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Abstract

In [8] we presented a method to factorize a second order boundary value prob-
lem into a system of uncoupled first order initial value problems, together with a
nonlinear Riccati type equation for functional operators. A weak sense was given to
that system but we did not perform a direct study of those equations. This factor-
ization utilizes either the Neumann to Dirichlet (NtD) operator or the Dirichlet to
Neumann (DtN) operator, which satisfiy a Riccati equation. Here we consider the
framework of Hilbert-Schmidt operators, which provides tools for a direct study of
this Riccati type equation. Once we have solved the system of Cauchy problems,
we show that its solution solves the original second order boundary value problem.
Finally, we indicate how this techniques can be used to find suitable transparent
conditions.

keywords: Factorization, boundary value problem, Hilbert-Schmidt operator, Riccati
equation; invariant embedding; Neumann-to-Dirichlet (NtD) operator; Dirichlet-to-Neumann
(DtN) operator, transparent conditions.

1 Introduction

In [1] Angel and Bellman proposed a method based on spatial invariant embedding to
transform a second order elliptic boundary value problem in a rectangle in a system of first
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order decoupled initial value problems which can be solved by a two sweep process. In [§]
Henry and Ramos gave a complete justification for this transform for the Poisson equation
in a n-dimensional cylindrical domain. The invariant embedding was performed using the
coordinate along the axis of the cylinder. The Neumann-to-Dirichlet (NtD) operator on
a section of the cylinder was shown to satisfy a Riccati equation. The relationship of this
method with the similar one to derive the optimal feedback for optimal control problems of
parabolic equations was described. The study of the well-posedness of the Riccati equation
was similar to the one used by Lions [9] and based on a Galerkin method. Furthermore
the relationship between this factorization method and the block LU factorization for a
discretized version of the problem was established.

In this paper we consider a similar problem, allowing for a diffusivity coefficient de-
pending on the coordinate along the axis of the cylinder. Following the paper by Temam
[13] we study directly the Riccati equation, that is without reference to the boundary
value problem (as it was done in [8]), in a Hilbert-Schmidt framework. We cannot apply
the results of [13] as here the operator appearing in the quadratic term is unbounded (the
same difficulty was encountered in [8]). The Hilbert-Schmidt framework appears to be
efficient for the studied problem, using a fixed basis of eigenfunctions of the Laplacian re-
stricted to the section. Although it defines the solution in a weaker sense than the one that
could be hoped, this regularity is easily recovered. The solution of the boundary value
problem is then obtained in factorized form, that is by solving two uncoupled Cauchy
problems. This technique can be used to find suitable transparent boundary condition in
a subdomain.

In section 2 we recall the formal derivation of the factorization. We recall some Hilbert-
Schmidt properties from [13] in section 3. The study of the Riccati equation is done in
section 4. The factorized form of the boundary value problem is obtained in section 5.
The initial definition of P as a NtD operator given in [8] is recovered and its use to build
transparent boundary conditions is presented.

2 The Factorization Method for Boundary Value Prob-
lems

Let © be the cylinder Q =]0,a[xO in R? with O a bounded open set in R and
[y = {s} x O. The lateral boundary of the cylinder is denoted by ¥ =]0, a[xJO and a
general point (x1, 29, -+, x4) € Qs also denoted by (z,y), where x = x; and y denotes the

independent variables (zs, ..., z4). We use the Hilbert space Hoj’(O) = [HL(O), L*(O))1)2
defined in [10]. Let f € L*(Q), yo € Hé({Q(O), Ya € HgéZ(O)’ (respectively y, € H%Z(O))
and a € L*(0,a) (the study of the particular case with a € IR constant can be seen in
[4]) with

Let us consider the problem



-V - (a(x)Vu)=f in Q,

u= on X,
(1) U = U on I,
ou .
aa— = Uyq on 'y,  (respectively u = u, on I',).
i

Let us embed this problem in a family of similar problems defined in sub-cylinders €2, =

0
10, s[xO for 0 < s < a, with the boundary data aa—u = h on I';. This family depends on

s and h. By linearity, we have the existence of an operator P and a function r satisfying

ulr, = P(s)h +r(s).

For a solution of (1) this identity is verified for any x:

0
u(x) = P(x)a(x)—u(x) +r(x).
ox
From now on we shall consider u as a function of  with values in a function space defined

d
on O, so we use the notation 1 for the x-derivation. By formal derivation (to be justified
x

later), we have

d dP d d d d
u Yyp <a()“>+r

R GOl el el K B e
dP du du dr
= aa( )a—PaA Pozd——PozA r—Pf—i—df
Therefore 1P
du dr
PA P—a'l PA,r — P
(d:c @ @ ) da: + <dx @ 2 f)

Then, we have

dP
— —aPA,P—a 'I=0, P(0)=0,
dx
(2) dr —aPAyr=Pf, r(0) =ug
dz 7
du
_pa@ +u=r, ula)=Pla)u, +r(a) (respectively u(a) = ug).

We point out that we have factorized the equation appearing in (1) as

(3) (ddx aPA ) (I — andx> u=Pf,



which is equivalent, by using that %P = ‘é—i + P% and the Riccati equation to

d -1, -1 o dy
(dx+P Q ><P ad:ﬂ)u-f,

ial/Q + pPlg-1/2 o V2p-1 ozl/Qi u=f.
dz dz

or, in self-adjoint form,

Remark that P! is not defined at 0.

Remark 1 Operator P is a Neumann to Dirichlet operator (NtD). We could have also
used a Dirichlet to Neumann operator, which gives the system

dQ =
L +a'Q* —aA, =0, Qa)=0,
(;111;) - a_le = f7 w(a) = Uq,
du
as +Qu=—w, u(0)=ump.

We point out that we have factorized the equation appearing in (1) as

() o

d . d _1 B
_<dx_a Q)a(dx—i-oz Q)u-f

In the following sections we carry out a rigorous mathematical study of system (2).
In contrast with other studies of this system (see [8]) this study will be done directly,
without considering the fact that those equations come from a factorization method. We
show existence and uniqueness results for the solution of system (2) and we show that we
recover the solution of problem (1).

or, in self-adjoint form,

3 Hilbert-Schmidt Spaces

3.1 Generalities

In this section we recall the definitions and properties of Hilbert-Schmidt spaces (see [2]
and [5]) following the notation given in [13]. We consider two Hilbert spaces X,Y with
scalar products (-, )x, (+, )y and associated norms || - ||x, || - ||y We suppose that X and
Y are separable and {p;}22, {1;}52, are any orthonormal basis of X and Y respectively.

4



Definition 2 P € L(X,Y) (a bounded linear operator from X to Y ) is said to be a
Hilbert-Schimdt operator in case

D IIP(a)lly < oo.
i=1

In this case we denote P € X®5Y and

o 1/2
IPls = (3 1P
i=1
1s called the Hilbert-Schmidt norm of P.

The proof of the following properties and other results regarding Hilbert-Schmidt
spaces can be seen in [5] and [2].

Lemma 3 The Hilbert-Schmidt norm is independent of the orthonormal basis used in its
definition and

- 1/2
1Pl x5,y = (Z I(P%@Dj)ylz) :
ij=1
Proposition 4 FEvery Hilbert-Schmidt operator is compact.

Proposition 5 X®,Y is a Hilbert space with the inner product

o0

[P, Q]X@y = Z(P%,Q@i)y-

i=1

3.2 A special case

Following [10], let us suppose that H,V are two real separable Hilbert spaces such that
V C H and V is dense in H with continuous injection. Then, we can identify H' (topo-
logical dual of H) with H and with a dense subset of V’. Therefore,

VCcCHCV,

with every space being dense in the following one with continuous injections.
Let us suppose that the injection V' C H is compact and let A : V — V'’ be the
canonical isomorphism between V' and V| i.e.

(Au,v)yrixy = (u,v)y Yu,veV.

Then, A~! : H — V is a compact self-adjoint linear operator. Therefore (see, for instance,
Theorems VI.8 and VI.11 of [3]), there exists an orthonormal basis {w; }3°, of H, consisting
of eigenvectors of A~! such that

Awi = )\Z-wz-, Vie N

bt



with A; > 0 and

1—00

Now,
|will3 = (wi, wi)y = (Awg, w;) vy = Nwi, wi)g =N Yi=1,---00.

Therefore,

o0 oo
U= Zuiwi eV e ||u||%/ = Zx\i|ui|2 < 00.
i=1 i=1

o0 o0
Furthermore, if u = Zuiwi ceVandv= Zviwi €V, then
i=1 i=1

(u,v)v =Y Nuv;.

i=1

Definition 6 For every r € IR we define the Hilbert space V" in the following way:

[e.e] oo
u=>> ww; € V" & |ullir =Y N|ul* < 0.
i=1 i=1

o0 o
Furthermore, if u = Zuiwi eV andv = Zviwi e V", then
i=1 i=1

[
(U, U)Vr = Z )\:u,vz
i=1

Remark 7 We have that H = V9, V = V! and V' = V-1, Furthermore, {\; "/*w;}%, is
an orthonormal basis of V", for all r € IR.

Definition 8 Let H = { Y pjwj, p; € R} and < w; >= {pw;, p € R} forall j € IN.
finite
Given i,7 € IN, we consider the operator w; ® w; : H —< w; > defined by

w; @ wi(p) = (Wi, o)pw; Y ¢ € H.

Now, since 'H is a dense subset of V", for all r € IR, we can consider the extension
w, @w; 1 V' =< w; > defined by

w; @ wi(p) =pw; Yeo=> g, €V
k=1



Remark 9 From Definition 2 it is easy to see that, for all 7,7 € IN, we have that

w; @ wj € V&,V for all r, s € IR. Furthermore, if P = Z §ijw; ® wj, then
ij=1

PeV'&V & ||Pl2.s, . = ZHP w2 < oo
Now,
>‘_T/2 Z gk] wka 7 ; 2U) Hw] Z&j T/2
k,j=1
Therefore

||P(/\i—r/2 ||Vs Zgzj/\l T)\s
and we deduce that

PeV'&@V* & |Plg,,. = 3 ENTN < 0.

i,j=1
Finally, if Q) = Z nijw; ® w; € V'@,V then
i,j=1
[P’ Q]VT<§2VS = Z(P()‘;T/2wi)> Q()‘;Tﬂ Z fzﬂ?zg r)‘s
=1 2,j=1

Example 10 Let P = Z &ijw, @ w; and Q = Z Nij Wi @ Wj.

1,j=1 i,j=1

1. Pe HoH & ||Pl}g,y = Zé‘ < oo and [P,Qlyz,p = Z&ﬂ?m

3,7=1 2,7=1

2. PecV'@H < HP||2, Z flj/\ < 00 and [P, Q)] Vg H = Z EiinijNi

4,j=1 4,j=1

3. PcV®yH & ||P||2V@2H = Z &N < oo and [P,Qlyz,y = Z Emig Ny

i,7=1 i,j=1

4. Pe HR,V < HPHH® v = Z 5 Aj < o0 and [P,Qlyg,, = Z Eimii N\

3,7=1 i,7=1

5. PeH®V' & Pl = Z X < 0o and [P,Ql s, = Z Ay

i,7=1 i,7=1



3.3 Our particular case

In this work we shall consider the spaces V'®,V?, r,s € IR, for the particular case of
H = [*(0) and V = H}(O), A being now —A which is an isomorphism from V to V.

Therefore, we consider as orthonormal basis of H the set {wy, ..., w,, ..}

—Ayw, = \w, inO
w, =0 in 00,

with [[wi]|z2(0) = 1, for all i = 1,2,---. It has the the following properties:

(CL) (wnawm)LQ((’) = 5nm Vm n.

(b) (wmwm)H1 0) = fo \4 wn( )Vywm(y)dy = )\nénm%
(){ > njwj, p; € R} is a dense subset of V.
finite

If we write the sequence {1, ..., A, ..} in a nondecreasing way, it can be proved (see, for
instance, Theorem VI.8 of [3]) that \; > 0, for all i = 1,---, 400 and

lim \; = 4o00.

Proposition 11 The identity operator I - H — H can be expressed as
I = Z Ww; (024) w;,
i=1

with this series converging in L(H, H).

Proof. Let ¢ € H, then

> w; @wi(p) = (,wi) pw; = thlwl = ¢,
=1

i=1
where ¢;, i = 1, -+, 00 are the coordinates with respect to the orthonormal basis {w; }32,
in LZ(O) m

Now the following question arises: Is the identity operator in some of the Hilbert-
Schmidt spaces described above (as H®oH or V@yH)?
It is clear that [ ¢ H®,H, since (see Remark 9)

o0

Zl = 00.
i=1

To see if the identity operator [ is in some of the other Hilbert-Schmidt spaces we shall
use the following lemma.



Lemma 12 (Weyl’s Estimate) Given a reqular domain Q@ C IR", the asymptotic be-
havior of the eigenvalues for the Laplace operator with homogeneous Dirichlet boundary

conditions is the following:
47 2/n

M el

Proof. See [14].

We point out that w; € V* for all s € IR and i € IN. Further, V? = H and V! = V.
Depending on the domain dimension, we shall need to work on slightly more regular
spaces than H and V.

Definition 13 Let § = 0 if dim(O) = 1 and 6 > 0 if dim(O) = 2 (dim(O) > 2 is not
of interest in_applications). Let us define H = Vo and V = VH‘SN(z'f dim(O) = 1, then
H=H and V=V ). For 6 > 0 small enough, we have VCV C H C H.

Corollary 14 If dim(Q) < 2, then I € (V&,H) N (H&,V").

Proof. We have to prove (see Remark 9) that

= 1

E — < F00
) )

AT

which is a consequence of Lemma 12.

4 A direct Study of the Riccati Initial Value Problem

In [13], the author study a general equation

dP
d—+PA+A*P+<I>(P) =F,
i

P(0) = R,

with A : V. — V' coercive and F' € L?(0,a; H®oH). Is is showed the existence of a
solution u € C([0,a] : HR®,H). Let us study the Riccati equation

dP
n o aPA,P=a"'l ae. forz € (0,a),
P(0) = o.

In problem (4), we do not have a coercive operator A and we have seen that o ™'I ¢ H®,H.
We only have a1 € (V&,H) N (H®,V') at least if dim(0) < 2. Furthermore —A,, is
unbounded on H, so results of [13] cannot be applied directly. We shall try to get a solution
P € C([0,00) : V"®,V?®), for some r,s € IR to be determined, by a semi-discretization
and passing to the limit process.



4.1 Semi discretization
4.1.1 Formulation of the problem and monotonicity results

We approximate any space V', with r € IR by V" = span(wy,---,w,,) and define the
m-approximate solution of (4) by the finite dimensional operator

m

P™(x) = Z gl”](x)wz ®wj € VR, V™,
ij=1
where ¢ () are chosen such that
dpm
— aP"A,P™ —a ™ w; @ w; =0,Vije{l,---m}
(5) [ dz ! Nz
P™(0) = 0,

with I™ = " w; ® w;. We point out that &7(z) = (P™(z)w;, w;)y-
i=1
System (5) is a nonlinear system of equations in &7 of the form:

dém
{ AT (E") 5" =0,
§m(0) =0
where
A™(E™)ij(z) = —a(z) K Y Cnwp @ wl) A, (Z sy ® ws) ,w; @ w;
k=1 r,s=1 H@QH
and o)
me ) —a(x), ifi=j,
by () = { 0, otherwise.
It is easy to verify that
A™(E™)iy = —a [( > Ghwr ® wl) ( > —ALlw, ® ws) LW @ W
k,l=1 r,s=1 H@gH

Now, taking into account that

w, @y, ifk=s,

Wi @ W; oW, Q Wy = .
" s 0, otherwise,

we have that

=a), Me&inley-

Am(fm)ij =« [ Z Akf}ﬁfﬁgwr & wy, w; Q w;

kl,r=1

10



Then, if we write the (4, j)-coordinates in m X m matrix form, we obtain

dem

oS mpmem _ —llm =0
(6) { dr + af £ a ;

§m(0) =0
where I™ represents here the m x m identity matrix and A™ is a diagonal matrix, with
Ai, © =1,---m, being the elements of the diagonal.

But this derivation is still formal since we have assumed the derivability of P™. Then,
by the theory of ordinary differential equations (Carathéodory Theorem), we know that
there exists a unique local solution P™ to (5) in [0, 4], with § small enough, which is
absolutely continuous from [0, ] to V™&,V™ (see, for instance, Theorems 5.1 and 5.3 of
pages 28 and 30 of [7]). If a € C([0,a]) we have P™ € C*([0,d] : V"@,V™).

The uniqueness of solution is also a consequence of Corollary 2 of page 13 of [12].

To go further, we need estimates on £™(s) (i.e. on P™(s)) independent of s, in order
to be able to extend the solution to [0, 00) (see, for instance, Theorem 5.2 of page 29 of
[7])-

Following page 11 of [12], the solution of the above problem can be expressed as

where Y = < g ) satisfies the corresponding linear (Hamiltonian) matrix differential

system
JY'(z)+U(z)Y(z) =0

v o= ().

with
() ()

In order to study the global existence of solution, let us suppose first that o € IR is a
constant. Therefore,
Y(z) = et ( IO ) ,  Vaxel0,+00),

with

o, (0 N (am 0\ [ 0 aAT”
A=-J U= ( TR 0 0 —aA™ |\ a7tm 0 '
The eigenvalues of A are v/A; and —+v/\;, i = 1,---m, and the matrix of eigenvectors is

(o o)
m m '

11



Then U and V are given by

1 m m
(8) U(z) = 3 (e(A )1/2g At )1/250) 7
A™)~1/2 my1/2 my1/2
) Via) = B amree _ -amyng),
o

Thus, U is non-singular and we can extend the solution of (5) (when « is constant)
from [0, ¢] to [0, +00].

Remark 15 The matrix A has positive and negative eigenvalues. The initial value prob-
lem for the Hamiltonian system (7) is well posed in finite dimension. This would not be
the case for the corresponding infinite dimensional initial value problem because of the
part of system (7) corresponding to positive eigenvalues {v/A; }52, which are going to +oc.
For this part of the system we have a situation similar to a backward heat equation whose
ill-posedness is well-known.

Let us consider .
Pz)= ) g?(x)wl @ w; € V@V

ij=1
and .
P"(z) =" &l (z)w; @ w; € V'@V,
ij=1
the particular cases of @« = o and a = @ respectively. We have proved above that P™

and P are defined over [0, +oc].

Proposition 16 For a given m € IN, we have that, for all x > 0,

=1

P"(z) =& ()w; @ wy,
i=1
and there exists B’;,?ZZ € V™®RyV™ such that, if 0 < t; < to, then

0 < P"(t1) < P"(t2) < P2,

Tm

0 < P"(th) < P"(t2) < P,

Proposition 17 For a given m € IN, we can extend the solution P™ of (5) (with a not
necessarily constant) from [0,6] to [0,a]. Further, for all x € [0, a],

P™(z) = &Mz)w; @ w; € WH(0,8 : V™@,V™),

=1

and for all x € [0,a] we have that 0 < P™(x) < P™(x) < P"(x).

12



4.1.2 Proof of Propositions 16 and 17

Proof Proposition 16
From (8)-(9) it is easy to see that P™ and P are diagonal and given by

1
() = oy tanh(\/)\jx), i1=1,...,m

and

5?(%)::0“}X7tanh(vﬁux% i=1,....m.

They can be also computed as the solution of the diagonal systems

dé:? m\2 —1
{dx+“M%)_a =0, i=1,....m,
€1(0) = 0,
A€ .\ ema _
{ G TG =0y,
&ii (0) =0,
Now,
dfm a !
10 — =——F>0, VzrelR,
(10) d (z) cosh?(v/A\iz) !
de’” a !
11 ()= —— >0, VazeR,
(11) dz (@) cosh?(v/ i) !
and we can define
1
" = lim {7(x) = i=1,...,m

00,1 500 it ar/\; )
(63 i

and

which concludes the proof.

Proof of Proposition 17
The unique solution of (5) is the same as the solution of the diagonal system

dem
12 { S a0 ) =0
50) = 0,

Further, since

13



we have that (see, for instance, Theorem 6.1 of page 51 of [7])

§M(x) < &P (x) <& (x), Yxel0d

41

which concludes the proof by applying, for instance, the continuation Theorem 5.2 of page

In Figure 1 we show the graphs of §fi'(z), {'(z) and &, () for the case of \; = 1 and
a(x) = 5.5+ 4.5sin(27x) (which implies that o = 10 and @ = 1).

0.8f
0.6f
0.41

0.2f -

Figure 1: Graph of & (-), & (- -) and &; (---) for

the case of \; = 1 and a(z) = 5.5 4+ 4.5sin(27z) (which
implies that & = 10 and @ = 1).

Remark 18 From (10) and (11) we obtain that

my2 -1 A&y ~1
(13) 0 <aX()(z) <a™ and 0< d;;(x) <a ",
and .
. de”
(14) 0<a)(E;)(z)<a ! and 0< Cf” () <at,
x
forallz € IR,i=1,...,00. Therefore,
(15) 0 < a(z)\(EM)*(2) < alx)a?
and q
(16) al—ar?=at - aN(E )’ <ot —aN(§)? < ) <,

forallz € R,1=1,...,00.

14



4.2 Passing to the limit. Existence of solution. Regularity and
Monotonicity Results

Definition 19 An operator T € L(H, H) is said to be positive (T > 0) if (Tv,v)g > 0
forallve H.

Remark 20 If T' € £(H, H) satisfies T;; = (Tw;,w;) = 0 if 4 # j, then T is said to be
diagonal and 7' > 0 if and only if 7;; > O for all : = 1,2, ---

We can now define the solution of the Riccati equation (4) in a Hilbert-Schmidt framework.

Theorem 21 P™ and P" have a limit P and P respectively in C([0,00) : H&®,H N
H&,H') N CY([0,00) : V&yH N H&,V') as m — oo. Furthermore P, P € C(|0, 0, +00) :
LV, VN NCH[0, +00) : L(V®,V?)), for all s € IR and there exist P, Po € H&,HN
H&oH' such that, if 0 < t; < to, then

0 < P(t1) < P(t2) < Py

and
0< P(t;) < P(ty) < P

Proof. Let us do the proof for P™ (the other case is analogous). The proof is based on
the passing to the limit of P™ and of the differential equation satisfied by P™ as m — oo.

Now,
m

BOO_ZO(\//\_iwz@wZ'

i-1 Q&
Therefore, if 0 < m; < mao, then

0< P <P and (P7)u=(P)u fori=1,---my.

Further,
Po=Y ———w; @w; € H&:H N H&yH,
>
since T
||POO||H®2H = ||—OO||H®2H/ - Z )\1—&-5 < +oo.

le

Then, P} — P in the topology of H&H N H&,H'.

Now, since we are dealing with diagonal matrices, it is easy to prove that, if 0 < m; <
my, then £ (x) = £ (x) for i = 1,---,my and 0 < P™(z) < P™(z) < P, which
implies that, if we define {,, = gz, then

pmomese Z w; @ w;  in C([0,00) : HoyH N H&,H'),

15



since, using (13),

m 2 o m 2
|2 P|| C([0,00): H&o H) =|£ _BHC([O,OO):H@QFI/)
> €@ 1 oo
= sup = <a — 0.
2€[0,00) i:%l N i %1 AT

Now (13) gives the expected regularity on P because

P12 0,00):20vs veriyy = GS[lolp )maXA i€, (@))? <a™?

Further, if 0 < t; < t5, then
0< P(t)) < P(ty) < P.,

We also claim that

=SS in C((0,00) s Vs H N HE,T),

since, from (13),

‘ e dp|f ‘ e dp|f
de dx C([0,00):V @2 H) dz dz C([0,00): HR2V")
df 2
= sup (x
x€[0,00) 5 ;rl )\1+6 dili' )

> ot = ai(€ (2))??

= sup
2€[0,00) j—mt1 AT
X a7 e
S Z )\14—(5 - O
i=m+1 "\
From (13) again
dpP|’
|2 = sup maxla™! — (€, @) <o
dz C([0,400):L(V$,V5)) z€[0,00) * =t

Similarly, it is easy to deduce that
a'IMm " o T in C([0, 00) V&oH N H@gf/’)
and B B
a P"A,P" "% a PA,P  in C([0,00) : V&yH N H2,V').
Then P € C([0,00) : HoH N H®,H') N CY([0,00) : V&.H N HR,V') satisfies
P
d——aPA P—a =0,
dz

where each term is considered as an element of V& H N HR,V". O
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Remark 22 There exists a constant C' > 0, independent of s, such that

| Pllc(o,+00):c(ve,vs+1yy F | Pller (jo,400):c0vs,veyy < C

and B B
| Pllc(o,+00):c0ve,vet1yy + | Pllero,400):c0ve,veyy < C.

Theorem 23 Problem (/) has a solution P limit of P™ in C([0,a] : H&yH N H&.H') N
Wb(0,a : V&,H N H®,V') as m — oo. Furthermore P € C([0,a] : LV, V5T)) N
Whoe(0,a: L(VE,V?®)), for all s € IR and

0 < P(x) < P(z) < P(x).

Proof. Since we are dealing with diagonal matrices, it is easy to prove that, it 0 <m; <
me, then & (x) = £;%(x) fori=1,---,my and 0 < P™(z) < P, for all m € IN, which

K24

implies that, if we define &; = £, then

PP =) Gw; @w; in C([0,4] : H&,H N HR.,H"),

i=1
since, using (15),

1P = Pl , = 1P™ = P

[0,a]:H&, H) C([0,a):H®, H')

$GOP e Ly

)\1+5

= sup
z€[0,a] j=m+1 i i=m+1

Now (15) gives the expected regularity on P because

1P 0.agcove vetny = s%p]mlax)\ il ()P <a?
z€|0,a

Further, if z € [0, al, then

0< P(z) < P(z) < Px) < Ps.

We also claim that

dP™ oo AP

o 4 in L>(0,a : V&.H N H@g‘N/'),
since, from (16),
‘de ap|’ ‘de ap|?
dz dz 0aV®2H) dz dz OaH®2V/)
1 dfn
= esssup
xamwzgilk”ﬁ dz )

17



2 o)t = am)Ni(Gai(2))??

= esssup Z

1446
:EE(O,(Z) i=m-+1 >\7,

- ——2 m )2 L
< > maX{Oé a(Q)\igii,oo_g ) }Al”
i=m+1 i

2 2] 1
R m—0o
< max{ D Yeare } Z i — 0.
i=m+1 "\

From (16) again

Similarly, it is easy to deduce that

= esssupmax|a(z) " — a(x)A(€(2))*?
Lo0(0,a:£(V5,V#)) z€(0,a) *

<max{ 2 \afa 2}.

a tIM T o7 in L(0,a ¢ V&yH N H@gf/')

and
aP™A,P™ "2 aPAP in L(0,a: V@, H N H®,V').

Then P € C([0,a] : H&yH N H@oH' ) N Wh*(0,a : V&, H N HR,V') satisfies

dP
— —aPA,P—a ' =0,
dz
where each term is considered as an element of V& H N HR,V". O

Remark 24 There exists a constant C' > 0, independent of s, such that
1 Pleo,al:cevs, vty + 1 Pllwiee.acvsvey < C.
Remark 25 If o € C([0, a]) then
P™ "= Pin C([0,a] : HOoH N H&.H') N CH[0,a] : V&yH N HR,V)

and P € C([0,a] : L(V*, V)N CH([0,a] : L(V*,V?)), for all s € IR. Furthermore, there
exists a constant C' > 0, independent of s, such that

1P lleqo.a:covs veryy + [ Pllero.arcovsvey < C.

18



4.3 Uniqueness of Solution

Lemma 26 Suppose T is a symmetric operator satisfying T € L(VP, VPT") for some
r € IR and for all p > k (k € IR) and there exists a constant C' > 0 independent of p such
that | Tz voery < C, then T is diagonal, i.e., T, ; = (Twi,wj)g = 0 if i # j.
Proof.

W;
[willv>

o0 (o]
= sup H)\i_p/2 > Tijwil[iper = sup \; > /\§‘7+T‘Ti7j|2
i j=1 ? j=1

T\ 2 s ypiry = sup|T 34 = sup [|A; 72Ty |2 e
1 1

Therefore, T;; = 0 if i # j and || T2y Votry > SUD; NI|T; ;]?, because, otherwise, since
A PAL — 00 as p— oo (if Aj > \y),
we would have
”T||2L(VP,VP+7") —o0asp— oo

in contradiction with the assumptions.
[ ]

Theorem 27 The solution P of (4) is unique in the set of functions
{P € Wh(0,a; VPR,VY) for some p,q € IR :
P € C([0,+00) : LIV, V=) for all s € IR,

with HPH%QO#OO):[;(VS’VSH)) uniformly bounded in s}.
Proof. Let P a solution of (4) in the above class of functions. From Theorem 26 P is
diagonal. Let
P(ZL‘) = qu(w)wz R w; € WI’OO(O, a; Vp®qu)
i=1

be the Fourier expansion of P(x). Then, equation (4) can be written as

e}

=1 =1

with both terms of the above equality in (V&,H) N (H®,V"). Then, by the uniqueness
of the Fourier representation, we have that

d&ii
dx
Therefore, if {™ is the matrix given by £™ = (&)=, then ™ is the unique solution of (6)

(as we proved in Section 4.1.1), which concludes the proof due to the strong convergence
of £™ to & in C([0,a] : HRoH N H®9H') proved in Theorem 23.

(z) + a(z)\és = a(x) .
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5 Elliptic problems associated to the Riccati Equa-
tion (4)
In this section we show how the Hilbert-Schmidt operator P solution of the Riccati equa-

tion (4) can be used to transform the second order elliptic boundary value problem (1)
into one or two uncoupled first order initial value problems (system (2)).

5.1 Function r

Theorem 28 Let s € IR arbitrary and ug € V*°. Then, there exists a unique solution
r€C([0,a] : V)N L20,a : VHY2)n HY(0,a : V571/2), of the initial value problem

dr
Fr aPA,r =0,
r(0) = wuo.

Proof. Let

oo
Ug = Zu()iwi
i=1

be the Fourier decomposition of uy. Then, the solution of the problem is given by

r(x,y) = ri(@)wi(y),

i=1
where each Fourier coefficient 7;(x), i = 1,-- -, 0o, satisfies the differential equation

dr;

L= —aN&ri,

P aX&ir

7”1(0) = UQ;-
Then,

ri(x) = ugie” Jo iatg®dt C([0,a])

and

‘ @y e sinhe/xy
ri(@)] < Jugsle ™™o €0 = Jyple 2V Jy coshiyan

u .
= ‘ Oz’ < |U01|

(cosh v/ Njz)oa™ —

Now, for all x € [0, a], we have that

o0 o
YN rs(@)]? <D A ugi|* < oo,
=1

i=1
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which implies that r(x) € V*. Hence, since r; € C([0,a]), i =1, --, 00, and thanks to the
uniform convergence of the previous series, we have that r € C([0,a] : V*). To obtain the
L*(0,a : V5+1/2) regularity consider

¢ s+1/2) 2 2aa~ s
XX P < 2 ZAmm/’haV]

= Y (1 e T YA A ] < oo

To obtain the H'(0,a : V5~1/2) regularity consider
a 2 dr; -
>\§—1/2 [ 2d < 22ag -2 )\s : /
/0 ; ’ |dx(x)| r= Z ‘uO, e2aa~ 1\/735

_ 90 IS S (1 - e B VAR e < 0o
Remark 29 In order to prove that r € C([0,a] : V*) we could have also used the theory
of intermediate spaces (see, for instance, [10]), which gives
L(0,a: VY2 A HY (0,0 2 VEY2) € C([0,a] : [VEY2, V512 )
and [V~1/2 Vetl2) ) = Vs,
Proposition 30 Ifa € C([0,a]) thenr € C'([0,a] : V*=1)NC*(]0,a] : VP), for anyp € IN.
Proof. Let us prove now that r € C*([0,a] : V*!). We have

dr; . sinh(v/\;z)
G @) < ar Sl < o Ao

which implies that, for all = € [0, al,

d
Z)\s 1‘ 7"1 §Q27722A5|U01\2 < 0.

=1

Thus, f{(% ) e Vet for all z € [0,al], and therefore r € C'([0,a] : V*71).
T

To prove the additional regularity we consider

i [ee]
S A fri(@)]? < 22703 XS fuga PN eI VA < og

i=1

for any x > 0, since for any p, k > 0
Aee A 50 as A — +oo.

d
Similarly, it can be proved that é €C(]0,a] : VP).
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Theorem 31 Let s € IR arbitrary and f € L*(0,a : V*). Then, there exists a unique
solution v € C([0,a] : Vs¥3/2) N L2(0,a : V) N HY(0,a : V*+Y), of the initial value

problem
{ dr —aPAyr = Pf,
dr
r(0) = 0.
Proof. Let

= ifi(x)w

be the Fourier decomposition of f(x,-), for all x € [0, a] (respectively, a.e. in (0,a)), with
f; € C([0,a]) (respectively, f; € L*(0,a)). Then, the solution of the problem is given by

= in(x)w

where each Fourier coefficient r;(x), i = 1,- - -, 00, satisfies the differential equation
d?”i
(17) 1 &i (—aXiri + fi),

Then, multiplying in (17) by r; and integrating over (0, x) we obtain

2 2qs — [ £ , ,
@) + [ alngao)ln)Pds = [ () fls)rn(s)s
Then
@ + [ alngals)n()Pds

<5 [l s + 5 [ el Ae)Pds
and therefore, we obtain
rn@P < [ el fl)Pds
RS g i

Thus,

oo s 1
Z)"HfiH%Q(O,a) = ?Hf”%%&azvs) < 00,

Q\‘»-n

e}

SN (e
7

i=1

which implies that r(z) € V32 Hence, since r; € C([0,a]) (because f; € L'(0,a)),
t = 1,---,00, and thanks to the uniform convergence of the series we have that r €

C([0,a] : V+3/2).
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To obtain the L?*(0,a : V%) regularity consider

a a rr ] a 1 _
2 2 9
/O|m(x)|da: < /O/Omfu(S)!fi(s)!dsde/O agii($}|’fi||L2(0,a)dx
1
||fiH%2(0,a)Wln(COSh a).

Therefore
s cosh a) s
By = [ ZA“!n P < ZA £l
In (cosh a)
= ?”f”%ﬂ(o,a:Vs) < 0.

Finally, since &; € L*(0,a) is uniformly bounded and f; € L%*(0,a), from (17) and
Theorem 23 we have that r; € H'(0,a) and we deduce that r € H'(0,a : V¥T). 4

Remark 32 The solution r; of (17) is
(18) ri(z) =e" Jy a®Xiti(t)dt /x &i(s)fi(s)efos a(t)Aigi(t)dt g o
0

Remark 33 In order to prove that r € C([0,a] : V*™3/2) we could have also used the
theory of intermediate spaces (see, for instance, [10]), which gives

L*(0,a: VYN HY(0,a: V) C C([0,a] : [VET, V2] )
and [Verl’ Vs+2]l/2 — Vs+3/2.

Remark 34 If f € L*°(0,a : V*) then r € Wl,oo(o’a : Vs+1/2)_ Furthermore, if o €
C([0,a]) and f € C([0,a] : V*) then r € C([0,a] : V*1/2).

Corollary 35 Let j,k € IR arbitrary, uo € V7 and f € L?*(0,a : V¥). Then, if p =
min{j, k + 3/2}, there exists a unique solution r € C([0,a] : VP) N L?*(0,a : VPT1/2) N
HY(0,a: VP~1/2)), of the initial value problem

dr
(19) I —aPAyr = Pf,
7(0) = wuo.
Furthermore, each Fourier coefficient r;, i = 1,---,00, is given by

rifa) = R ON O (g [T () el SN )

Remark 36 With the assumptions of the above Corollary, if o € C([0,a]) and f €
C([0,a] : V*), then r € C*([0,a] : VP71).
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5.2 Dirichlet Condition on I',

In the following Lemma 37 and Corollary 38 we give existence and uniqueness results for
the corresponding solution u in a suitable functional space which enables us to prove that
u is solution of a Poisson equation. Therefore we do not try to obtain all and/or the best
regularity results, since they can be obtained later as a result of the well-known regularity
results for the Poisson equation.

Lemma 37 Let j,k € IR arbitrary, ug € V? and f € L?(0,a : V*). Then, if p =
min{j, k + 3/2}, there exists a unique solution u € C([0,a] : V?) of the initial value

problem
d
{ Pozd—u =u-—r,

T
u(a) =0,
where r € C([0,a] : VP) N L*(0,a : Vp+1/2) N HY(0,a: VP~1/2) is the solution of the initial

(20)

du;
value problem (19). Furthermore, u = Zuzwz, with u; € C([0,al), du € L>=(0,a) and
i=1
ad—; € Wh*(0,a), for alli € IN.
Proof. The solution of the problem is given by
=D ui(x)wi(y),
i=1
where each Fourier coefficient w;(z), i = 1, - -, 0o, satisfies the differential equation
dui .
(21> giiaa = U; — Ty,
u;(a) = 0.
Solving (21) we obtain
(22) wilw) = e KOOSO (0 (5)6,(5)) Ty (s)e 08O a1

B NCIOIA0) 1dt< J(z )ef a(t)i(t)) 1dt+/ (((11:( )ef (alt)&is(t 1dtd>

= 7i(z) +e*f§(a(t)£ii(t))—1dt/ ((;“( e i (@)t g
T x

Now &;; is 0 at x = 0 and we have to check the behaviour of u; near x = 0. Let us see
that uw; € C([0,a]), i =1,---,00. It is easy to see that

o~ [ aga) e o (sinh (VAT
~ \sinh (v \a)

24
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Now, since r; € C([0,a]), it is easy to prove that, if 7;(0) = ug; # 0, then

(23) lim

z—0

[ (@(s)6us) rifs)el e | _ o
Therefore, if up; = 0 and (23) does not hold, then (obviously)
lim w;(x) = 0.

Otherwise, using L’Hopital’s rule,

iy ui(z) = Jim . fx (a0)€n (1)) 1t

(a(z)&i(x)) tri(x )efa(a (#)€::()) 1t

T (al@)a(n) el e
This implies that u; € C([0,a]) for all i =1, .-+, " "

easily verified.
Let us prove that u € C([0,a] : V?). From (21) we have

| €ats (d“’( ) — ‘37;<s)>2d5
2/ dz (ui(s) —ri(s))* dS—/afii(S) (s )((117;( )(iﬁ?(s) — i:@)) ds

= o) = @)+ gl - [ a0 (26 - ) s

Therefore,
1 2 a d'U,Z d'f’l’ 2
5(“1(37) —ri(7)) +/x §ii(s)a(s) <dx (s) — 1 (s)) ds <

S+ 5 [ &)l S lds + 5 [ euls <(j;:(s)—i7;(s)> ds.

Hence,

@ + @) + [ &uls)als (d“’%s) ) o<

dzx dzx
[ui(z)? a o 1 dr
2

o VA do

+ 20 (2) ]2 + |ri(a) | + (s)|2ds,
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which implies that
> > o, dr
> M@ < 23X (@) + (@) + 250 ooy < 00

Therefore u(z,-) € VP for all € [0,a] and thanks to the uniform convergence of the
series we have that u € C([0,a] : V?), since u; € C([0,a]) and

lu = wiwilleqoapvey = sup > Nui()?

i=1 z€[0,a] j=m+1
- > — @ d % m—o0
<2 Y Wm@P+s Y o [ e))ras o g
i=m+1 A o dz
Corollary 38 Let j, k,q € IR arbitrary, ug € V7, f € L*(0,a : V*) and u, € V9. Then,
if p = min{j, k + 3/2,q}, there exists a unique solution v € C([0,a] : V) of the initial
value problem
du
{ Pao— =u—r,

u(a) = ug,

(24)

where v € C([0,a] : VP)NL*(0,a : VPTY2) N\ HY(0,a : VP~Y/2), is the solution of the initial
value problem (19), with p = min{j, k + 3/2}. Furthermore, each Fourier coefficient u;,

du; du;
i=1,---,00, satisfies u; € C([0,a)), dl;l (0,a), dZ:Z € WhH>=(0,a) and

w(z) = e Jile@ew) tar
(25) (uaz+/ 511 i(5)€fsa(a(t)£“(t))_1dtd8>.

Theorem 39 Let j, k,q € IR arbitrary, ug € V7, f € L*(0,a: V¥) and u, € V2. Then, if
p =min{j, k+ 3/2,q}, the unique solution u € C([0,a] : V?) of the initial value problem
(24) is also the unique solution of the elliptic problem

-V - (a(x)Vu) = f in Q,

u=>0 on X,
(26) U = Ug on Iy,
u = uCL on F(L‘

Proof. Derivating (21) with respect to the x variable we get

du;  d&; du;  dry d du;
— - a—— = — =& a

which is an equation with all its terms in L*°(0, a) (see Theorem 23 and regularity results
of Corollary 38). Then, taking into account the Riccati equation satisfied by &; and the
equation satisfied by 7;, we have that

d [ du\ du;
&-i@ (a > = PN+ Cilahir; — ).

dz “dx
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Therefore, we have the following equation in L?(0, a):

Hence, since &;(x) > 0 for all x > 0, we have that

d du : -
I <de> = —alAyu—f in L*(0,a: VP,

which implies that

-V (a(z)Vu) = —— (aji) —alAyu=f in L*(0,a:VF).

Finally, the boundary conditions are obviously satisfied, which concludes the proof.

Example 40 If f € L2(0,a : H-1(0)) and g, u, € VY2 = Hy}*(O), then u € C([0,d] :
HSéQ(Q)), since H1(2) = V-1 and H&éQ(Q) — V12,

Remark 41 Once we know that the solution of (24) is the unique solution of (26) we
can improve the regularity results showed in Lemma 37 and Corollary 38. Some of the
regularity results for these kind of problems can be seen, for instance, in [6].

Remark 42 The above explicit formula (25) is not well-suited for computational pur-
poses, since at x = 0 there is a multiplication 0 - co. Nevertheless, we can avoid this
problem by developing the right hand term, obtaining the following result

Theorem 43 FEach Fourier coefficient u;, i = 1,---,00, of the solution u of the initial
value problem (24) (or, equivalently, problem (26)), is given by

ui(z) = ri(v) —Ti(a)e_fza(a(t)g“(t))_ldt
e Ja &) ldt/ eJ: XeWEWOI (o () \iry(s) + fi(s)) ds
Proof. Let us suppose that u, = 0 (otherwise we just have to add the additional term

given by the last term of the formula (25)). Integrating by parts in (25), fori =1,-- -, 0o,
we obtain

UZ(ZL') = rz($) - Ti(a)€7 fa(a(t)ﬁu(t))_ldt

dr;
T NCIOEIC ldt/sc els (gt ldté(:ﬁ)ds

— ri(x) — ry(a)e” [ @WE©) A
+e” f:(“(t)f“(t))fldt/ el Me®E M (o () \iri(s) + fis)) ds,
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since

satisfies

and therefore,
v(z) = oS Mgt

Example 44 Let f;(x) = f;, constant in O and a = 1 in (0, a). By Theorem 43 we have
that the solution of problem (24) (or, equivalently, problem (26)) is

o esinh (V) [ _xe _sesinh (V)
wi(w) = fz)\il <€ — ¢ sinh (v/\;a)

+ 2arctan(e¥) — 2 arctan(emx)>

Fug; | eV — e_maw umM
sinh (v/\;a) sinh /\a

This is, in fact, the solution of

2,
_d ;‘ () + Nus(z) = fi,

ui(0) = uoi,  ui(a) = g
Now, let us suppose that Q = (0,a) x (0,b) (that is, O = (0,b)). Then,

)\n:(n%)z,nzlandnell\f,

W (22) = \/g sm(%@).

u(z, xs) \/72unsin (—z2).

which can be approximated by

(z, ) \/721% sin —:1:2
for m large enough.

For instance, if f =1, up =1 and u, = 1, then

Wity s odd,
f’ﬂ = uOTL = uan = nm

and

0 if n is even.

Figure 2 (respectively Figure 3) shows the linear interpolation of u*® (respectively u™?),
over a grid of 16 elements for the z-coordinate and 26 elements for the zs5-coordinate, when
a=3and b=5.
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Figure 2: Graph of the function Figure 3: Graph of the function
u?? of Example 44. 1’ of Example 44.

5.3 Neumann Condition on I',

We now change the boundary condition on I', to a Neumann condition. The equation for
P and r are unchanged. Only the initial condition for v on I', is changed.

Theorem 45 Let j,k,q € IR arbitrary, ug € VI, f € L?(0,a : V¥) and u, € V9. Then,
if p=min{j,k+3/2,q+ 1}, there exists a unique solution v € C([0,a] : V?) of the initial

value problem
d
{ Pad—u =u-—-r,

u(a) = P(a)u, + r(a),

where r € C([0,a] : VP) N L2(0,a : VP20 HY(0,a : VP~Y2) is the solution of the initial
value problem (19) with p = min{j, k + 3/2}. Further, u is also solution of the problem

(27)

—V . (a(x)Vu) = f inf,

u= on X,
(28) U = U on I'y
ou
a5 — Uq 1—‘a
Qg =u on
and each Fourier coefficient u;, 1 = 1,---,00, is given by the formula of Theorem 43,

changing u, by P(a)u, + r(a).

5.4 Transparent Boundary Conditions

Now we show that the factorization process (2), (3) can be viewed as a Gaussian elimi-
nation process. Let us consider the subdomain QF =¢,a[xO. We can eliminate the un-
knowned function u on the complementary subdomain ; =|0, t[x O by writing a boundary
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value problem on 2} with a boundary condition on I'; thanks to the knowledge of P(t)
and r(t). In other words this boundary condition which summarizes the behaviour of u
on {2, is a transparent boundary condition.

Theorem 46 Let j, k,q € IR arbitrary, ug € V7, f € L?*(0,a : V*) and u, € V.
Then, if p = min{j, k + 3/2,q}, the unique solution u € C([t,a| : V?) of the initial value
problem (24) (or, equivalently, the restriction of the solution of problem (26) to S ), where
r € C([0,a] : VP)NL2(0,a : VPYY2) N HY(0,a : VP~Y2)) is the solution of the initial value
problem (19) with p = min{j, k 4+ 3/2}, is also the unique solution of the elliptic boundary
value problem

V.- (aVu) = f in Y,

u =0 on 2,
29 0
(29) —Pa—u+u:r on I'y,
ox
U = Uy, onl,.

Proof. From Corollary (38), the third equation of (29) is satisfied for z € [0,a] and,
therefore, we only need to prove the uniqueness of solution of problem (29). By linearity
we suppose that f,r, u, are equal to zero everywhere and we have to show that the only
solution is u = 0. Now, the variational formulation is

Find u e Uy = {o € H' () : p|lz =0, 9|, = 0}, such that
a(u, ) =0V ¢ € Uy,

where

alu, p) = /Q aVuVedrdy + /(9P’%t)u(t)go(t)dy.

Now, since P(t) is a positive definite operator, it is easy to prove, by means of the Poincaré
inequality, that a(-,-) is a positive definite bilinear form on ;. This concludes the proof
by using the Lax-Milgram Theorem (see Section V.3 of [3]).

Theorem 47 Let j. k,q € IR arbitrary, ug € V7, f € L*(0,a : V*) and u, € V9. Then,
if p = min{j, k + 3/2,q + 1}, the unique solution u € C([0,a] : VP) of the initial value
problem (27) (or, equivalently, problem (28)), where r is as in Theorem 46, is also the
unique solution of the elliptic problem

-V .- (aVu) = f in Y,
u=70 on X3,
u
—Pa—+u=r only
ox
ou r
a— = U, on T,
ox

Proof. The proof is analogous to the proof given in Theorem 46.
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Remark 48 We consider now the problem set on the complementary domain €2;.

—V - (aVu) = f in (Y,

u =0 on X,
(30) U = U on 'y,
Pa@ =u-—r on IY.

ox

Let us show that this problem does not have a unique solution and therefore it is not
well-posed. In fact applying Theorem 45 in €2; with an arbitrary Neumann data h € V'?,

0

we have that P(t)h = P(t)aa—z = u(t) — r(t), where u € C([0,¢] : V™) is the unique
solution of

—V . (a(x)Vu) = f in Q,

u=20 on X,
(31) U = U on I'y,

ou
a% =h on I';.

Then for any h, u solution of (31) is solution of (30). By this way we recover the initial
definition given in [11], [8] for operator P and function r, before deducing its associated
equations.
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