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1. Positively Norming Sets



Definition

Let X be a Banach space.

A set B ⊆ BX ∗ is said to be norming if there is c > 0 such that

∥x∥ ≤ c sup
x∗∈B

|x∗(x)| for all x ∈ X .

Examples of norming sets

BX ∗ (Hahn-Banach theorem).

ext(BX ∗) = extreme points of BX ∗ (Krein-Milman theorem).

For X = ℓ1, the set {−1,1}N.
For X = c0 or X = ℓ∞, the set of all coordinate projections.

For X = C(K) and a dense set D ⊆ K of the compact Hausdorff
topological space K , the set of all evaluation functionals {δt : t ∈D}.
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Definition

A Banach lattice is a Banach space E equipped with an order relation ≥
satisfying the following properties:

1 x ≥ y =⇒ x+ z ≥ y + z ∀z ∈ E .

2 x ≥ y =⇒ αx ≥ αy ∀α ≥ 0.

3 For each x ,y ∈ E there exist x ∨y := sup{x ,y} and x ∧y := inf{x ,y}.
4 |x | ≥ |y | =⇒ ∥x∥ ≥ ∥y∥.

Examples of Banach lattices

c0 and ℓp for 1≤ p ≤ ∞.

Banach spaces with an unconditional basis.

Lp(µ) for 1≤ p ≤ ∞ and a non-negative measure µ.

C(K) for a compact Hausdorff topological space K .

▶ Given a Banach lattice E , we write

E+ := {x ∈ E : x ≥ 0} and BE ∗
+
:= {x∗ ∈ BE ∗ : x∗ ≥ 0}.



Definition

A Banach lattice is a Banach space E equipped with an order relation ≥
satisfying the following properties:

1 x ≥ y =⇒ x+ z ≥ y + z ∀z ∈ E .

2 x ≥ y =⇒ αx ≥ αy ∀α ≥ 0.

3 For each x ,y ∈ E there exist x ∨y := sup{x ,y} and x ∧y := inf{x ,y}.
4 |x | ≥ |y | =⇒ ∥x∥ ≥ ∥y∥.

Examples of Banach lattices

c0 and ℓp for 1≤ p ≤ ∞.

Banach spaces with an unconditional basis.

Lp(µ) for 1≤ p ≤ ∞ and a non-negative measure µ.

C(K) for a compact Hausdorff topological space K .

▶ Given a Banach lattice E , we write

E+ := {x ∈ E : x ≥ 0} and BE ∗
+
:= {x∗ ∈ BE ∗ : x∗ ≥ 0}.



Definition

A Banach lattice is a Banach space E equipped with an order relation ≥
satisfying the following properties:

1 x ≥ y =⇒ x+ z ≥ y + z ∀z ∈ E .

2 x ≥ y =⇒ αx ≥ αy ∀α ≥ 0.

3 For each x ,y ∈ E there exist x ∨y := sup{x ,y} and x ∧y := inf{x ,y}.

4 |x | ≥ |y | =⇒ ∥x∥ ≥ ∥y∥.

Examples of Banach lattices

c0 and ℓp for 1≤ p ≤ ∞.

Banach spaces with an unconditional basis.

Lp(µ) for 1≤ p ≤ ∞ and a non-negative measure µ.

C(K) for a compact Hausdorff topological space K .

▶ Given a Banach lattice E , we write

E+ := {x ∈ E : x ≥ 0} and BE ∗
+
:= {x∗ ∈ BE ∗ : x∗ ≥ 0}.



Definition

A Banach lattice is a Banach space E equipped with an order relation ≥
satisfying the following properties:

1 x ≥ y =⇒ x+ z ≥ y + z ∀z ∈ E .

2 x ≥ y =⇒ αx ≥ αy ∀α ≥ 0.

3 For each x ,y ∈ E there exist x ∨y := sup{x ,y} and x ∧y := inf{x ,y}.
4 |x | ≥ |y | =⇒ ∥x∥ ≥ ∥y∥.

Examples of Banach lattices

c0 and ℓp for 1≤ p ≤ ∞.

Banach spaces with an unconditional basis.

Lp(µ) for 1≤ p ≤ ∞ and a non-negative measure µ.

C(K) for a compact Hausdorff topological space K .

▶ Given a Banach lattice E , we write

E+ := {x ∈ E : x ≥ 0} and BE ∗
+
:= {x∗ ∈ BE ∗ : x∗ ≥ 0}.



Definition

A Banach lattice is a Banach space E equipped with an order relation ≥
satisfying the following properties:

1 x ≥ y =⇒ x+ z ≥ y + z ∀z ∈ E .

2 x ≥ y =⇒ αx ≥ αy ∀α ≥ 0.

3 For each x ,y ∈ E there exist x ∨y := sup{x ,y} and x ∧y := inf{x ,y}.
4 |x | ≥ |y | =⇒ ∥x∥ ≥ ∥y∥.

Examples of Banach lattices

c0 and ℓp for 1≤ p ≤ ∞.

Banach spaces with an unconditional basis.

Lp(µ) for 1≤ p ≤ ∞ and a non-negative measure µ.

C(K) for a compact Hausdorff topological space K .

▶ Given a Banach lattice E , we write

E+ := {x ∈ E : x ≥ 0} and BE ∗
+
:= {x∗ ∈ BE ∗ : x∗ ≥ 0}.



Definition

A Banach lattice is a Banach space E equipped with an order relation ≥
satisfying the following properties:

1 x ≥ y =⇒ x+ z ≥ y + z ∀z ∈ E .

2 x ≥ y =⇒ αx ≥ αy ∀α ≥ 0.

3 For each x ,y ∈ E there exist x ∨y := sup{x ,y} and x ∧y := inf{x ,y}.
4 |x | ≥ |y | =⇒ ∥x∥ ≥ ∥y∥.

Examples of Banach lattices

c0 and ℓp for 1≤ p ≤ ∞.

Banach spaces with an unconditional basis.

Lp(µ) for 1≤ p ≤ ∞ and a non-negative measure µ.

C(K) for a compact Hausdorff topological space K .

▶ Given a Banach lattice E , we write

E+ := {x ∈ E : x ≥ 0} and BE ∗
+
:= {x∗ ∈ BE ∗ : x∗ ≥ 0}.



Definition

A Banach lattice is a Banach space E equipped with an order relation ≥
satisfying the following properties:

1 x ≥ y =⇒ x+ z ≥ y + z ∀z ∈ E .

2 x ≥ y =⇒ αx ≥ αy ∀α ≥ 0.

3 For each x ,y ∈ E there exist x ∨y := sup{x ,y} and x ∧y := inf{x ,y}.
4 |x | ≥ |y | =⇒ ∥x∥ ≥ ∥y∥.

Examples of Banach lattices

c0 and ℓp for 1≤ p ≤ ∞.

Banach spaces with an unconditional basis.

Lp(µ) for 1≤ p ≤ ∞ and a non-negative measure µ.

C(K) for a compact Hausdorff topological space K .

▶ Given a Banach lattice E , we write

E+ := {x ∈ E : x ≥ 0} and BE ∗
+
:= {x∗ ∈ BE ∗ : x∗ ≥ 0}.



Definition

A Banach lattice is a Banach space E equipped with an order relation ≥
satisfying the following properties:

1 x ≥ y =⇒ x+ z ≥ y + z ∀z ∈ E .

2 x ≥ y =⇒ αx ≥ αy ∀α ≥ 0.

3 For each x ,y ∈ E there exist x ∨y := sup{x ,y} and x ∧y := inf{x ,y}.
4 |x | ≥ |y | =⇒ ∥x∥ ≥ ∥y∥.

Examples of Banach lattices

c0 and ℓp for 1≤ p ≤ ∞.

Banach spaces with an unconditional basis.

Lp(µ) for 1≤ p ≤ ∞ and a non-negative measure µ.

C(K) for a compact Hausdorff topological space K .

▶ Given a Banach lattice E , we write

E+ := {x ∈ E : x ≥ 0} and BE ∗
+
:= {x∗ ∈ BE ∗ : x∗ ≥ 0}.



Definition

A Banach lattice is a Banach space E equipped with an order relation ≥
satisfying the following properties:

1 x ≥ y =⇒ x+ z ≥ y + z ∀z ∈ E .

2 x ≥ y =⇒ αx ≥ αy ∀α ≥ 0.

3 For each x ,y ∈ E there exist x ∨y := sup{x ,y} and x ∧y := inf{x ,y}.
4 |x | ≥ |y | =⇒ ∥x∥ ≥ ∥y∥.

Examples of Banach lattices

c0 and ℓp for 1≤ p ≤ ∞.

Banach spaces with an unconditional basis.

Lp(µ) for 1≤ p ≤ ∞ and a non-negative measure µ.

C(K) for a compact Hausdorff topological space K .

▶ Given a Banach lattice E , we write

E+ := {x ∈ E : x ≥ 0} and BE ∗
+
:= {x∗ ∈ BE ∗ : x∗ ≥ 0}.



Definition (Sánchez-Pérez and Tradacete, 2014)

Let E be a Banach lattice.

A set H ⊆ BE ∗
+
is said to be positively norming if there is c > 0 such that

∥x∥ ≤ c sup
x∗∈H

x∗(|x |) for all x ∈ E .

Examples of positively norming sets

1 BE ∗
+
and, more generally, all norming subsets of BE ∗

+
.

2 For E = ℓ1, the singleton {ϕ}, where ϕ = (1,1,1, . . .).

3 For E = L1(µ) and a non-negative measure µ, the singleton {ϕ} where

ϕ(x) :=
∫

x dµ for all x ∈ L1(µ).

Theorem (Sánchez-Pérez and Tradacete, 2014)

Let E be a Banach lattice. TFAE:

1 There is a relatively norm compact positively norming set H ⊆ BE ∗
+
.

2 There is an order bounded positively norming set H ⊆ BE ∗
+
.

3 E is lattice isomorphic to L1(µ) for some non-negative measure µ.
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2. Banach Lattices and Vector Measures



Definition

Let E be a Banach lattice. A vector e ∈ E+ is said to be a weak order unit if

x ∧ne ↑ x for every x ∈ E+.

Examples of weak order units

• E = c0 and e = (1, 12 ,
1
3 , . . .). • E = L1[0,1] and e = χ[0,1].

Definition

A Banach lattice E is said to be order continuous if

xα ↓ 0 in E =⇒ ∥xα∥ ↓ 0.

Examples of order continuous Banach lattices having a weak order unit

c0 and ℓp for 1≤ p < ∞.

Banach spaces with an unconditional basis.

Lp(µ) for 1≤ p < ∞ and a non-negative finite measure µ.
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Theorem (Curbera, 1992)

Let E be an order continuous Banach lattice having a weak order unit.

Then there exist a Banach space X , a measurable space (Ω,Σ) and a vector
measure ν : Σ→ X such that E is lattice isometric to L1(ν).

What is L1(ν)?

Definition

A measurable function f : Ω→ R is said to be ν-integrable if:

f is |x∗ ◦ν |-integrable for all x∗ ∈ X ∗.

For every A ∈Σ there is a vector
∫
A f dν ∈ X such that

x∗
(∫

A
f dν

)
=

∫
A
f d(x∗ ◦ν) for all x∗ ∈ X ∗.

The linear space L1(ν) of all (equivalence classes of) ν-integrable functions
is a Banach lattice when equipped with the ∥ν∥-a.e. order and the norm

∥f ∥L1(ν) := sup
x∗∈BX∗

∫
Ω
|f |d |x∗ ◦ν |.

∥ν∥= semivariation of ν
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f is |x∗ ◦ν |-integrable for all x∗ ∈ X ∗.

For every A ∈Σ there is a vector
∫
A f dν ∈ X such that

x∗
(∫

A
f dν

)
=

∫
A
f d(x∗ ◦ν) for all x∗ ∈ X ∗.

The linear space L1(ν) of all (equivalence classes of) ν-integrable functions
is a Banach lattice when equipped with the ∥ν∥-a.e. order and the norm

∥f ∥L1(ν) := sup
x∗∈BX∗

∫
Ω
|f |d |x∗ ◦ν |.

∥ν∥= semivariation of ν
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A Banach lattice can be represented as L1(ν) for different ν’s:

Example

L1[0,1] is lattice isometric to L1(νi ) for each of the following Xi -valued vector
measures νi defined on the Borel σ -algebra of [0,1]:

X1 = R and ν1(A) = λ (A) (where λ = Lebesgue measure).

X2 = L1[0,1] and ν2(A) = χA.

X3 = c0 and ν3(A) = (
∫
A rn dλ ) (where rn = n th-Rademacher function).

General question

Which kind of properties of ν could have consequences for L1(ν)?
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3. Positively Norming Sets and Vector Measures





From now on:

X is a Banach space,

(Ω,Σ) is a measurable space,

ν : Σ→ X is a vector measure.

Fact

L1(ν) is separable =⇒ ν has separable range.

Theorem 1 (Okada, R., Sánchez-Pérez)

ν has separable range
L1(ν)

∗ is order continuous

}
=⇒ L1(ν) is separable.

Corollary

ν has separable range
L1(ν) is reflexive

}
=⇒ L1(ν) is separable.
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Theorem 1 (Okada, R., Sánchez-Pérez)

ν has separable range & L1(ν)
∗ is order continuous =⇒ L1(ν) is separable.

Proposition

1 For each x∗ ∈ BX ∗ we have a functional ϕx∗ ∈ BL1(ν)∗+
defined by

ϕx∗(f ) :=
∫
Ω
f d |x∗ ◦ν | for all f ∈ L1(ν).

2 {ϕx∗ : x∗ ∈∆} is positively norming for every w∗-dense set ∆⊆ BX ∗ .

3 If ν has separable range,

then there is a countable positively norming subset of BL1(ν)∗+
.

Theorem 1 is then a consequence of the following:

Theorem 2 (Okada, R., Sánchez-Pérez)

Let E be a Banach lattice such that:

both E and E ∗ are order continuous,

there is a countable positively norming subset of BE ∗
+
.

Then E is separable.
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