ppr (00)) = Dxutt (PET (0) ,PET (60))
and

D}%ényi (Per (0),Ppr (00)) = lim Dreényi (Per (0),PEr (00)) = Dxunt (PE7 (60) , PET (9)) -
a—1

This measure of divergence was introduced in Rényi (1961) for a > 0 and a # 1 and Liese and Vajda (1987)
extended it for all a # 1,0. An interesting divergence measure related to Rényi divergence measure is the
Bhattacharya divergence defined as the Rényi divergence for a = 1/2 divided by 4. Other interesting example
of divergence measure that is not included in the family of ¢-divergence measures is the divergence measures

introduced by Sharma and Mittal (1997).

In order to unify the previous divergence measures, as well as another divergence measures, Menéndez et al.

(1995, 1997) introduced the family of divergences called “(h, ¢)-divergence measures” in the following way

D! (ppr (8),ppr (80)) = h (Dy (Ppr (0),ppr (00))),

where h is a differentiable increasing function mapping from |0, ¢ (0) + lim;_, @} onto [0, 00), with h(0) = 0,
K (0) > 0, and ¢ € ®. In Table [l these divergence measures are presented, along with the corresponding

expressions of h and ¢.

Divergence h(z) ¢ (x)
Rényi Ll(%_l)log(a(a—l)erl), a#0,1 %, a#0,1
Sharma-Mittal iy {[1+a(a—1)a]7 —1}, baz1l EEEDE a0

Table 1: Some specific (h, ¢)-divergence measures.
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Based on the (h, ¢)-divergence measures we can define two new families of empirical (h, ¢)-divergence test

statistics,
Syt (/éETEL, 00) = mh (D¢> ((pET (5ETEL) ' PET (90)))) (55)
and
" (5ETEL7 90) = m (h (Dg (uw, per (60))) — h (D¢ (U,PET (aETEL)))) : (56)

The results obtained in this paper for the empirical ¢-divergence test statistics Tff (5 ETEL,B00) and S;f (5 ETEL,00)

can be obtained for the empirical (h, ¢)-divergence test statistics defined in (B3] and (GG).

5 Simulation study

The aim of this simulation study is to analyze the performance of the empirical ¢-divergence test-statistics when
the ETEL estimator of an unknown parameter is considered. In this regard, robustness under misspecification
and efficiency are studied, based on the design of the simulation study given in Schennach (2007). Let X be an
unknown univariate random variable, with mean 6 € R and variance 02 € R both unknown, but it is supposed
to be known that o2 = #? 4 1. The corresponding moment based vectorial estimating function is g(X, #) = 0x,

with g(X,0) = (91(X, ), g2(X,6))",

g (X,0) =X —0, (57)
g2(X,0) = X? —26% — 1. (58)

By modifying [B8) to
92(X,0) = X2 —20% -6, € (—26% 00) — {1}, (59)

we are considering a misspecified model, with § being a tuning parameter for the model misspecification degree.
Since the correctly specified model has a variance equal to §2 + § with § = 1, less variance than the correct one
is specified when § € (—2602,1), while a bigger variance than the correct one is specified when § € (1,00). The
EL estimator of 6 is given by

Op1, = arg min (—é 1ngi,EL(9)) ;
with

1 1
n1+ 35 the(0)gn(i,0)

S 1
t1,e0(0), t26L(8) s.t.
; 1+ 30 the(0)gn(x:,0)

1=1

pi,EL(Q) = gy eeey T, (60)

)

gr(zi;9>:0; 7’:1,2,

the ET estimator of 6 by

Opr = arg I@%ﬁ > peT,i(0)log (peT.i(0)),
=1
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with
exp {Zi:lth7ET(9)gh (i, 9)}
Siexp {5 tnr(0)gn (@i, 0) )

pi,eT(0) = i=1,..,n, (61)

)

ti,e7(0), t2,5r(0) s.t. ZGXP {Zi:lth,ET(Q)gh(xiv 9)} gr(z:,0) =0, r=1,2,

=1

and the ETEL of 0 estimator by
@\ETEL = arg min (— > logpi ETEL (9)) )
OeR \ =1

with pi prer(0) = pipr(0), i =1, ..., n. The test-statistics T2* (6, ) and S¢ (6,60 ), with ¢ € { EL, ET, ETEL},

and
A+1

m(:c fx—/\(z—l)), AeR-—{0,-1}
oa(2) = { limy o ds(z) =zlogz —z+1,  A=0 :
limg,_1 ¢ps(x) = —logz+x—1, A=-—
are the so-called empirical power divergence based test-statistics of Cressie and Read (1984), valid in this new

setting for testing

HO 10 = 90 VS. Hl 10 7é 90, with 90 =0. (62)

The expressions of the empirical power divergence based test-statistics are

i (£ (a0 ™ = 55 (nmie@) ). AER-{0.-1)

T Brn0) = {23 low (2455 A=0 7
n (z pr(60) 10g (npi.e(6)) — - pz-,e@e)log(npi,e(@») A=
=1 =1

(SN 28@ )\ R0
AN\ & 22,000 ' ’
S (B0,00) = {20 Y. pie(B)log (2455 ), A =0 ,
i=1

2n Y pie(bo)log (pl E(eu)) A=-1
=1

(60)
with £ € {EL, ET, ETELY}, p; g1.(0) given by (@0) and p; grrr(0) = p;,gr(0) by ([@). It is worth of mentioning
that the empirical likelihood ratio test-statistic of Qin and Lawless (1994) matches the case of A = 0 when the
EL estimator of 6 is applied, i.e. T (0g1,00) = G2 (051, 00).

For the study of the performance of T:9» (9}, 6p) and S (9}, o), for illustrative purposes, a subset of tuning
parameters of the empirical power divergence based test-statistics are considered, A € {—1,—0.5,0, %} When
the model is correctly specified, the population’s distribution is simulated with a standard normal distribution,
ie. X ~N(0,0*+6), with@ =0and 6 =1 (02 = 1). When the model is misspecified, two cases are considered,
by simulating the population distribution either through X ~ A (#,02+6), with§ = 0and § = 0.7 (62 = 0.7 < 1)
or § =0and § = 1.3 (6> = 1.3 > 1). The pseudo true value of the ETEL estimator is 0, prrr = 0o = 0 for
o> %, and t. 1. ETEL = 0, te 2, ETEL = 255, so even being a misspecified model HETEL is a consistent estimator

of the true value of . Using R = 10, 000 replications, the following results are obtained.
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In Figure [ the simulated cumulative distribution functions (CDF) of 0 EL, HAET and HAET g1 are shown with
a sample size of n = 1000, for the correctly specified model (§ = 1) as well as the two misspecified models
(6 € {0.7,1.3}). Since the sample size is very big, the three types of estimators exhibit almost the same
CDF. The gray color line of the figures indicates the theoretical distribution with correct specification, i.e. the
reference line to be compared. Under misspecification, as expected according to Schennach (2007), the most
robust estimator under misspecification is gET (it is closer to the gray line), the least robust §E (it is further
from the gray line), and gETEL tends to be between the two. In addition, gETEL tends to be in between the
two in efficiency with respect to the exact size of the asymptotic test for small sample sizes, no as efficient as
§E 1, but more efficient than éET. In the same way, we would like to identify a test-statistic 7% (HAET EL,00) or
S (§ET E£L,00) with good performance at the same in robustness under misspecification and efficiency.

The simulations showed that in robustness under misspecification S (5@, 6p) is much worse than T/%» (é\g, o),
with ¢ € {EL, ET, ETEL}, for this reason the following figures are focussed only on 7.9 (9}, 0o). In Figure[2the
simulated CDFs of T/ (5@, 0y) are plotted with the three types of estimators and a degree of misspecification
equal to 4 = 1.3, while in Figure[3l are plotted with a degree of misspecification equal to § = 0.7. From them, the
test-statistic 7.9 (5@, 6o) with A = —1 seems to be the most robust test-statistic under misspecification. Figure
@ has been plotted to compare the performance of T (5@, 6o) with A = —1 when different types of estimators
are plugged, £ € {EL, ET, ETEL}. As expected, the most robust test-statistic is Tf’l(é\ET, o), the worst one
Tf’l(gEL, ), and Tff’l(gETEL, o) is in between. From Figures 21 and Bl for the misspecified model (either
with § = 1.3 or § = 0.7), the exact significance levels can be visually compared with respect to the 0.05 nominal
level, comparing the values of the black color curves just at X3 o5 = 3.84 in the abscissa axis, with respect to the
gray color curve. In this regard, the exact sizes for § = 1.3 are better than for § = 0.7: for ETEL estimators the
exact significance levels are 0.048 (A = —1), 0.036 (A = —0.5), 0.031 (A = 0), 0.025 (A = 2) when § = 1.3 and
0.176 (A = —1), 0.208 (A = —0.5), 0.258 (A = 0), 0.391 (A = 2) when § = 0.7. The figures of the simulations
for S (5@, o), with n = 1000, were omitted, but the exact sizes are as follows: the exact significance levels
are 0.017 (A = —1), 0.017 (A = —0.5), 0.017 (A =0), 0.017 ( A = %) when § = 1.3 and 0.417 (A = —1), 0.417
(A= -0.5), 0418 (A =0), 0419 (A = %) when 6 = 0.7.

Figure @] and [0 represent, only for n = 100 for illustrative purposes, the asymptotic power based on the
power-divergence test statistics 7.9 (§ETEL,O) and S (é\ETEL,O), BTTQ: (0*) and 652 (0*) when the nominal
significance level is a = 0.05. There are no substantial differences for a generic small or moderate samples size.
The test-statistics 79> (éETEL, 0) and S (éETEL, 0), with A = —1, exhibit the exact significance levels closest
to the nominal significance level, 0.058 for 7.9 (§ETEL, 0) and 0.052 for S (gETEL, 0). In the results obtained
in Balakrishnan et al. (2015) S (Agy,6y) was found out to be much more efficient than T'¢* 6z, 60) with
small sample sizes, for being S (éE L,00) closer to the nominal level than 79 (HAE L,00). Such a difference is
less pronounced for T/ (HAETEL, 6p) and S (HAETEL, 6p). The performance of T/ (éEL, 6o) with A = —1 is then
relatively good in efficiency with small sample sizes as well as in robustness under misspecification (with small
and big sample sizes).

The approximation to the asymptotic power B, (6*), at 6% # 0, of the power-divergence test T (HAET £L,0)
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Figure 1: Cumulative distribution function of the three types of estimators, for n = 1000, when the model is

correctly specilied (top), and is misspecified (6 = 0.7, 0 = 1.3).
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Figure 2: Cumulative distribution function of the empirical power divergence based test-statistics with the three

types of estimators, for n = 1000, when the model is misspecified with § = 1.3.
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Figure 3: Cumulative distribution function of the empirical power divergence based test-statistics with the three

types of estimators, for n = 1000, when the model is misspecified with § = 0.7.
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Figure 4: Cumulative distribution function of T2-" with the three types of estimators, for n = 1000, when the
model is correctly specilied (top), and is misspecified (§ = 0.7, § = 1.3).
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for the correctly specified model, with a significance level «, is according to Remark B and doing some algebraic
manipulations, ﬂ;% @)=1-9o (I/Tzzb)\ (0%, 0)), where

* 1 * * * 7% X2,Ot *
pgn (07.0) = (55 (00) M5 (67, 0)3,, (67,0 ) (;n (0 ,o>>,

A(A+1)0*2
exp{ 2(1-x6%2) }

1 - —_ —
A(A+1) \/(1,/\9*2)(9*2+1)>\ L], AeR {Oa 1}
o (0%,0) = |
™ 02 — Llog (1 + 0°2) A=0
1log (14 6*2) A=-1

PN G ae)

S?gM (9*, O)MTn (9*, O)STZ))‘
" (202 + 1)° (1 — A0*2)® (62 + 1) !
20*4 + 40*2 + 1 — oo (07 4-30°2 41 1
(1 or2e) |, e )

— gty (07 302 4 1) b (6075 + 1600 + 1964 4+ 802+ 1) | \ (A +2)0"

In particular, Figure [}l shows the approximated and exact asymptotic powers of 7.9 (HAET £L,0) when A = —1,
ﬂ;ml (0*) and ﬂT"’*l (%), for two sample sizes n = 100 and n = 200. The approximation is quite good for the
values not very close to 6y = 0, 0* ¢ (—0.11,0.11) when n = 100, and 6* ¢ (—0.075,0.075) when n = 200.

T test-statistic for A=-1

approximated with n=100
exact with n=100
approximated with n=200
exact with n=200

0.1 0.2 0.3

Figure 5: ﬂ;ml (0%) and 8o, (67,0) when the ETEL estimator is plugged.
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Figure 6: Power function (s, (0*), for different values of A when the ETEL estimator is plugged.
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Figure 7: Power function Sgs, (0*), for different values of A when the ETEL estimator is plugged.
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6

Conclusion

This paper introduces empirical ¢-divergence test-statistics using exponentially tilted empirical likelihood esti-

mators, as alternative to the empirical likelihood ratio test-statistic. It is shown that these test-statistics follow

the same efficiency and robustness patterns of the corresponding estimators, empirical likelihood estimators,

exponential tilted estimators and exponentially tilted empirical likelihood estimators. This justifies the practical

choice of the exponentially tilted empirical likelihood estimator to be plugged into the empirical ¢-divergence

test-statistics, for being a good compromise between the efficiency of the exact size of the test for small or mod-

erate sample sizes and the robustness under model misspecification. According to the results of the simulation

study, the modified empirical likelihood ratio test

Tff’l(gETEL, 0o) =2n <Z pi,e7(00) log (np; 1 (00)) — Zpi,ET((/g\ETEL) 1Og(npi,ET(§ETEL))> ,

i=1 i=1

exhibits, by far, the best performance.

A possible future research could include a correction of the critical value for T; " (gET £L,6o) test-statistic.

For instance, in the line of Lee (2014), bootstrap critical values of Tf’l(é\ETEL,HO) could be studied to be

compared with the Wald type test-statistic’s bootstrap critical values proposed in the aforementioned paper.
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Appendix
Proof of Lemma Taking into account (I2)),
0 (0) = 2 Lep{thr(0)g(X,0))
207" ") = g =Dpr(0)
_ lexp{t%T(O)g(Xi,G)} [ai (tT (0)g(XZ-,0)) eXppr(0) — %ﬁm(e)]

n exp5(0)

— 0 6) | 35 (EEr(0)g(X1.6) — oxD3}(6) ;oD 6)].

where

0

3¢ (tEr(0)9(X,0)) = G, (0)tpr(6) +

— Ghe (O)ter(60) — (XL e lter(0)9(X,,0)) G, (0) (tr(0)g7 (X,.0) + 1,)

« (LTI explter (0)9(X,.0))a(X:. 067 (X1.6))  g(X,,6).

O 150(0) = — (Siypirs (0) G, (0) (ter(0)9" (X.,0) 1 1,))
x (X peri (0)9(Xi,0)g" (X4, 0))

= (%2?_1 exp{th(0)9(X,0)}G%, (6) (tpr(0)g” (X.,0) + L))

-1

1 -1
< (L1, e ltE 00X, 0)a(X,,0)97 (X,,0) )
according to (41) of Schennach (2007), and

a%mm(e):1Zexp{t£T<e>g<Xi, 0)) 5 (£52(0)9(X . 6))

< Zexp{t 9(X;,0)}G%.(6 )) tpr(0)

%z;; exp{thr ()9(X1,0))G, () (ter(0)g” (X1,6) + 1,)

7 N

X

LTI expl{tho(0)g(X,.0))g(X.. 097 (X,.6) ) < ZeXp{tET 9(X1,0)}g(X., 0))

7 N\

o~

= expy G (0)tpr(0) — K (0)exD5 9(0)
= €XPgr G" (0)tET(0), (63)

with
exppr g(0 ZGXP{tET 9(X;,0)}g(X;,6) =0,

from (I3]). Using the previous notation

0

5 (thr(0)9(X:.0)) = Gx (O)tsr(6) ~ K(0)9(X:,6). (64)

38



and replacing ([64]) and (63]) in the expression of %pET’Z- (0), the desired result is obtained. m
Proof of Lemma [I1l Taking into account the expression of (23,
n

%D¢ (u,ppr (6)) = % ; % (nprr (6)) ¥ (m) -

By plugging %pET,i (0) from Theorem [I0 into the previous expression, [@7) is obtained. Since according to

the weak law of large numbers 25"  h(X) i E[h(X)] for any integrable function h : R? — R, taking the
n—oo

n =1

approppriate functions in the role of h, the limiting value of %D¢ (u,ppr (0)) is obtained. m
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