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RNP and small slices

One famous characterisation of the Radon-Nikodym property (RNP) is given
in terms of dentability:

a Banach space X has the RNP if, and only if, any
bounded, closed and convex set C ⊆ X contain arbitrarily small slices, where
a slice is a set

S(C, f , α) := {x ∈ C : f (x) > sup f (C)− α}, f ∈ X ∗, α > 0.

Small means:
1 Having arbitrarily small diameter or,
2 Being contained in balls of arbitrarily small radius.

In the study of extremely opposite we can think in the property that the unit
ball of the space has big slices ... in which measure??
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Two measures for big sets

Given C ⊆ X bcc, we define

r(C) = inf{r > 0 : C ⊆ B(x , r) for some x ∈ X},
diam (C) = sup{∥x − y∥ : x , y ∈ C}.

We say that a Banach space X has the:
1 the radius big slice property (rBSP) if every slice of BX has radius 1 (Y.

Ivakhno, 2006).
2 the slice diameter two property (slice-D2P) if every slice of BX has

diameter 2 (Nygaard, Werner, 2001?).
Examples with slice-D2P are Daugavet spaces (L1(µ),L∞(µ), µ atomless),c0,
inf dim uniform algebras, non-reflexive M-embedded Banach spaces . . .
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Radius vs diameter for slices
It is easy to see that slice-D2P⇒r-BSP.

If r(S) = 1 holds for every S,
diam (S) = 2 for every S?

Theorem (R. Haller, J. Langemets, V. Lima, R. Nadel and A.R.Z.
(2021))
The space X = (JT∞)∗ satisfies that r(S) = 1 for every S but
inf{diam (S) : S slice} ≤

√
2.

Theorem (A.R.Z. (2025))
There exists a Banach space X such that r(S) = 1 for every S but
inf{diam (S) : S slice} = 1.

Question
Can we get the above counterexamples replacing slices with non-empty
weakly open subsets of BX ?

The above examples satisfy that the unit ball contain non-empty relatively
weakly open subsets of arbitrarily small diameter (they have the CPCP!).
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Two ways of having big weakly open subsets

Given X Banach:
1 X has the diameter two property (D2P) if every non-empty weakly subset

of BX has diam 2 (Nygaard, Werner 2001?).

2 X has the r-big weak open property (rBWOP) if r(W ) = 1 for every
non-empty weakly open subset W of BX .

Examples with D2P are Daugavet spaces (L1(µ),L∞(µ), µ atomless),c0, inf
dim uniform algebras, non-reflexive M-embedded Banach spaces . . .
It was conjectured that slice-D2P implies D2P. However, such implication does
not hold. Every Banach space containing c0 admits an equivalent norm with
slice-D2P and failing the D2P.

Question
Is there a Banach space X with the rBWOP and failing the D2P?

If possible, with the inf. of diameter of weakly open subsets equal to 1.

Abraham Rueda Zoca (Universidad de Granada) Radius and diamater of weakly open subsets in Banach spaces March ??th 2026 7 / 18



Two ways of having big weakly open subsets

Given X Banach:
1 X has the diameter two property (D2P) if every non-empty weakly subset

of BX has diam 2 (Nygaard, Werner 2001?).
2 X has the r-big weak open property (rBWOP) if r(W ) = 1 for every

non-empty weakly open subset W of BX .

Examples with D2P are Daugavet spaces (L1(µ),L∞(µ), µ atomless),c0, inf
dim uniform algebras, non-reflexive M-embedded Banach spaces . . .
It was conjectured that slice-D2P implies D2P. However, such implication does
not hold. Every Banach space containing c0 admits an equivalent norm with
slice-D2P and failing the D2P.

Question
Is there a Banach space X with the rBWOP and failing the D2P?

If possible, with the inf. of diameter of weakly open subsets equal to 1.

Abraham Rueda Zoca (Universidad de Granada) Radius and diamater of weakly open subsets in Banach spaces March ??th 2026 7 / 18



Two ways of having big weakly open subsets

Given X Banach:
1 X has the diameter two property (D2P) if every non-empty weakly subset

of BX has diam 2 (Nygaard, Werner 2001?).
2 X has the r-big weak open property (rBWOP) if r(W ) = 1 for every

non-empty weakly open subset W of BX .
Examples with D2P are Daugavet spaces (L1(µ),L∞(µ), µ atomless),c0, inf
dim uniform algebras, non-reflexive M-embedded Banach spaces . . .
It was conjectured that slice-D2P implies D2P.

However, such implication does
not hold. Every Banach space containing c0 admits an equivalent norm with
slice-D2P and failing the D2P.

Question
Is there a Banach space X with the rBWOP and failing the D2P?

If possible, with the inf. of diameter of weakly open subsets equal to 1.

Abraham Rueda Zoca (Universidad de Granada) Radius and diamater of weakly open subsets in Banach spaces March ??th 2026 7 / 18



Two ways of having big weakly open subsets

Given X Banach:
1 X has the diameter two property (D2P) if every non-empty weakly subset

of BX has diam 2 (Nygaard, Werner 2001?).
2 X has the r-big weak open property (rBWOP) if r(W ) = 1 for every

non-empty weakly open subset W of BX .
Examples with D2P are Daugavet spaces (L1(µ),L∞(µ), µ atomless),c0, inf
dim uniform algebras, non-reflexive M-embedded Banach spaces . . .
It was conjectured that slice-D2P implies D2P. However, such implication does
not hold.

Every Banach space containing c0 admits an equivalent norm with
slice-D2P and failing the D2P.

Question
Is there a Banach space X with the rBWOP and failing the D2P?

If possible, with the inf. of diameter of weakly open subsets equal to 1.

Abraham Rueda Zoca (Universidad de Granada) Radius and diamater of weakly open subsets in Banach spaces March ??th 2026 7 / 18



Two ways of having big weakly open subsets

Given X Banach:
1 X has the diameter two property (D2P) if every non-empty weakly subset

of BX has diam 2 (Nygaard, Werner 2001?).
2 X has the r-big weak open property (rBWOP) if r(W ) = 1 for every

non-empty weakly open subset W of BX .
Examples with D2P are Daugavet spaces (L1(µ),L∞(µ), µ atomless),c0, inf
dim uniform algebras, non-reflexive M-embedded Banach spaces . . .
It was conjectured that slice-D2P implies D2P. However, such implication does
not hold. Every Banach space containing c0 admits an equivalent norm with
slice-D2P and failing the D2P.

Question
Is there a Banach space X with the rBWOP and failing the D2P?

If possible, with the inf. of diameter of weakly open subsets equal to 1.

Abraham Rueda Zoca (Universidad de Granada) Radius and diamater of weakly open subsets in Banach spaces March ??th 2026 7 / 18



Two ways of having big weakly open subsets

Given X Banach:
1 X has the diameter two property (D2P) if every non-empty weakly subset

of BX has diam 2 (Nygaard, Werner 2001?).
2 X has the r-big weak open property (rBWOP) if r(W ) = 1 for every

non-empty weakly open subset W of BX .
Examples with D2P are Daugavet spaces (L1(µ),L∞(µ), µ atomless),c0, inf
dim uniform algebras, non-reflexive M-embedded Banach spaces . . .
It was conjectured that slice-D2P implies D2P. However, such implication does
not hold. Every Banach space containing c0 admits an equivalent norm with
slice-D2P and failing the D2P.

Question
Is there a Banach space X with the rBWOP and failing the D2P?

If possible, with the inf. of diameter of weakly open subsets equal to 1.

Abraham Rueda Zoca (Universidad de Granada) Radius and diamater of weakly open subsets in Banach spaces March ??th 2026 7 / 18



Two ways of having big weakly open subsets

Given X Banach:
1 X has the diameter two property (D2P) if every non-empty weakly subset

of BX has diam 2 (Nygaard, Werner 2001?).
2 X has the r-big weak open property (rBWOP) if r(W ) = 1 for every

non-empty weakly open subset W of BX .
Examples with D2P are Daugavet spaces (L1(µ),L∞(µ), µ atomless),c0, inf
dim uniform algebras, non-reflexive M-embedded Banach spaces . . .
It was conjectured that slice-D2P implies D2P. However, such implication does
not hold. Every Banach space containing c0 admits an equivalent norm with
slice-D2P and failing the D2P.

Question
Is there a Banach space X with the rBWOP and failing the D2P?

If possible, with the inf. of diameter of weakly open subsets equal to 1.

Abraham Rueda Zoca (Universidad de Granada) Radius and diamater of weakly open subsets in Banach spaces March ??th 2026 7 / 18



First approach

Theorem (G. López-Pérez, E. Martínez Vañó and A.R.Z. (2025))
Given ε > 0 there exists an equivalent norm on X = c0 ⊕ R with the rBWOP
and such that

inf{diam (S) : S slice} ≤ 1 + ε.

Geometric idea: Find a suitable subset K ⊆ Bc0 such that diam (K ) = 1
made of pointwise positive elements. Take the renorming | · | on c0 ⊕∞ R
whose unit ball is

B = conv(K × {1} ∪ −K × {−1} ∪ ((1 − ε)Bc0⊕∞R + εBc0×{0})).
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Killing big diameter slices

B = conv(K × {1} ∪ −K × {−1} ∪ ((1 − ε)Bc0⊕∞R + εBc0×{0})).

Take S := {(x , µ) ∈ B : (0,1)(x , µ) = µ > 1 − δ}. Any element
α(k ,1) + β(−k ,−1) + γ((1 − ε)(x , λ) + ε(y ,0)) ∈
S ∩ conv(K × {1} ∪ −K × {−1} ∪ ((1 − ε)Bc0⊕∞R + εBc0×{0})) must have big
second coordinate, so α ≈ 1 (and thus β, γ ≈ 0). Hence

diam ∥·∥∞(S) ≈ diam ∥·∥∞(K ) = 1.

Now (1 − ε)Bc0⊕∞R ⊆ B implies

diam |·|(S) ≤ 1
1 − ε

diam ∥·∥∞(S) ≈ 1
1 − ε
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Forcing big radius of weak open (I)

B = conv(K × {1} ∪ −K × {−1} ∪ ((1 − ε)Bc0⊕∞R + εBc0×{0})).

To prove rBWOP we must show that, given (x , α) ∈ c0 ⊕ R (x finitely
supported),W ⊆ B weak open and ε > 0, ∃ (y , β) ∈ W such that
|(x , α)− (y , β)| ≥ 1 − ε.
Call U := K × {1},V := ((1 − ε)Bc0⊕∞R + εBc0×{0}). Observe that U−U

2 ⊆ V .
Then

conv(U ∪ −U ∪ V ) = conv(U ∪ V ) ∪ conv(−U ∪ V ).

Assume WLOG W ∩ conv(U ∪ V ) ̸= ∅. So
λ(k ,1) + (1 − λ)((1 − ε)(y , β) + ε(z,0)) ∈ W , for y , z finitely supported.
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Forcing big radius of weak open (II)

(x , α) ∈ c0 ⊕ R, x finitely supported, and
v := λ(k ,1) + (1− λ)((1− ε)(y , β) + ε(z,0)) ∈ W , y , z finitely suppoted in Bc0 .

Claim
We would be done if k + ekn ∈ K for a suitable subsequence ekn of en in c0.

If we had this, then
1 v + (ekn ,0) = λ(k + ekn) + (1 − λ)((1 − ε)(y + ekn , β) + ε(z + ekn ,0)) ∈ B

for advanced n (kn not in the support of y , z).
2 v + (ekn ,0) ∈ W for advanced enough n since (ekn ,0) → (0,0) weakly

and v ∈ W .
3 Using that | · | ≥ ∥ · ∥∞ (B ⊆ BX ), that x(kn) = y(kn) = z(kn) = 0 for

advanced n and k(kn) = 0 (k is positive and k + ekn ∈ K ⊆ Bc0 we get

|(x , α)− (v + (ekn ,0))| ≥ ∥(x , α)− (v + (ekn ,0))∥∞
≥ |(e∗

kn
,0)((x , α)− (v + (ekn ,0))| = 1.
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Our wish list for K

We need K ⊆ Bc0 closed and convex such that

1 x(n) ≥ 0 ∀n ∈ N, x ∈ K .
2 diam (K ) = 1 (this is implied by the above).
3 There is a sequence (gi)i∈N such that K = {gi : i ∈ N}

w
and such that, for

every i ∈ N, there is a subsequence (ein) of (en) such that gi + ein ∈ K for
every n ∈ N.

Such monster exists, it is a P0-simplex constructed by Argyros, Odell and
Rosenthal in 1988.
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Construction of P0-simplex

Take {εn} ↘ 0.

Define K1 = {e1}, g1 = e1 and K2 = conv(e1,e1 + e2). Choose l2 > 1 and
g2, . . . ,gl2 ∈ K2 an ε2-net in K2.
If mn, ln, Kn, and {g1, . . . ,gln} have been constructed, with
Kn ⊆ Bspan{e1,...,emn} and gi ∈ Kn for every 1 ≤ i ≤ ln such that
{gln−1+1, · · · ,gln} is an εn-net in Kn. Define Kn+1 as

Kn+1 = conv(Kn ∪ {gi + emn+i : 1 ≤ i ≤ ln}).

Consider mn+1 = mn + ln and choose {gln+1, . . . ,gln+1} ⊂ Kn+1 so that
they form an εn+1-net in Kn+1.

Finally, we define K0 = ∪nKn.
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Improving the result

Theorem (G. López-Pérez, E. Martínez Vañó and A.R.Z. (2025))
Given ε > 0 there exists an equivalent norm on c0 ⊕ R with the rBWOP and
such that

inf{diam (S) : S slice} ≤ 1 + ε.

If X contains c0 complemented, then consider a renorming of X such that

X = (c0 ⊕ R)⊕∞ Z ,

where we equip c0 ⊕R with the above norm and Z such that BZ has arbitrarily
small slices. We get:

Theorem (G. López-Pérez, E. Martínez Vañó and A.R.Z. (2025))
Given X containing c0 complemented (for instance, X separable containing
c0, there is a renorming with the rBWOP and such that

inf{diam (S) : S slice} ≤ 1 + ε.
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where we equip c0 ⊕R with the above norm and Z such that BZ has arbitrarily
small slices. We get:

Theorem (G. López-Pérez, E. Martínez Vañó and A.R.Z. (2025))
Given X containing c0 complemented (for instance, X separable containing
c0, there is a renorming with the rBWOP and such that

inf{diam (S) : S slice} ≤ 1 + ε.
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Raiching ε = 0

Let X containing c0 complemented. Given n ∈ N select Xn an equivalent
renorming of X with the rBWOP and such that

inf{diam (S) : S slice of BXn} ≤ 1 +
1
n
.

Then X = (⊕∞
n=1Xn)1 has the rBWOP and

inf{diam (S) : S slice of BX} = 1.
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Connection with the convex point of continuity property

A Banach space X is said to have the convex point of continuity property
(CPCP) if for every C ⊆ X contains weakly open subsets of arbitrarily small
diameter.
One of the biggest conjecture in the diameter two properties is whether every
Banach space X failing the CPCP admits an equivalent renorming with the
D2P.

Question
Does every Banach space X failing the CPCP admit an equivalent renorming
with the rBWOP?

Question
Does every Banach space X failing the RNP admit an equivalent renorming
with the rBSP?
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Comments on the questions

Question
Does every Banach space X failing the RNP admit an equivalent renorming
with the rBSP?

If the answer were YES, the above would imply that there are spaces with the
rBSP and the CPCP Such examples exists (e.g. (JT∞)∗). We do not know if
there exists a space X with the slice-D2P and the CPCP.

Question
Does every Banach space X failing the CPCP admit an equivalent renorming
with the rBWOP?

Similarly, if the answer were YES there would exists a Banach space X with
the rBWOP in which every C ⊆ BX ccb would contain arbitrarily small convex
combinations of slices (X strongly regular).

Question (intermediate)
Does there exists a Banach space X with the rBWOP and being strongly
regular?
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