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Abstract

In this paper we study the relations between divergence measures of two fuzzy sets and other
well-known functions, namely aggregation operations and measures of fuzziness. We will show
that these functions can be related. Therefore, we study some consequences of these properties
as an application; indeed, we obtain some special cases of divergence measures whenever the
aggregation operation fulfils some properties. Another application is the translation of some
properties of divergence measures to measures of fuzziness.
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1 Introduction and basic concepts

In the following, Ω will denote a set of n elements, Ω = {x1, ..., xn}. Fuzzy subsets of Ω are denoted

by A,B,C and so on. Finally, P̃(Ω) denotes the set of all fuzzy subsets of Ω.
The comparison of descriptions of objects is a usual operation in many domains: image processing,

clustering, deductive reasoning... This comparison is frequently achieved through a measure intended
to determine to which extent the descriptions have common points or differ from each other. The
measures of comparison have various forms, depending on the purpose of their utilization (see [2] for
a classification). A possibility to compare fuzzy subsets are divergence measures.

Divergence measures are used to quantify the difference between two fuzzy subsets of a universal
set Ω. They try to maintain the properties of classical divergence measures between two probability
distributions which appear in Information Theory. From this concept, it is possible to define di-
vergence measures between fuzzy partitions [13]. We can also use divergence measures to generate
measures of fuzziness following the study of difference between the fuzzy subset and its complement
[15].
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Definition 1. [13] Let Ω be the universal set and let P̃(Ω) be the set of all its fuzzy subsets. A

mapping D : P̃(Ω) × P̃(Ω) 7→ R is said to be a divergence measure between fuzzy subsets if

and only if the three following axioms hold for any A,B,C ∈ P̃(Ω) :

1. D(A,B) = D(B,A).

2. D(A,A) = 0.

3. max{D(A ∪ C,B ∪ C), D(A ∩ C,B ∩ C)} ≤ D(A,B), in which we have considered the usual
definitions based on max and min for ∪ and ∩ resp.

The most common divergence measures are those called local divergence measures. For these mea-
sures, each coordinate is independent from the others and they are all equally important. Formally,
we have the following definition:

Definition 2. [13] Let Ω := {x1, ..., xn} be a finite universal set and let D be a divergence measure
over a finite universal set Ω. We say that D is local if and only if there exists a function h :
[0, 1]× [0, 1] 7→ R satisfying

D(A,B)−D(A ∪ Ωi, B ∪ Ωi) = h(A(xi), B(xi)),∀A,B ∈ P̃(Ω), ∀xi ∈ Ω where

Ωi(xj) =

{
1 if i=j
0 otherwise

This definition means that if we make equal a coordinate for both subsets then the change in the
divergence only depends on this coordinate.

For these type of divergence measures the following can be proved [13]:

Proposition 1. D is a local divergence measure over a finite set Ω = {x1, ..., xn} if and only if there
exists a mapping h : [0, 1]× [0, 1] 7→ R such that

D(A,B) =
n∑

i=1

h(A(xi), B(xi)), (1)

satisfying the following conditions:

• h(x, y) = h(y, x), ∀x, y ∈ [0, 1];

• h(x, x) = 0, ∀x ∈ [0, 1];

• h(·, y) is a non-increasing function on [0,y] and non-decreasing on [y,1].

It is easy to prove that these conditions over h are the axioms of divergence measures. Thus, h is
a divergence measure over a single referencial set. Then, local divergence measures can be considered
as the sum of a divergence measure over n couples of single subsets.

The aggregation operations on fuzzy sets are operations by which several fuzzy subsets are com-
bined to produce a single set. In particular, fuzzy unions and fuzzy intersections are special cases
of aggregation operations. There are lots of definitions of aggregation operations, depending on the
problem to be solved and even on the author. We will follow the definition given by Klir&Folger in
[8].

Definition 3. An aggregation operation is a function s : [0, 1]n 7→ [0, 1] satisfying
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• Consider ~0 = (0, ..., 0), ~1 = (1, ..., 1). Then s(~0) = 0, s(~1) = 1 (boundary conditions).

• Consider ~a = (a1, ..., an), ~b = (b1, ..., bn). Then, if ~a ≤ ~b ⇒ s(~a) ≤ s(~b) where ~a ≤ ~b ⇔ ai ≤ bi
(monotonicity).

Measures of fuzziness appear in the seventies to measure the vagueness or fuzziness of a fuzzy
set. They have been extensively studied (see [1]).

Definition 4. [9] A measure of fuzziness is a mapping

f : P̃(Ω) 7→ R+

satisfying

• f(A) = 0 if and only if A is a crisp subset of Ω.

• If A � B then f(A) ≤ f(B) where A � B is a partial order over P̃(Ω) denoting that A is
sharper (less fuzzy) than or as fuzzy as B.

• f(A) assumes the maximum value if and only if A is maximally fuzzy. We will denote the
maximally fuzzy subset by M .

Of course, for each particular conception of the degree of fuzziness, the terms sharper and max-
imally fuzzy attain a unique meaning. We will consider A � B ⇔ |A(xi) − Ac(xi)| ≤ |B(xi) −
Bc(xi)|, ∀xi ∈ Ω, with c a fuzzy complement.

The aim of this paper is to study functional relations between divergence measures and aggre-
gation operations (resp. measures of fuzziness). Our goal is to be able to translate properties of
one class to the others. We feel that this can be specially interesting for divergence measures, as
aggregation operations and measures of fuzziness are well-known functions. We give an application
in Section 2, in which we obtain some bounds for the divergence measure when the aggregation op-
eration used is a t-norm, a t-conorm or an averaging operator. Another possible application (related
to Section 3) is the definition of “probabilistic measures of fuzziness”, following the same idea as for
probabilistic divergence measures developed in [11]. We have already started the research following
this way; for the definition of “probabilistic measures of fuzziness” two definitions can be considered:
the first one just translates the idea of probabilistic divergence measures; the second one uses the
relations obtained in Section 3; it can be proved that these definitions are not the same, but that
they coincide for local divergence measures (see [12] for a deeper analysis).

In Section 2 we deal with relations between divergence measures and aggregation operations,
while in Section 3 we make the same process for measures of fuzziness and divergence measures. Last
section is devoted to conclusions and future research.

2 Relationship between divergence measures and aggrega-

tion operations

Let us start giving the general idea. In divergence measures we give a value for the difference
of two fuzzy subsets. When we have a finite referencial set, this can be seen as an aggregation of
the differences. Now, the question is: How the differences for each coordinate are measured?. The
answer is that this is done by some mappings hi, each of them fulfiling the properties of function
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h in Proposition 1. Thus, it makes sense to try to prove that divergence measures are in a sense
aggregation operations. This is done in Theorem 1. The reciprocal is given in Theorem 2 in which
we build aggregation operations from divergence measures; and a final result joining both results is
given in Theorem 3. The section finishes with an application of these results.

Theorem 1. Let h1, ..., hn be n mappings, hi : [0, 1]× [0, 1] 7→ [0, 1], ∀i satisfying:

1. hi(x, x) = 0, ∀x ∈ [0, 1].

2. hi(x, y) = hi(y, x), ∀x, y ∈ [0, 1].

3. hi(1, 0) = hi(0, 1) = 1.

4. hi(·, y) is a non-increasing function over [0, y] and non-decreasing over [y, 1].

Let s be an aggregation operation. Then,

Ds(A,B) := ks(h1(A(x1), B(x1)), ..., hn(A(xn), B(xn))) (2)

with k > 0, is a divergence measure.

Proof: Let s be an aggregation operation and let us see that Ds defined by (2) is a divergence
measure.

1. Ds(A,B) = Ds(B,A) is trivial using condition 2 over hi.

2. Ds(A,A) = ks(~0) = 0 using condition 1 over hi.

3. Ds(A∪C,B∪C) = ks(h1((A∪C)(x1), (B∪C)(x1)), ..., hn((A∪C)(xn), (B∪C)(xn))), Ds(A,B) =
ks(h1(A(x1), B(x1)), ..., hn(A(xn), B(xn))). It suffices to prove that hi((A∪C)(xi), (B∪C)(xi)) ≤
hi(A(xi), B(xi)) for all i = 1, ..., n. We have three cases:

• If C(xi) ≥ A(xi), C(xi) ≥ B(xi), then hi((A ∪ C)(xi), (B ∪ C)(xi)) = hi(C(xi), C(xi)) =
0 ≤ hi(A(xi), B(xi)).

• If A(xi) ≥ C(xi) ≥ B(xi) or B(xi) ≥ C(xi) ≥ A(xi), then (considering the first possibility)
hi((A ∪ C)(xi), (B ∪ C)(xi)) = hi(A(xi), C(xi)) ≤ hi(A(xi), B(xi)) because hi(x, z) ≥
hi(x, y) if x ≥ y ≥ z ( using condition 4 over hi).

• If A(xi) ≥ C(xi), B(xi) ≥ C(xi), then hi((A ∪ C)(xi), (B ∪ C)(xi)) = hi(A(xi), B(xi)).

The same holds for the intersection.

Then Ds is a divergence measure

Let us give some remarks:

1. Condition 3 over hi is needed so that s can be applied. We could have considered hi(x, y) ≤ 1.

2. Divergence measures Ds obtained in the theorem satisfy the following property: If hi(A(xi), B(xi)) =
hi(C(xi), D(xi)),∀i, then Ds(A,B) = Ds(C,D) as s is applied over the same vectors.

3. k is needed because divergence measures can reach values greater than 1. If we consider
normalized divergence mesures, this constant is not needed at all.
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4. Note that the conditions over hi are the same as those for local divergence measures except for
condition 3. This is an important result because it shows that all divergence measures can be
generated aggregating divergence measures over single sets. To see this, just remember that
function h in local divergence measures was in fact a divergence measure.

Let us consider now two examples:

Example 1. If we take hi = h,∀i and we take the arithmetic mean as aggregation operation we
obtain a local divergence measure.

In fact, note that all local divergence measures can be generated like this, taking k = n, as we
have

D(A,B) = n

∑n
i=1 h(A(xi), B(xi))

n
=

n∑
i=1

h(A(xi), B(xi)). (3)

Example 2. Consider hi(x, y) = |x − y|, ∀i. It is trivial to prove that hi is in the conditions of the
theorem. Thus, given s an aggregation operation,

Ds(A,B) := ks(|A(x1)−B(x1)|, ..., |A(xn)−B(xn)|) (4)

with k > 0, is a divergence measure.

Note that this result depends on the functions hi considered, i.e. the divergence measures obtained
are different for different choices of hi.

It is possible to generate divergence measures from other functions instead of aggregation opera-
tions. The only condition needed is that if ~p ≤ ~q then s(~p) ≤ s(~q) but only for vectors

~p, ~q ∈ {(h1(A(x1), B(x1)), ..., hn(A(xn), B(xn)), A,B ∈ Ω} = H.

This allows us to extend Theorem 1:

Proposition 2. Let h1, ..., hn be n mappings, hi : [0, 1]× [0, 1] 7→ [0, 1], ∀i satisfying conditions 1-4
of Theorem 1. Let s : [0, 1]n 7→ [0, 1] be a mapping such that ~p ≤ ~q ⇒ s(~p) ≤ s(~q) for vectors in H.
Then,

Ds(A,B) := ks(h1(A(x1), B(x1)), ..., hn(A(xn), B(xn))) (5)

with k > 0, is a divergence measure.

Example 3. Consider

hi(x, y) =

{
1 if x 6= y
0 if x = y

,∀i

Then, s is applied only over 2n different vectors. For other values, we can consider values such
that monotonicity is not verified because these values are never used in the construction of Ds. For
example if

s(~p) =

{ ∑n
i=1 pi
n

if p̃ ∈ {0, 1}n

1 otherwise

Then, D(A,B) = r
n

with r ≡ number of different coordinates between A,B, is clearly a divergence
measure and s is not an aggregation operation.

Proposition 3. For s in the conditions of Proposition 2 it is always possible to find s′ an aggregation
operation such that Ds′ = Ds.
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Proof: Define
s′(~p) = sup~p′≤~p,~p′∈Hs(

~p′) (6)

It is easy to see that s′ is an aggregation operation and that s′ = s over H

For our example, we obtain s′(~p) = r
n

with r ≡ number of coordinates with value 1 in ~p.
Of course, we can find other aggregation operators different from s′. In our example, the arith-

metic mean leads us to the same divergence measure.
Let us now see the generation of aggregation operation from divergence measures.

Theorem 2. Let D be a divergence measure. Then,

sD(~p) :=
D(A, ∅)
D(Ω, ∅)

(7)

with A(xi) = pi,∀i is an aggregation operation.

Proof: Let D be a divergence measure and let us see that sD defined by (7) is an aggregation
operation.

• s(~1) = D(Ω,∅)
D(Ω,∅) and thus s(~1) = 1. Now, s(~0) = D(∅,∅)

D(Ω,∅) = 0.

• Let ~p ≤ ~q. Then, if we define A(xi) = pi, B(xi) = qi, it suffices to show that D(B, ∅) ≥ D(A, ∅).
But this is obvious because B(xi) ≥ A(xi) and thus, using the third condition of divergence
measures we obtain

D(B, ∅) ≥ D(B ∩ A, ∅ ∩ A) = D(A, ∅). (8)

Then sD is an aggregation operation

This aggregation operation does not satisfy necessary unanimity as the following example shows:

Example 4. Consider

D(A,B) =

{
1 if A 6= B
0 if A = B

(9)

It is trivial to see that D is a divergence measure.
Now, if n = 2 and we consider ~p = (0.1, 0.1) we obtain A = (0.1, 0.1) and thus D(A, ∅) = 1, so

that sD(~p) = 1.

However, this result holds sometimes as for example if we consider D(A,B) =
∑n

i=1 |A(xi) −
B(xi)|.

Finally, we have

Theorem 3. Let h1, ..., hn be n mappings, hi : [0, 1]× [0, 1] 7→ [0, 1] satisfying:

1. hi(x, x) = 0, ∀x ∈ [0, 1].

2. hi(1, 0) = hi(0, 1) = 1.

3. hi(x, y) = hi(y, x), ∀x, y ∈ [0, 1].

4. hi(·, y) is a non-increasing function over [0, y] and non-decreasing over [y, 1].

5. Imhi(., 0) = [0, 1],∀i.
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Let D be a non-constant set function satisfying that D(A,B) = D(C,D) whenever hi(A(xi), B(xi)) =
hi(C(xi), D(xi)) ∀i. Then, D is a divergence measure if and only if it can be put as

D(A,B) = ks(h1(A(x1), B(x1)), ..., hn(A(xn), B(xn))) (10)

where k > 0 and s is an aggregation operation.

Proof: ⇐) Given hi satisfying 1-4 and s an aggregation operation, the set function D given by
(10) is a divergence measure by Theorem 1.
⇒) Given hi satisfying 1-5 and D a divergence measure, let us see that we are able to find s an

aggregation operation satisfying (10).

We define s(~p) = D(A,∅)
D(Ω,∅) with hi(A(xi), 0) = pi.

• s is well-defined: If we have A,B s.t. hi(A(xi), 0) = hi(B(xi), 0), then D(A, ∅) = D(B, ∅). We
can always find such a subset A by condition 5.

• s(~1) = D(Ω,∅)
D(Ω,∅) and thus s(~1) = 1. Now, s(~0) = D(∅,∅)

D(Ω,∅) and then s(~0) = 0.

• Let ~p ≤ ~q. Then, if we define A,B s.t. hi(A(xi), 0) = pi, hi(B(xi), 0) = qi, it suffices to show
that D(B, ∅) ≥ D(A, ∅). But this is obvious because B(xi) ≥ A(xi) by condition 4 and thus,
using the third condition of divergence measures we obtain

D(B, ∅) ≥ D(B ∩ A, ∅ ∩ A) = D(A, ∅). (11)

• Finally, we have to prove that D = ks. Consider k = D(Ω, ∅).
Define ~p = (h1(A(x1), B(x1)), ..., hn(A(xn), B(xn))).

We define C s.t. hi(C(xi), 0) = hi(A(xi), B(xi)). This is always possible by condition 5. Then,

D(A,B) = D(C, ∅) = D(Ω, ∅)s(~p) = ks(h1(A(x1), B(x1)), ..., hn(A(xn), B(xn)))

Remark 1. It might not be possible to find s for each D and hi. To see this, consider |Ω| =
1, D(A,B) = |A(x)−B(x)| and

h(x, y) =

{
1 if x 6= y
0 if x = y

Then, D can take infinite many values and h can take only two. Thus, it is not possible to find an
aggregation operation relating them because there are different pairs of subsets (A,B), (C,D) such
that hi(A(xi), B(xi)) = hi(C(xi), D(xi)),∀i but D(A,B) 6= D(C,D). Thus condition 5 is needed.

From these results we can try to translate properties from a family to the other one. For example,
if s is a continuous function we can study whether Ds is a continuous function (as a real function of
2n variables). For the general case the result is not true because the mappings hi are not necessarily
continuous. However, the result holds if hi is continuous for all i as D would be a composition of
continuous functions.

Another question is the following: If s is a symmetric function, can we assure that Ds is a
symmetric divergence measure?. The answer is again negative; the reason is that we can not assure
that all functions hi are equal. However, if hi = hj,∀i, j, then Ds is symmetric.

In [8], three classes of aggregation operations that are specially important are given: t-norms,
t-conorms and averaging operators. Let us now see some properties about each class:
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Proposition 4. • Let s be a t-norm. Then

Ds(A,B) ≤ kmin(h1(A(x1), B(x1)), ..., hn(A(xn), B(xn))). (12)

In particular, if ∃i s.t. hi(A(xi), B(xi)) = 0, then Ds(A,B) = 0.

• Let s be a t-conorm. Then,

Ds(A,B) ≥ kmax(h1(A(x1), B(x1)), ..., hn(A(xn), B(xn))). (13)

In particular, if ∃i s.t. hi(A(xi), B(xi)) = 1, then Ds(A,B) = k with k the maximal value
reached by Ds.

• If s is an averaging operator, then

Ds(A,B) ∈ k[mini(hi(A(xi), B(xi))),maxi(hi(A(xi), B(xi)))]. (14)

In particular, if hi(A(xi), B(xi)) = constant,∀i, then D(A,B) = k constant.

Proof: Trivial

This result shows that when a divergence measure comes from a t-norm, then if A,B are such
that they are very similar for one coordinate (in terms of hi), then Ds(A,B) will be also very small,
no matter how different the other coordinates are.

Note that in this case we can consider divergence measures as homotecies of t-norms. However,
the interpretation is completely different: for t-norms, we have n fuzzy subsets and only one element;
however, for divergence measures we have two fuzzy subsets and n elements.

The same holds for t-conorms, i.e. if a divergence measure comes from a t-conorm, then if A,B
are such that they are very different for one coordinate (in terms again of hi), then Ds(A,B) will be
also very big, no matter how similar the other coordinates are.

Finally, for averaging operators we obtain a similar result, and we can also see that in this case
we obtain idempotent divergence measures.

3 Relationship between divergence measures and measures

of fuzziness

Let us now make the same process for divergence measures and measures of fuzziness. This section
comes up from the relations between aggregation operations and measures of fuzziness obtained in
[10]. Thus, this section completes the relations among these three measures. We will follow the
same pattern as in Section 2. Thus, Theorem 4 studies the generation of measures of fuzziness from
divergence measures, Theorem 5 deals with the reverse result and in Theorem 6 we join these two
results. The section finishes with a study of probabilistic measures of fuzziness.

We start generating measures of fuzziness from divergence measures.

Theorem 4. Consider the classical fuzzy union and fuzzy intersection proposed by Zadeh in [17].
Let c be an involutive fuzzy complement. Let D be a divergence measure satisfying:

• D(A,Ac) attains its maximal value if and only if A crisp (i.e., for all crisp subset Z, D(Z,Zc)
is maximum and it is the same for all Z).
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• D(A,B) = 0⇔ A = B.

• D(A,B) only depends on |A(x)−B(x)|, ∀x ∈ Ω, i.e., if A,B,C,D are such that |A(x)−B(x)| =
|C(x)−D(x)|, ∀x ∈ Ω, then D(A,B) = D(C,D).

Then,
fD(A) = D(Z,Zc)−D(A,Ac), (15)

with Z a crisp subset is a measure of fuzziness.

Proof: Let D be as in the theorem and let us prove that fD is a measure of fuzziness.

• If A is crisp, fD(A) = 0 by hypothesis 1 and these are the only subsets satisfying this condition.

• Let A � B. Note that D(A,Ac) = D(A′, A′c) with

A′(x) =

{
A(x) if A(x) ≤ e (the equilibrium point)
Ac(x) if A(x) > e

Now, we have D(A′, A′c) ≥ D(A′ ∪ B′, A′c ∪ B′) = D(B′, A′c) ≥ D(B′ ∩ B′c, A′c ∩ B′c) =
D(B′, B′c) = D(B,Bc), and thus fD(A) ≤ fD(B).

• If M is the maximally fuzzy subset, we have M = M c and thus D(M,M c) = 0. Then, f takes
its maximum at M . Note that this is the only maximum by hypothesis 2

Let us make some remarks:

• Note that fD verifies f(A) = f(Ac). This property is considered an axiom by many authors
([5]).

• We need an involutive fuzzy complement in order to have an equilibrium point (necessary in
the definition of M).

Let us now turn to the generation of divergence measures from measures of fuzziness:

Theorem 5. Consider the classical fuzzy union and fuzzy intersection proposed by Zadeh. Let c be
an involutive fuzzy complement. Let f be a measure of fuzziness such that f(A) = f(Ac). Then,

Df (A,B) = f(M)− f(CA,B) (16)

with CA,B(xi) s.t. c(CA,B(xi))− CA,B(xi) = |A(xi)−B(xi)| is a divergence measure.

Proof: Let f be a measure of fuzziness. Let us see that given A,B, there exists C such that
D(C,Cc) = D(A,B). As c is a continuous complement (c is involutive), the mapping c− c2 = c− Id
is also a continuous function. Now, c(0) − 0 = 1, c(1) − 1 = −1. Then, for each xi ∈ Ω there
exists vi such that c(vi)− vi = |A(x)− B(x)|. This value of vi is unique: Suppose that there exists
another value v′i > vi satisfying c(v′i)− v′i = |A(x)− B(x)|. Then, as c is a non-increasing function,
c(v′i) ≤ c(vi) and thus c(v′i)− v′i < c(vi)− vi contradicting our hypothesis. We define CA,B(xi) = vi.
Now, let us see that Df is a divergence measure.

1. As |A(x)−A(x)| = 0, then CA,A(x) = e, the equilibrium point of c (this point always exists and
is unique for continuous complements). Thus, CA,A = M and we obtain Df (A,A) = 0,∀A ∈
P(Ω).
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2. D(A,B) = D(B,A) is trivial.

3. The third condition is trivial too. Just note that CA,B is sharper than CA∪D,B∪D and thus
f(CA∪D,B∪D) ≥ f(CA,B) and consequently Df (A,B) ≥ Df (A∪D,B ∪D). The same holds for
the intersection.

Then Df is a divergence measure

It is easy to see that Df satisfies:

• D(A,Ac) attains its maximal value if and only if A crisp.

• D(A,B) = 0⇔ A = B.

• D(A,B) only depends on |A(x)−B(x)|, ∀x ∈ Ω, i.e., if A,B,C,D are such that |A(x)−B(x)| =
|C(x)−D(x)|, ∀x ∈ Ω, then D(A,B) = D(C,D).

Example 5. Consider the measure of fuzziness

f(A) =
n∑

i=1

|A(xi)− C(xi)| (17)

where C is the nearest crisp set in terms of the Hamming distance. This measure of fuzziness
belongs to a wider class of measures defined by Kaufmann in [7]. If we apply the previous result with
c(x) = 1− x we obtain

D(A,B) = n− f(C) (18)

with C such that C(x)− Cc(x) = |A(x)−B(x)|,∀x ∈ Ω.

If we join these two results, we obtain:

Theorem 6. Consider the classical fuzzy union and fuzzy intersection proposed by Zadeh. Let c be
an involutive fuzzy complement. Let f be a mapping over fuzzy subsets such that f(A) = f(Ac).
Then, f is a measure of fuzziness if and only if f can be put as

f(A) = D(Z,Zc)−D(A,Ac) (19)

with Z a crisp subset and D a divergence measure satisfying

1. D(A,Ac) attains its maximum value if and only if A crisp.

2. D(A,B) = 0⇔ A = B.

3. D(A,B) only depends on |A(x)−B(x)|, ∀x ∈ Ω, i.e., if A,B,C,D are such that |A(x)−B(x)| =
|C(x)−D(x)|, ∀x ∈ Ω, then D(A,B) = D(C,D).

Proof:
⇐) Define D(A,B) = f(M)−f(CA,B as in Theorem 5. Then, D is a divergence measure. Besides,

f(M) = D(Ω, ∅), D(A,Ac) = f(M)− f(A) and thus f(A) = D(Ω, ∅)−D(A,Ac).
⇒) Theorem 4

Let us see one final remark:
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Remark 2. Here, we have considered A � B ⇔ |A(x)− Ac(x)| ≤ |B(x)− Bc(x)|, ∀x ∈ Ω, with c a
fuzzy complement. We can adapt the result for other definitions of “less fuzzy than”. We have had
considered |A(xi)−B(xi)| because this is the usual definition for this concept.

These are not the only possible relations. For local measures, there are other possibilities for
relating measures of fuzziness and divergence measures (see [14]).

A possible application related to these results is the definition of “probabilistic measures of
fuzziness”. In [11] we have defined the probabilistic divergence measures as

Definition 5. Let D be a divergence measure and P representing a finite discrete distribution over
Ω. We define the probabilistic divergence measure (or probabilistic divergence) associated to D
and P as:

DP (A,B) =
1

E(P )

n∑
i=1

(p(i) − p(i−1))D(A(i), B(i)), (20)

where parentheses for probabilities mean a permutation such that 0 = p(0) ≤ p(1) ≤ ... ≤ p(n) and
A(i)(xj) = min{A(xj),Ωi(xj)} with

Ωi(xj) =

{
1 if p(xj) ≥ p(i)

0 if p(xj) < p(i)

and the same holds for B(i). E(P ) is the information energy [16], which is defined as

E(P ) =
n∑

i=1

p2
i . (21)

If we follow the same idea as for probabilistic divergence measures developed in [11] we obtain
the following definition:

Definition 6. Consider f a measure of fuzziness. Then, given a probability distribution P over Ω
such that P (xi) > 0, we define the probabilistic measure of fuzziness associated to P as

f 1
P (A) =

1

E(P )

n∑
i=1

(p(i) − p(i−1))f(A(i)), (22)

where E(P ) is the Onicescu’s informational energy and A(i) is defined by A(i)(xj) = min{A(xj),Ωi(xj)}
with

Ωi(xj) =

{
1 if p(xj) ≥ p(i)

0 si p(xj) < p(i)

Proposition 5. f 1
P is a measure of fuzziness.

Proof: Let us see that the three axioms of measure of Definition 4 hold:

• If A is a crisp subset, then fP (A) = 1
E(P )

∑n
i=1(p(i)− p(i−1))f(A(i)) = 0. Note that we need that

P (xi) > 0 to have the reverse.

• For any fuzzy subset A, we have M(i) � A(i) and thus fP (M) ≥ fP (A).

• If A � B, then A(i) � B(i) and thus fP (A) ≥ fP (B)

11



Another possibility for yhe definition of probabilistic measures of fuzziness is to use Theorem 4.

Definition 7. Let us consider D a divergence measure in the conditions of Theorem 4 and a prob-
ability distribution P over Ω such that P (xi) > 0. Then, we define the probabilistic measure of
fuzziness associated to P as

f 2
P (A) = DP (Z,Zc)−DP (A,Ac). (23)

Proposition 6. f 2
P is a measure of fuzziness.

Proof: Trivial using Theorem 4

It can be seen that these two definitions are not the same:

Example 6. Consider Ω = {x1, x2}, c(x) = 1− x, and

D(A,B) =


1 if A crisp, B = Ac

0 if A = B
0.5 otherwise

Finally, consider P (x1) = 0.8, P (x2) = 0.2.
Then, simple calculus lead us to

f 1
P =

1

E(P )
0.1, f 2

P =
1

E(P )
0.4.

However, we have the following:

Proposition 7. Under the conditions of Theorem 4, if D is a local divergence measure, then f 1
P = f 2

P .

Proof:

f ′P (A) =
1

E(P )

n∑
i=1

(p(i) − p(i−1)))(D(Z(i), Z
c
(i))−D(A(i), A

c
(i)))

=
1

E(P )

n∑
i=1

(p(i) − p(i−1)))
∑

xj/p(xj)≥p(i)

(h(1, 0)− h(A(xj), A
c(xj))

= 1
E(P )

∑n
i=1(p(i) − p(i−1)))f(A(i)) = fP (A)

4 Conclusions

We feel that these results are interesting in order to translate properties from one of these families
to another one. In Sections 2 and 3 we have seen an application of these relations. More examples
can be found; this is part of our future research. More exactly, we feel that the relations between
divergence measures and aggregation operations can be used in order to classify the first ones. It
could also be interesting to study more deeply the probabilistic measures of fuzziness (see [12]). In
[10], it can be found similar relations between aggregation operations and measures of fuzziness.
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