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Definition

Let X be a Banach space.
A set B C By is said to be norming if there is ¢ > 0 such that

[Ix]| < ¢ sup |x*(x)| for all x € X.
x*eB

Examples of norming sets

By (Hahn-Banach theorem).

@ ext(Bx-) = extreme points of Bx- (Krein-Milman theorem).
@ For X =/, the set {—1,1}N.

@ For X = ¢ or X = (., the set of all coordinate projections.
°

For X = C(K) and a dense set D C K of the compact Hausdorff
topological space K, the set of all evaluation functionals {J; : t € D}.
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°

C(K) for a compact Hausdorff topological space K.

» Given a Banach lattice E, we write

Ei:={x€E: x>0} and Bg :={x"€Bg :x">0}.



Definition (Sanchez-Pérez and Tradacete, 2014)

Let E be a Banach lattice.
A set H C Bg: is said to be positively norming if there is ¢ > 0 such that

[Ix]| < ¢ sup x*(|x]) for all x € E.
x*eH




Definition (Sanchez-Pérez and Tradacete, 2014)
Let E be a Banach lattice.

A set H C Bg: is said to be positively norming if there is ¢ > 0 such that

[Ix]| < ¢ sup x*(|x]) for all x € E.
x*eH

Examples of positively norming sets

- | &




Definition (Sanchez-Pérez and Tradacete, 2014)
Let E be a Banach lattice.

A set H C Bg: is said to be positively norming if there is ¢ > 0 such that

[Ix]| < ¢ sup x*(|x]) for all x € E.
x*eH

.

Examples of positively norming sets

(1] Bg: and, more generally, all norming subsets of Bg: .

.




Definition (Sanchez-Pérez and Tradacete, 2014)
Let E be a Banach lattice.

A set H C Bg: is said to be positively norming if there is ¢ > 0 such that

[Ix]| < ¢ sup x*(|x]) for all x € E.
x*eH

A

Examples of positively norming sets

(1] Bg: and, more generally, all norming subsets of Bg: .
@ For E =/, the singleton {¢}, where ¢ =(1,1,1,...).

A




Definition (Sanchez-Pérez and Tradacete, 2014)
Let E be a Banach lattice.

A set H C Bg: is said to be positively norming if there is ¢ > 0 such that

[Ix]| < ¢ sup x*(|x]) for all x € E.
x*eH

A

Examples of positively norming sets

(1] Bg: and, more generally, all norming subsets of Bg: .
@ For E =/, the singleton {¢}, where ¢ =(1,1,1,...).
© For E=L;(u) and a non-negative measure [, the singleton {¢} where

o(x) = /xdu for all x € Ly(u).

A




Definition (Sanchez-Pérez and Tradacete, 2014)

Let E be a Banach lattice.
A set H C Bg: is said to be positively norming if there is ¢ > 0 such that

[Ix]| < ¢ sup x*(|x]) for all x € E.
x*eH

A

Examples of positively norming sets

(1] Bg: and, more generally, all norming subsets of Bg: .
@ For E =/, the singleton {¢}, where ¢ =(1,1,1,...).
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A

Theorem (Sanchez-Pérez and Tradacete, 2014)
Let E be a Banach lattice. TFAE:

@ There is a relatively norm compact positively norming set H C BE;-

@ There is an order bounded positively norming set H C BEi'

© E is lattice isomorphic to Lj (1) for some non-negative measure [L.
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The linear space L1 (V) of all (equivalence classes of) v-integrable functions
is a Banach lattice when equipped with the ||v|-a.e. order and the norm

1Fluyi= sup [ IFldix"ovL

X*EByer

V

|[v|| = semivariation of v
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A Banach lattice can be represented as Li(v) for different v’s:

L1[0,1] is lattice isometric to L1 (V;) for each of the following X;-valued vector
measures V; defined on the Borel c-algebra of [0,1]:

@ X; =R and vi(A) = A(A) (where A = Lebesgue measure).
@ Xp =L1[0,1] and v»(A) = xa.
@ X3 =cp and v3(A) = (f4rndA) (where r, = nth-Rademacher function).

General question

Which kind of properties of v could have consequences for L1(Vv)?
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STUDIA MATHEMATICA 274 (2) (2024)

On vector measures with values in /.

by

S. Okapa (Canberra), J. Ropricuez (Murcia and Albacete) and
E. A. SAncuez-PErez (Valencia)

Abstract. We study some aspects of countably additive vector measures with values
in £ and the Banach lattices of real-valued functions that are integrable with respect
to such a vector measure. On the one hand, we prove that if W C £, is a total set not
containing sets equivalent to the canonical basis of £,(c), then there is a non-countably-
additive £x-valued map v defined on a g-algebra such that the composition z° o v is
countably additive for every 2* € W. On the other hand, we show that a Banach lattice
E is separable whenever it admits a countable, positively norming set and both E and E*
are order continuous. As a consequence, if ¥ is a countably additive vector measure defined
on a o-algebra and taking values in a separable Banach space, then the space Li(v) is
separable whenever Li(¥)® is order continuous.
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Li(v) is separable = Vv has separable range.

Theorem 1 (Okada, R., Sdnchez-Pérez)

v has separable range
Li(v)* is order continuous

v has separable range
Li(v) is reflexive

} = L;(v) is separable.

.

} = L;(v) is separable.

.
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Vv has separable range & Lj(v)* is order continuous =  L;(V) is separable.

Proposition

@ For each x* € Bx+ we have a functional @, € By, (v): defined by

.
o (F) ::/Qfd|x*ov| for all £ € Ly (V).

Q {¢.:x* € A} is positively norming for every w*-dense set A C Bx:.

© If v has separable range,

then there is a countable positively norming subset of By, (y): -

A

Theorem 1 is then a consequence of the following:

Theorem 2 (Okada, R., Sanchez-Pérez)

Let E be a Banach lattice such that:
@ both E and E* are order continuous,
@ there is a countable positively norming subset of BEi-

Then E is separable.




