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1 Introduction

The purpose of our research consists on building up a framework for the most general kind of detection
processes such as classify a population, compare some actual characteristics with the ideal ones, . . .”,
which is a typical tool of decision support systems. We had considered the questionnaires ([1]) to
do this. When classical detection is the object of the study, the goal, questions and answers are
represented in crisp environment (crisp subsets and partitions). However, the crisp environment seems
to be quite inappropriate to formulate questions and obtain answers in most of the cases of human or
social interest. For example, the medical diagnosis is often based on questions as “have you got a bad
headache?”, which is a classical fuzzy proposition. In these cases, fuzzy theory and fuzzy logic are more
appropriate to describe the detection process. Fuzzy subsets and fuzzy partitions can better describe
answers and questions as well as the goals of the questionnaires. So, in order to compare the actual state
of the process with the desired classification classes, it seems to be quite natural to have a tool which
measures to what extent the answers obtained so far fit one or more of the classes of interest. Since
both answers and classes are (represented by) fuzzy subsets, and questions and goal are (represented by)
fuzzy partitions, the ideal tool to make the comparisons seems to be the divergence measure between
fuzzy sets and between fuzzy partitions. The smaller the divergence, the more similar the compared
sets or partitions are, and zero divergence means perfect identification.

The problem we address is the following: we want to classify an object comparing it with some
models. In order to do this, we study some characteristics (questions) of the object. The answers of the
questions are fuzzy subsets. Now, we want to compare this fuzzy subset with the models that are also
fuzzy subsets; this comparison can be made with divergence measures. The models we are considering
determine a fuzzy partition of the universal set. Of course, we can consider different fuzzy partitions.
Which is the best one?. To solve this problem we have to compare fuzzy partitions. In this paper we
define divergence measures between fuzzy partitions as a tool to compare fuzzy partitions. Divergence
measures between fuzzy partitions will be related to divergence measures between fuzzy subsets, as we
will see.

1The research in this communication has been supported in part by the DGES Grant No. PB97-1286 and a Research
Grant of the Fundación Banco Herrero; its financial support is gratefully acknowledged.
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2 Basic concepts

In this paper we are going to work with a classical measurable space formed by a referential Ω and a
σ-field A formed by crisp subsets of Ω (in particular A can be the power crisp set of Ω). When Ω is a
finite set, we will denote the elements of Ω by x1, ..., xn. Fuzzy subsets are denoted by A,B, ... and also
by A1, A2, ....

By using this σ-field A we have defined the set A∗ formed by any fuzzy subset of Ω such that its
membership function is a measurable one, when we work with the Borel σ-field. It can be proved A∗ is
a σ-field over Ω formed by fuzzy subsets and also that the intersection between A∗ and the power set
of Ω is equal to the σ-field A, that is, any elements of A belong to A∗ and any crisp elements of A∗
belong to A.

We use divergence measures between fuzzy subsets to try to measure the difference between any two
elements in this σ-field formed by fuzzy subsets. To do this, we considered some natural properties
of a divergence measure which were that a divergence measure had to be positive and a symmetric
function of the two subsets that we are going to compare; it had to be zero when we compared a subset
with itself, and it had to be decreasing when the two subsets became more similar. Then we defined a
divergence measure like a map D satisfying these three axioms for all fuzzy subsets of the σ-field A∗.

Definition 1 [9] A function D : A∗ × A∗ 7→ IR is called a divergence measure between fuzzy
subsets if and only if ∀A,B ∈ A∗, it satisfies the following conditions:

1. D(A,B) = D(B, A);

2. D(A,A) = 0;

3. max{D(A ∪ C, B ∪ C), D(A ∩ C, B ∩ C)} ≤ D(A,B), ∀C ∈ A∗.

This concept is, in the most common cases, a generalization of the concept of distance between two
fuzzy subsets.

The most common divergence measures are those called local divergence measures. For these mea-
sures, each coordinate is independent from the others and they are all equally important. Formally, we
have the following definition:

Definition 2 [9] Let D be a divergence measure over a finite universal set Ω. We say that D is local
if and only if there exists a function h : [0, 1]× [0, 1] 7→ IR verifying

D(A,B)−D(A ∪ Ωi, B ∪ Ωi) = h(A(xi), B(xi)), ∀A,B ∈ P̃(Ω), ∀xi ∈ Ω where

Ωi(xj) =
{

1 if i = j
0 otherwise

For these special divergence measures the following can be proved [9]:

Proposition 1 If we have a finite universal set Ω, then D is a local divergence measure if and only if
there exists a mapping h : [0, 1]× [0, 1] 7→ IR such that

D(A,B) =
n∑

i=1

h(A(xi), B(xi)),
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verifying the following conditions:

• h(x, y) = h(y, x), ∀x, y ∈ [0, 1];

• h(x, x) = 0, ∀x ∈ [0, 1];

• h(·, y) is a non-increasing function on [0,y] and non-decreasing on [y,1].

Local divergence measures can be considered as the sum of a divergence measure over a single set
applied n times.

Finally, we need a way to evaluate the weight of the fuzzy subsets in the partitions. This can be
made through fuzzy set measures.

Definition 3 A function m : A∗ 7→ IR+ is called a fuzzy set measure if and only if ∀A,B ∈ A∗, it
satisfies the following conditions:

1. m(∅) = 0;

2. If A ⊆ B, then m(A) ≤ m(B).

This definition is only an extension of the classical concept of non-additive measure of crisp subsets
defined in [11].

Some interesting and very used examples of fuzzy set measures are these three ones. The first one is
the generalization of the cardinal which De Luca and Termini proposed ([6]). Bouchon et al. used the
other two some papers ([3]).

Example 1 1. m1(A) =
∑

x∈Ω

A(x) if Ω is finite.

2. m2(A) = sup
x∈Ω

A(x).

3. m3(A) = |{x ∈ Ω/A(x) 6= 0}| where |.| denotes a metric on Ω.

In this paper, we are going to consider a fuzzy partition. Since there are lots of definitions of fuzzy
partition, see for instance Bezdek& Harris ([2]), Butnariu ([4]), De Baets& Mesiar ([5]), Ruspini ([10]),
Thiele ([12], etc., we are going to choose the definition of partition that we consider more appropriate in
each particular experiment. Thus, a fuzzy partition, in any above senses, is denoted by ΠA = {Ai}n

i=1

and also by Π1, Π2, .... We will denote the set of all fuzzy partitions of r elements by Fr.

3 Divergence measures between partitions

Let us now define divergence measures between fuzzy partitions. First, note that it makes sense that
divergence measures between fuzzy partitions depend on the divergence between the sets that define
the partitions. Besides, the definition should also depend on the measure of the different subsets that
define the partitions. Finally, divergence measures between fuzzy partitions should be an extension of
divergence measures for fuzzy subsets.
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Definition 4 Let D be a divergence measure between sets and let m be a fuzzy set measure on A∗. A
family of functions Rr : (A∗)r×(A∗)r 7→ IR is said to be a divergence measure between partitions,
if it satisfies that

1. Rr(Π1,Π2) ≥ 0, ∀Π1, Π2 ∈ (A∗)r;

2. Rr(Π1,Π1) = 0, ∀Π1 ∈ (A∗)r;

3. Let Π1 = {Ai}r
i=1, Π2 = {Bi}r

i=1,
Π3 = {Ci}r

i=1 and Π4 = {Di}r
i=1 be in (A∗)r, we have that

(a) If for all i ∈ {1, 2, . . . , r} we have that m(Ai) = m(Ci), m(Bi) = m(Di) and D(Ai, Bi) ≥
D(Ci, Di), then {

Rr(Π3, Π4) ≤ Rr(Π1, Π2)
Rr(Π4, Π3) ≤ Rr(Π2, Π1)

;

(b) If for all i ∈ {1, 2, . . . , r} we have that D(Ai, Bi) = D(Ci, Di) and either m(Ai) ≤ m(Ci) ≤
m(Di) = m(Bi) or m(Ai) ≥ m(Ci) ≥ m(Di) = m(Bi), then

{
Rr(Π3, Π4) ≤ Rr(Π1, Π2)
Rr(Π4, Π3) ≤ Rr(Π2, Π1)

.

We can notice that in the definition of divergence measure between partitions we have not required
the symmetry property. This is because sometimes the non-symmetry of divergence measure between
partitions could be adequate like, for instance, when we are going to study experiments in which there is
a model or pattern to partition the experience, and we have to compare the different ways of partitioning
it with this theoretical model.

When symmetry is verified, we say that the divergence measure between fuzzy partitions is symmetric.
Formally,

Rr(Π1, Π2) = Rr(Π2, Π1),∀Π1, Π2 ∈ (A∗)r.

Usually, we use the symbol R instead of Rr, whenever there is not ambiguity.
R is always referred to divergence measure between partitions, since this is the most interesting case

for us, but, in fact, we have given the definition of divergence measures between families of r elements
of A∗.

Finally, notice that in the previous definition we have done a matching between the sets of both
partitions. Then, how is this matching done?

To answer this question consider the following example:

Example 2 We consider two people, a 55 year-old person and a 25 year-old person. It is obvious that
if they have to describe the event of being young, the fuzzy set, which defines this characteristic, is
different for the two people, because one person usually considers young people to those close to his age.
Suppose that the result of this question is observed in Figure 1.

It is clear that in this case we have to compare the subset A1 with B1 and subset A2 with B2.

4



Figure 1: Definition of the sets “Young” and its complementary by two different persons.

When this comparison order does not exist, or we do not know it, we will apply the Minimum
Divergence Principle, that will order the partitions in a way that the sum of the divergences between
the subsets is lower than or equal to the sum of these divergences in any other case. This Minimum
Divergence Principle is as follows:

Definition 5 Let Π1 and Π2 be two families in (A∗)r, formed by the sets {Ai}r
i=1 and {Bi}r

i=1, respec-
tively. Let D be a divergence measure between sets. We say that these families are ordered according to
the Minimum Divergence Principle (D), if and only if

r∑

i=1

D(Ai, Bi) ≤
r∑

i=1

D(Ai, Bσ(i)),

for all permutation σ of {1, 2, . . . , r}.

Thus, we are going to consider, unless another condition is explicitly indicated, that the two partitions
are ordered with this Principle.

4 Local divergence measures

As an example of divergence measures between fuzzy partitions let us see the counterpart of local
divergence measures between fuzzy subsets.
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Definition 6 Let R : (A∗)r × (A∗)r 7→ IR be a divergence measure between partitions associated with
(D,m). R is said to be a local divergence measure between partitions, if and only if there exists
a function g from IR3 in IR such that

R({A1, . . . , Ai, . . . , Ar}, {B1, . . . , Bi, . . . , Br})−R({A1, . . . , Ai, . . . , Ar}, {B1, . . . , Ai, . . . , Br}) =

g(D(Ai, Bi),m(Ai), m(Bi)), ∀i ∈ {1, 2, . . . , r}, ∀{Ai}r
i=1, {Bi}r

i=1 ∈ (A∗)r.

The importance of this family of divergence measures is that they are very manageable; in fact,
the majority of the examples of divergence measures that we are going to see will use this kind of
divergences.

As for local divergence measures between fuzzy subsets we can find a characterization of this special
class of divergence measures between fuzzy partitions:

Theorem 1 Consider a divergence measure between partitions R associated with (D, m); then, R is
local if and only if for all ΠA, ΠB ∈ (A∗)r we have that

R(ΠA,ΠB) =
r∑

i=1

g(D(Ai, Bi),m(Ai),m(Bi))

where g satisfies that

1. g(x, y, z) ≥ 0,∀(x, y, z) ∈ G;

2. g(0, y, y) = 0, ∀y ∈ Im(m);

3. (a) g(·, y, z) is increasing, ∀y, z ∈ Im(m);

(b) g(x, ·, z) is decreasing in {y ∈ IR/(x, y, z) ∈ G and y ≤ z} and
increasing in {y ∈ IR/(x, y, z) ∈ G and y ≥ z}

(c) g(x, y, ·) is decreasing in {z ∈ IR/(x, y, z) ∈ G and z ≤ y} and
increasing in {z ∈ IR/(x, y, z) ∈ G and y ≤ z}.

with G = {(x, y, z) ∈ IR3/∃A,B ∈ (A∗)r with x = D(A,B), y = m(A), z = m(B)}.

Proof: ⇒) If R is a local divergence measure between partitions, by Definition 6, we have that

R({A1, A2, . . . , Ar}, {B1, B2, . . . , Br})−R({A1, A2, . . . , Ar}, {A1, B2, . . . , Br}) = g(D(A1, B1),m(A1),m(B1)).

By applying this to the partitions {A1, A2, . . . , Ar} and {A1, B2, . . . , Br} we obtain that

R({A1, A2, . . . , Ar}, {A1, B2, . . . , Br})−R({A1, A2, . . . , Ar}, {A1, A2, . . . , Br}) = g(D(A2, B2), m(A2),m(B2)).

Now, following the same process we have that

R({A1, . . . , Ar−1, Ar}, {A1, . . . , Ar−1, Br})−R({A1, A2, . . . , Ar}, {A1, A2, . . . , Ar}) =

= g(D(Ar, Br),m(Ar),m(Br)).

By joining the preceding conclusions and since R({Ai}r
i=1, {Ai}r

i=1) = 0, we obtain that

R({Ai}r
i=1, {Bi}r

i=1) =
r∑

i=1

g(D(Ai, Bi), m(Ai),m(Bi)),

and therefore, we have only to prove that g satisfies Conditions 1, 2 and 3.
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1. Let (x, y, z) ∈ G. Then, there exist A,B ∈ A∗ such that x = D(A, B), y = m(A) and z = m(B).
Let ΠA = {A,A, r). . ., A} and ΠB = {B, B, r). . ., B} be two families in F(Ω). The divergence measure
between them is

R(ΠA, ΠB) =
r∑

i=1

g(D(A,B),m(A), m(B)) = r · g(x, y, z) ≥ 0,

by applying Axiom 1 in Definition 4.

2. Let y be in Im(m). Then, there exists a fuzzy set A1 ∈ Ω such that m(A1) = y and hence,
(0, y, y) = (D(A1, A1),m(A1),m(A1)) ∈ G. Thus we obtain that

R({A1, A1, . . . , A1}, {A1, A1, . . . , A1}) =
r∑

i=1

g(D(A1, A1),m(A1),m(A1)) = r · g(0, y, y) = 0,

by applying Axiom 2 in Definition 4, and hence g(0, y, y) = 0.

3. (a) Consider y, z ∈ Im(m), and let x1, x2 ∈ Im(D) be such that (x1, y, z), (x2, y, z) ∈ G. Then,
there exist A,B, C, D ∈ P̃(Ω) such that x1 = D(C,D) y x2 = D(A,B),m(A) = m(C) = y

and m(B) = m(D) = z. Suppose x1 ≤ x2; by considering the families Π1 = {A,A,A, r). . ., A},
Π2 = {B, A, A, r−1). . . , A}, Π3 = {C,A, A, r−1). . . , A} and Π4 = {D,A, A, r−1). . . , A}, we obtain that

R(Π1, Π2) = g(x2, y, z) +
r∑

i=2

g(0, y, y) = g(x2, y, z)

R(Π3, Π4) = g(x1, y, z) +
r∑

i=2

g(0, y, y) = g(x1, y, z)

but, on the other hand, since the conditions in Axiom 3.a) of Definition 4 are satisfied, we
have that R(Π3, Π4) = g(x1, y, z) ≤ R(Π1,Π2) = g(x2, y, z).

(b) Let (x, y1, z), (x, y2, z) be in G; there exist A,B, C,D ∈ P̃(Ω) such that x = D(A, B) =
D(C, D), y1 = m(A), y2 = m(C) and z = m(B) = m(D).

If y1 ≤ y2 ≤ z, we have that m(A) ≤ m(C) ≤ m(D) = m(B) and D(A,B) = D(C, D),
therefore if we consider the families in Fr defined by Π1 = {A, A, r). . ., A}, Π2 = {B, B, r). . ., B},
Π3 = {C, C, r). . ., C} and Π4 = {D,D, r). . ., D}, by applying Axiom 3.b) of Definition 4 we have
that

R(Π3,Π4) = r · g(x, y2, z) ≤ R(Π1, Π2) = r · g(x, y1, z).

If y1 ≥ y2 ≥ z, we have that m(A) ≥ m(C) ≥ m(D) = m(B) and, by applying again Axiom
3.b), we obtain that R(Π3, Π4) = r · g(x, y2, z) ≤ R(Π1, Π2) = r · g(x, y1, z); therefore the
monotonicity of g in these cases is proved.

(c) We consider that either m(A) = m(C) = y ≤ m(D) = z2 ≤ m(B) = z1 or m(A) = m(C) =
y ≥ m(D) = z2 ≥ m(B) = z1 with D(A, B) = D(C,D) = x and analogously to preceding
paragraph we obtain that R(Π3, Π4) = r ·g(x, y, z2) ≤ r ·g(x, y, z1) = R(Π1, Π2) if z1 ≤ z2 ≤ y

or z1 ≥ z2 ≥ y.
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⇐) Suppose that g satisfies the conditions. Consider

R(Π1,Π2) =
r∑

i=1

g(D(Ai, Bi),m(Ai), m(Bi))

for all Π1 = {Ai}r
i=1 and Π2 = {Bi}r

i=1 in A∗r. Let us prove that R satisfies the axioms in Definition 4:

1. Since the image of g is in IR+, we have that

R(Π1,Π2) =
r∑

i=1

g(D(Ai, Bi),m(Ai), m(Bi)) ≥ 0.

2. For all Π1,

R(Π1, Π1) =
r∑

i=1

g(D(Ai, Ai),m(Ai),m(Ai)) =
r∑

i=1

g(0, m(Ai),m(Ai)) = r · 0 = 0.

3. Let Π1 = {Ai}r
i=1, Π2 = {Bi}r

i=1, Π3 = {Ci}r
i=1,Π4 = {Di}r

i=1 be in A∗r,

(a) If for all i ∈ {1, 2, . . . , r} we have that m(Ai) = m(Ci),m(Bi) = m(Di) and D(Ai, Bi) ≥
D(Ci, Di), then

R(Π3, Π4) =
r∑

i=1

g(D(Ci, Di),m(Ci),m(Di)) ≤
r∑

i=1

g(D(Ai, Bi),m(Ai),m(Bi)) = R(Π1, Π2);

and similarly we can prove that R(Π4, Π3) ≤ R(Π2,Π1), since g is increasing w.r.t. the first
component and D is symmetric.

(b) If for all i ∈ {1, 2, . . . , r} we have that D(Ai, Bi) = D(Ci, Di) and either m(Ai) ≤ m(Ci) ≤
m(Di) = m(Bi) or m(Ai) ≥ m(Ci) ≥ m(Di) = m(Bi), then

R(Π3, Π4) =
r∑

i=1

g(D(Ci, Di),m(Ci),m(Di)) =
r∑

i=1

g(D(Ai, Bi),m(Ci),m(Bi)) ≤

≤
r∑

i=1

g(D(Ai, Bi),m(Ai),m(Bi)) = R(Π1, Π2).

(c) Analogous.

We have to prove that R is local; let Π1 = {Ai}r
i=1 and Π2 = {Bi}r

i=1 be in A∗r, then

R({A1, A2, . . . , Ai, . . . , Ar}, {B1, B2, . . . , Bi, . . . , Br})−R({A1, A2, . . . , Ai, . . . , Ar}, {B1, B2, . . . , Ai, . . . , Br}) =

=




r∑

j=1,j 6=i

g(D(Aj , Bj),m(Aj),m(Bj)) + g(D(Ai, Bi),m(Ai),m(Bi))


−




r∑

j=1,j 6=i

g(D(Aj , Bj),m(Aj),m(Bj)) + g(D(Ai, Ai), m(Ai),m(Ai))


 =

= g(D(Ai, Bi),m(Ai),m(Bi))− g(D(Ai, Ai),m(Ai),m(Ai))
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but since g(D(Ai, Ai),m(Ai),m(Ai)) = g(0,m(Ai),m(Ai)) = 0, R is a local divergence between parti-
tions.

Moreover, if R is symmetric and local, the function g, which characterizes this divergence, satisfies this
additional condition, that is, it is symmetric with respect to the second and third variables. Formally,

g(x, y, z) = g(x, z, y), ∀(x, y, z) ∈ G.

5 Relationship with the divergence measure between fuzzy subsets

In this section we are going to relate divergence measures between fuzzy partitions with divergence
measures between fuzzy subsets. This relationship can only be made in the finite case.

Theorem 2 Let Ω = {x1, x2, . . . , xn} and let R be a divergence measure between partitions associated
with D and m, such that

If D(Ai, Bi) ≥ D(Ci, Di), ∀i = 1, 2, . . . , n, then R(Π1,Π2) ≥ R(Π3, Π4),

where Π1 = {Ai}r
i=1,Π2 = {Bi}r

i=1, Π3 = {Ci}r
i=1 and Π4 = {Di}r

i=1.
If we define the function DR : A∗ ×A∗ 7→ IR by

DR(A,B) = R({{x1}A, {x2}A, . . . , {xn}A}, {x1}B, {x2}B, . . . , {xn}B}),

where {xi}A and {xi}B are the fuzzy subsets in Ω defined by

{xi}A(x) =
{

A(x) if x = xi

0 otherwise
{xi}B(x) =

{
B(x) if x = xi

0 otherwise
.

Then DR is a divergence measure between sets.

Proof:
Let A,B and C be in A∗.
1. Since D({xi}A, {xi}B) = D({xi}B, {xi}A), then

R({{x1}A, . . . , {xn}A}, {{x1}B, . . . , {xn}B}) = R({{x1}B, . . . , {xn}B}, {{x1}A, . . . , {xn}A})

and therefore DR(A, B) = DR(B, A).

2. We have that DR(A,A) = R({{x1}A, . . . , {xn}A}, {{x1}A, . . . , {xn}A}) = 0.

3. As D({xi}A ∩ {xi}C , {xi}B ∩ {xi}C) ≤ D({xi}A, {xi}B), ∀i = 1, . . . , n, we have

R({{x1}A ∩ {x1}C , . . . , {xn}A ∩ {xn}C}, {{x1}B ∩ {x1}C , . . . , {xn}B ∩ {xn}C}) ≤

R({{x1}A, . . . , {xn}A}, {{x1}B, . . . , {xn}B}),
that is, DR(A ∩ C, B ∩ C) ≤ DR(A,B).

Similarly, we can prove that DR(A ∪ C,B ∪ C) ≤ DR(A,B). Therefore DR satisfies the three
axioms in Definition 1.
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We can think that D and DR are the same divergence measure, but it is not true, as we can see in
the following

Example 3 Let Ø be the universe of discourse formed by four elements and let R be the divergence
between partitions defined by

R(ΠA, ΠB) =
4∑

i=1

(D(Ai, Bi))2, ∀ΠA = {Ai}4
i=1, ΠB = {Bi}4

i=1 ∈ F̃n(Ø)

where D is the divergence between sets

D(A, B) =
n∑

i=1

[|A(xi)−B(xi)|], ∀A, B.

If we consider the sets A and B on Ø, where

Ø x1 x2 x3 x4

A 0.3 0.2 0.9 0.5
B 0.2 0.1 0.8 0.3

then D(A, B) = 0.5, and however, DR(A,B) = 0.07.

For local divergence measures, the result is

Corollary 1 Let Ω = {x1, . . . , xn}, and let R be a local divergence between partitions associated with a
local divergence between sets D and a measure m. If the function g which defines R satisfies that

g(x1, y1, z1) ≤ g(x2, y2, z2),∀x1, x2 ∈ Im(D), x1 ≤ x2

and m(A) =
∑

A(xi)

n , ∀A ∈ A∗, then the function DR defined in Proposition 2 is a local divergence
between sets.

Proof:
If for all x, y ∈ [0, 1] we define h∗(x, y) = g(h(x, y), x

n , y
n), where h is the function which defines D,

then
h∗(A(xi), B(xi)) = g(D({xi}A, {xi}B),m({xi}A),m({xi}B)),

and therefore DR(A,B) =
∑n

i=1 h∗(A(xi), B(xi)), for all A and B in A∗. Consequently, DR is a
divergence between sets and DR has the local property, since
DR(A,B)−DR(A ∪ {xi}, B ∪ {xi}) = h∗(A(xi), B(xi))− h∗(1, 1) = h∗(A(xi), B(xi)).

6 Relationship with probabilistic divergence measures

Now we are going to define probabilistic divergence measures by means of divergence measures between
partitions; for this purpose, the divergences will depend only on the measure (in this case a probability)
and have certain additional properties.
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Theorem 3 Let Ω = {x1, . . . , xn}, and let R be a local divergence between partitions associated with
D and a probability p, such that the function g which defines R, as function of y and z is convex and
g(x, y, z) = g(0, y, z), ∀x ∈ IR+. If we define

RR({pi}n
i=1, {qi}n

i=1) = R({Ai}n
i=1, {Bi}n

i=1)

where Ai(x) = pi, Bi(x) = qi, ∀x ∈ Ω, then RR is a probabilistic divergence measure in the sense of [7].

Proof:

1. RR({pi}n
i=1, {qi}n

i=1) = R({Ai}n
i=1, {Bi}n

i=1) ≥ 0.

2. RR({pi}n
i=1, {pi}n

i=1) = R({Ai}n
i=1, {Ai}n

i=1) = 0.

3. RR(λ{pi}n
i=1+(1−λ){p′i}n

i=1, {qi}n
i=1) =

n∑

i=1

g(D(λAi+(1−λ)A
′
i, Bi), λp(Ai)+(1−λ)p(A

′
i), p(Bi)).

Since g(x, ·, z) is convex, then

RR(λ{pi}n
i=1 + (1− λ){p′i}n

i=1, {qi}n
i=1) ≤

≤
n∑

i=1

λg(D(λAi +(1−λ)A
′
i, Bi), p(Ai), p(Bi))+

n∑

i=1

(1−λ)g(D(λAi +(1−λ)A
′
i, Bi), p(A

′
i), p(Bi)) =

=
n∑

i=1

λg(D(Ai, Bi), p(Ai), p(Bi)) +
n∑

i=1

(1− λ)g(D(A
′
i, Bi), p(A

′
i), p(Bi)) =

= λRR({pi}n
i=1, {qi}n

i=1) + (1− λ)RR({p′i}n
i=1, {qi}n

i=1),

and therefore RR is a probabilistic divergence measure.

7 Some important families of divergence measures between fuzzy
partitions

In this section we present three important examples of divergence measures between partitions, each of
them having some specific properties. In these three examples we work with local divergences because
they are more manageable.

7.1 Divergence measures independent of the measure

The first one is the class formed by divergence measures independent of the measure. This class is
important because sometimes it is convenient that the divergence between partitions only depends on
the divergence between subsets in the partitions. This divergence measures are defined by

R(Π1, Π2) =
r∑

i=1

D(Ai, Bi), ∀Π1 = {Ai}r
i=1, Π2 = {Bi}r

i=1 ∈ A∗r,

where D is a divergence between sets.
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We can also define these measures as the local divergence measures such that g(x, y, z) = x,∀(x, y, z) ∈
G.

As an example of this class we can consider the Hamming’s distance between subsets (see [8]), which
is a divergence measure between subsets and then we obtain this way to measure the difference between
two partitions.

7.2 Divergence measures from t-norms

The second example of divergence measure between partitions is the class of the divergence measures
based on t-norms. We start with an example.

Example 4 If we like to compare the two families represented in Figure 2, it is clear that although the
sets A3 and B3 are clearly different, the divergence cannot be very large, since the measure (by assuming
a uniform distribution) of these sets is not very important in relation with the other sets.

Figure 2: Two families in Ø.

Then, we introduce a new way to measure the divergence between two partitions, where the impor-
tance of the measure is so high that it will even make the influence of the divergence between two sets
to vanish if these sets have a small measure.

This divergence is given by means of the expression

R(ΠA, ΠB) =
r∑

i=1

[max{D(Ai, Bi)⊥m(Ai), D(Ai, Bi)⊥m(Bi)}] ,

where ⊥ denotes, as usual, a t-norm. Of course, this expression only makes sense if both D and m
belong to the interval in which it is defined. Otherwise, we have to normalize D and m to the same
interval.
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Let us prove that we really have a divergence measure between fuzzy partitions.

Proposition 2 Let R be defined by

R(ΠA, ΠB) =
r∑

i=1

[max{D(Ai, Bi)⊥m(Ai), D(Ai, Bi)⊥m(Bi)}] .

Then R is a divergence measure between fuzzy partitions.

Proof:
We have to prove that

g(x, y, z) = max{x⊥y, x⊥z}
satisfies the three conditions in Proposition 1.

1. Trivial

2. g(0, x, x) = max{0⊥x, 0⊥x}, but since ⊥ is a t-norm, then 0⊥u = 0, ∀u ∈ [0, 1], and therefore
g(0, x, x) = max{0, 0} = 0.

3. (a) If x1 ≤ x2, then x1⊥y ≤ x2⊥y y x1⊥z ≤ x2⊥z, and then

g(x1, y, z) = max{x1⊥y, x1⊥z} ≤ max{x2⊥y, x2⊥z} = g(x2, y, z).

(b) • If y1 ≥ y2 ≥ z, then x⊥y1 ≥ x⊥y2 ≥ x⊥z, and therefore

g(x, y1, z) = max{x⊥y1, x⊥z} = x⊥y1 ≥ x⊥y2 = max{x⊥y2, x⊥z} = g(x, y2, z).

• If y1 ≤ y2 ≤ z, then x⊥y1 ≤ x⊥y2 ≤ x⊥z, and therefore

g(x, y1, z) = max{x⊥y1, x⊥z} = x⊥z = max{x⊥y2, x⊥z} = g(x, y2, z).

(c) Trivial by symmetry.

Is it possible that R is a local divergence between partitions if we consider another t-conorm different
from the maximum? The answer is negative, since if we consider g(x, y, z) = (x⊥y)>(x⊥z), and the
elements (M, 0, z) and (M, z, z), where M = max(x,y,z)∈G{x, y, z)} if there exists the maximum, M = ∞
otherwise, we obtain that g(M, 0, z) = 0>z = z, and g(M, z, z) = z>z, and therefore, ∀z ∈ [0, 1] we
have that z ≤ z>z (> is a t-conorm) and z ≥ z>z (g(M, ·, z) is decreasing in [0, z]), and therefore we
have that z>z = z, but the only idempotent t-conorm is the maximum.

Of course, this expression only makes sense if both D and m belong to the interval in which it is
defined. Otherwise, we have to normalize D and m to the same interval.
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7.3 φ-Divergence measures between partitions

The last class of divergence measures between partitions (formed by non null sets) is the divergence
constructed from the generalized divergence [7], by defining the divergence as

R(ΠA, ΠB) =
r∑

i=1

D(Ai, Bi) ·m(Ai) · φ
(

m(Bi)
m(Ai)

)

where φ is a function such that,

• φ(1) = 0.

• φ
′
(1) = 0.

• φ is convex

• φ is twice differentiable.

Proposition 3 Let R be a function defined by

R(ΠA,ΠB) =
r∑

i=1

D(Ai, Bi) ·m(Ai) · φ
(

m(Bi)
m(Ai)

)
.

Then, R is a divergence measure between fuzzy partitions.

Proof:
Since R(ΠA,ΠB) =

∑r
i=1 g(D(Ai), Bi),m(Ai),m(Bi)) with

g(x, y, z) = x · y · φ
(

z

y

)
,

to prove that R is a divergence it suffices to prove that g satisfies the three conditions in Theorem 1.

1. Since φ is convex and twice differentiable, φ
′
is an increasing function, and therefore, since φ

′
(1) =

0, φ
′

is negative in (−∞, 1) and positive in (1,∞), and since φ(1) = 0, then φ(x) ≥ 0,∀x ∈ IR,
and therefore g(x, y, z) ≥ 0.

2. g(0, x, x) = 0 · x · φ(1) = 0.

3. (a) If x1 ≤ x2, then x1 · y · φ( z
y ) ≤ x2 · y · φ( z

y ).

(b) If we consider the function fz(y) = yφ( z
y ), ∀y ∈ IR+, we have that f

′
z(y) = φ( z

y ) − z
yφ

′
( z

y ).
Since φ is twice differentiable, then it is a continuous function in any interval (a, b) and thus
we obtain that ∃α ∈ (a, b) such that

φ
′
(α) =

φ(b)− φ(a)
b− a

.
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• If we apply this theorem in the interval ( z
y , 1) for all y ≥ z, then

φ(
z

y
) = (

z

y
− 1)φ

′
(α) =

z

y
φ
′
(α)− φ

′
(α), with α ∈ (

z

y
, 1),

but since φ
′
is increasing and z

y ≤ α ≤ 1, we have that

φ(
z

y
) ≥ z

y
φ
′
(α) ≥ z

y
φ
′
(
z

y
)

and therefore, for all y ≥ z we have that f
′
z(y) ≥ 0, that is, fz is increasing, and so, if

y1 ≥ y2 ≥ z, then fz(y1) ≥ fz(y2) ⇒ g(x, y1, z) ≥ g(x, y2, z) since x is a positive number.

•
φ(

z

y
) =

(
z

y
− 1

)
φ
′
(β) ≤ z

y
φ
′
(β)

with β ∈ (1, z
y ). Since φ

′
is increasing,

φ(
z

y
) ≤ z

y
φ
′
(
z

y
)

and therefore fz is decreasing for all y < z; consequently, if y1 ≤ y2 ≤ z, then x ·fz(y1) ≥
x · fz(y2), and hence g(x, y1, z) ≥ g(x, y2, z).

(c) Since φ is decreasing in (−∞, 1] and increasing in [1,∞), then g(x, y, ·) is decreasing in
(−∞, y] and increasing in [y,∞).

If we consider that the weight of any xi is given by the divergence between the sets Ai and Bi then
we obtain a function R that is a divergence measure between partitions with the local property and
also a classical probabilistic divergence.

8 Conclusions

In this paper we have introduced and studied the concept of divergence measures between fuzzy parti-
tions. This will allow us to compare two ways to classify a population and to define a fuzziness measure
of a fuzzy partition, in the Capocelli and De Luca sense, by comparing a partition with the family
formed by the complements of their elements or with the one formed by the closest crisp sets of their
elements.

So, we have some immediate open problems, and some other for a future research.
The most immediate one is to generalize the local divergence measure to a larger class, because they

are the divergence that we can really manage.
Another open problem is to define a measure of the difference between two fuzzy partitions with a

different number of elements. This problem can appear as a simple generalization of the study made in
this paper, but it is not true, because in this case we can not use the preceding works about classical
probabilistic divergences, since in this case we also compare partitions with the same number of elements.
We think that this is an interesting but non-trivial problem and we hope to be able to solve it in the
future.
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Finally, we are trying to use all these studies to compare two fuzzy questionnaires with the same
number of the goal eventualities, because it was our initial purpose. This is the direction we are
following at this time.
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