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The motivation

» A Banach space X has a compact unit ball < X is finite dimensional.
» X has a weakly compact unit ball < X is reflexive (X** = X).

» X' has always a weakly™ compact unit ball.
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Introduction
ooe

The definitions

Definition

A sequence (x,) in X is Cesaro convergent or mean convergence if the
sequence of the arithmetic mean of the n-th first terms is norm convergent,
i.e. there exists an x € X such that

. X
lim E = —x|| =o0.
n—r o0 n
i=1 X

Mauro Sanchiz ‘Workshop on Geometric and Functional




Introduction
ooe

The definitions

Definition

A sequence (x,) in X is Cesaro convergent or mean convergence if the
sequence of the arithmetic mean of the n-th first terms is norm convergent,
i.e. there exists an x € X such that

i=1 X

The standard sequence (e, ) is Cesaro convergent to 0 in £, for 1 < p < oo.
(1,0,0,...), (;, é,O 0...), (% %, %,0,0, ..+),... converges to 0 in norm.
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Introduction
ooe

The definitions

Definition

A sequence (x,) in X is Cesaro convergent or mean convergence if the
sequence of the arithmetic mean of the n-th first terms is norm convergent,
i.e. there exists an x € X such that

i=1 X

The standard sequence (e,) is Cesar
(1,0,0,...), (;, é,O 0...), (% %, %,0,0, ..+),... converges to 0 in norm.

A Banach space X is Banach-Saks (respectively weakly Banach-Saks), or a
subset A C X has the Banach-Saks property, if every bounded sequence (x,)
in X (resp. weakly convergent sequence) has a subsequence (x,,) which is
Cesaro convergent.
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Introduction

The origin of it

Theorem (Banach and Saks, 1930)

The spaces L, and £, are Banach-Saks for 1 < p < oc.

Theorem (Schreier, 1930)

The space of continuous functions C[0, 1] is not weakly Banach-Saks.
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The origin of it

Theorem (Banach and Saks, 1930)

The spaces L, and £, are Banach-Saks for 1 < p < oc.

Theorem (Schreier, 1930)

The space of continuous functions C[0, 1] is not weakly Banach-Saks.

Theorem (Szlenk, 1965)
Ly is weakly Banach-Saks.

Theorem (Baernstein, 1972)

There exists a reflexive space X that is not weakly Banach-Saks.

Theorem (Farnum, 1974)

For a compact metric space M, C(M) is weakly Banach-Saks <
M@ = Muen M = 0 (M) being the n-th derivated set).
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Results on the weak Banach-Saks property
(o] T}

Basic properties

Proposition

The weak Banach-Saks property is hereditary.

Proposition

Since every separable Banach space can be embedded in !, and there exist
some separable non-weak Banach-Saks spaces, {, is not weak
Banach-Saks.

Proposition

Every Banach space X containing an £ copy or a C|0, 1] copy is not weak
Banach-Saks.
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Results on the weak Banach-Saks property

Theorem (Kakutani, 1938)

Every uniformly convex Banach space is weakly Banach-Saks (and
Banach-Saks).

Theorem (Nishiura and Waterman, 1963)

X is Banach-Saks < X is weakly Banach-Saks and reflexive (Banach-Saks
= reflexive).
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Results on the weak Banach-Saks property

Theorem (Kakutani, 1938)

Every uniformly convex Banach space is weakly Banach-Saks (and
Banach-Saks).

Theorem (Nishiura and Waterman, 1963)

X is Banach-Saks < X is weakly Banach-Saks and reflexive (Banach-Saks
= reflexive).

That is why the weak Banach-Saks property is the most studied.
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@ Results on the weak Banach-Saks property
More recent results on the weak Banach-saks property
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Theorem (Mercourakis, 1995)

X is weak Banach-Saks < every weakly convergent sequence has a
subsequence uniformly weakly convergent (i.e. for every € there exists n(e)
with card({n € N : x*(x, — x)| > €}) < n(e)).

Theorem (Rosenthal, 1976?)

X is weak Banach-Saks if no weakly convergent sequence (x,) generates an
U1-spreading model, meaning the existence of 0 > 0 such that

1Y anlen =x)| 26 |al

nes nes

Jor every s C N with card(s) < min(s) and every sequence of scalars (a,).
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Results on the weak

Theorem (Kaminska and Lee, 2013)

For a Musielak-Orlicz function ®, {4 is weak Banach-Saks < it is
separable.

Theorem (Kaminska and Lee, 2014)

Any separable Orlicz-Lorentz space A, ,(0,a), a < oo, is weak
Banach-Saks.

Theorem (Lopez-Abad, Ruiz and Tradacete, 2014)

If X is weak Banach-Saks, then the convex hull of a Banach subset A C X is
also Banach-Saks (the hypothesis is necessary).
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Results on the weak Banach-Saks property

Theorem (Kaminska and Lee, 2013)

For a Musielak-Orlicz function ®, {4 is weak Banach-Saks < it is
separable.

Theorem (Kaminska and Lee, 2014)

Any separable Orlicz-Lorentz space A ., (0,a), a < oo, is weak
Banach-Saks.

Theorem (Lopez-Abad, Ruiz and Tradacete, 2014)

If X is weak Banach-Saks, then the convex hull of a Banach subset A C X is
also Banach-Saks (the hypothesis is necessary).

There has also been some quantification on the Banach-Saks property in:

e Bendova, Kalenda, Spurny. Quantification of the Banach—Saks property.
Journal of Functional Analysis 268, 1733-1754 (2015).

e Silber. Quantification of Banach-Saks properties of higher orders. Journal
of Mathematical Analysis and Applications 517, 126590 (2023).
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Variable Lebesgue spaces

Definition
Given p(-) : @ — [1,00), the variable exponent Lebesgue space [P\ () is
the Banach function space consisting of all f € Ly(2, ) with

Pr() ({) ::/Q 49

T
endowed with the Luxemburg norm
Aoy = inf{r >0:p ({) < 1} :

pt o= esssup,qp(1).
p~ = essinfeq p(f).

(1)
du(t) < oo, for somer > 0,
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© 170 (9) are weak Banach-Saks
How to prove that a Banach space is weak Banach-Saks?
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How to prove that a Banach space is weak Banach-Saks?

To prove the weak Banach-Saks property of a Banach space X try to use any
property satisfied by weakly compact sets.
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How to prove that a Banach space is weak Banach-Saks?

To prove the weak Banach-Saks property of a Banach space X try to use any
property satisfied by weakly compact sets.

Theorem (Hernandez, Ruiz, MS, 2021, 2024)

Let IP)(Q) with pt < 0o and p(t) # 1 a.e.-ji. A subset S C IPC) () is
relatively weakly compact <

1
lim sup —/ IMOPOdu(r) =0
"OfES A Q
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How to prove that a Banach space is weak Banach-Saks?

To prove the weak Banach-Saks property of a Banach space X try to use any
property satisfied by weakly compact sets.

Theorem (Hernandez, Ruiz, MS, 2021, 2024)

Let IP)(Q) with pt < 0o and p(t) # 1 a.e.-ji. A subset S C IPC) () is
relatively weakly compact <

1
lim sup —/ IMOPOdu(r) =0
"OfES A Q

Weirdly enough, if the space X is reflexive, any boundedness condition is a
weak compactness condition.
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How to prove that a Banach space is weak Banach-Saks?

To prove the weak Banach-Saks property of a Banach space X try to use any
property satisfied by weakly compact sets.

Theorem (Hernandez, Ruiz, MS, 2021, 2024)

Let IP)(Q) with pt < 0o and p(t) # 1 a.e.-ji. A subset S C IPC) () is
relatively weakly compact <

1
lim sup —/ IMO)PDdu(r) = 0.
—)Ofes A Q

Weirdly enough, if the space X is reflexive, any boundedness condition is a
weak compactness condition.

Theorem (Hernandez, Ruiz, MS, 2021, 2024)

LPO)(Q) is weak Banach-Saks < pt < co.
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1P\) (Q) are weak Banach-Saks
ooe

An idea of the proof

Lemma

0 () has the subsequence splitting property < p™ < oo (itis a
p+-concave lattice).

Lemma (Flores and Ruiz, 2006)

A Banach lattice X with the subsequence splitting property is weakly
Banach-Saks < every pairwise disjointly weakly convergent sequence in X
has a Cesaro convergent subsequence.
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An idea of the proof

Lemma

0 () has the subsequence splitting property < p™ < oo (itis a
p+-concave lattice).

Lemma (Flores and Ruiz, 2006)

A Banach lattice X with the subsequence splitting property is weakly
Banach-Saks < every pairwise disjointly weakly convergent sequence in X
has a Cesaro convergent subsequence.

Proof: (Step (x) is done using that the sequence is disjoint)

it +hY® - Je : - Sin

- 47 Z )< i
nhm kE 1 Pry 7, nhm kE 1 ZlépN Po() "

lim py() < p
= lim sup (n-pp(.) (%)) = lim sup 1pp< (M) =

n— o0
n—00 /\—>0f <y )

*
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are not weak Banach-Saks

Holder spaces

Let 0 < oo < 1. The Holder space C*(XQ) is the Banach space

C*(Q) :={f € C(Q) : pa(f) := sup V) — /)l

< oo},
X7y d(x,y)‘l

endowed with the norm

o) = Mlloo + pa)-
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are not weak Banach-Saks

Holder spaces

Definition
Let 0 < oo < 1. The Holder space C*(XQ) is the Banach space

(@) = (7€ )< o = sup PG

< oo},

endowed with the norm
flca @) = Moo + palh)-

For o = 1 we have the space of Lipschitz functions Lip(€2).
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The Holder spaces are not weak Ba

@ The Holder spaces are not weak Banach-Saks
How to proof that a Banach space is not weak Banach-Saks?
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How to proof that a Banach space is not weak Banach-Saks?

Proposition

{~ is not weak Banach-Saks.

Proposition

The weak Banach-Saks property is hereditary.

Proposition

It X has an L-copy, then it is not weakly Banach-saks (or a C(M)-copy with
M) £ ()
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How to proof that a Banach space is not weak Banach-Saks?

Proposition

{~ is not weak Banach-Saks.

Proposition

The weak Banach-Saks property is hereditary.

Proposition

It X has an L-copy, then it is not weakly Banach-saks (or a C(M)-copy with
M) £ ()

Theorem (Gorka and MS, 2026)
If card(M) = oo, then L, embbeds into C*(M)

Corollary (Gorka and MS, 2026)
The space C*(M) is weak Banach-Saks < card(M) < oc.

Mauro Sanchiz ‘Workshop on Geometric and Functional Analysis

he weak Ban:



The Hold
(ele] J

Sketch of the proof

Lemma (Cuth, Doucha and aszczyk, 2016)

For an infinte complete metric space (M, d), there exists a constant
0 < K < 1 and a sequence of pair of points (x,,y,) such that:

» Xy £ ynforalln €N,
» Xm & B(n, Kd(xn,yn)) for all n,m € N, and
» B(yn, Kd(xu,¥2)) N Bm, Kd(Xpm,ym)) = 0 for all n # m.
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The Holder spaces are not weak Banach-Saks

Sketch of the proof

Lemma (Cuth, Doucha and Wojtaszczyk, 2016)

For an infinte complete metric space (M, d), there exists a constant
0 < K < 1 and a sequence of pair of points (x,,y,) such that:

» Xy £ ynforalln €N,
» Xm & B(n, Kd(xn,yn)) for all n,m € N, and
» B(yn, Kd(xu,y)) N B(Ym, Kd(Xp,ym)) = 0 for all n # m.

Define the sequence (f,) by

Jfn(x) := max {min {l,do‘(xn,y,,) — da([z:j}")} ,O} ,XeEM
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The Holder spaces are not weak Banach-Saks
(ele] J

Sketch of the proof

Lemma (Cuth, Doucha and Wojtaszczyk, 2016)

For an infinte complete metric space (M, d), there exists a constant
0 < K < 1 and a sequence of pair of points (x,,y,) such that:

» Xy £ ynforalln €N,
» Xm & B(n, Kd(xn,yn)) for all n,m € N, and
» B(yn, Kd(xu,y)) N B(Ym, Kd(Xp,ym)) = 0 for all n # m.

Define the sequence (f,) by

Jfn(x) := max {min {l,do‘(xn,y,,) — da([z:j}")} ,O} ,XeEM

Show that (f,) is semi-normalized in C*(M).
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Sketch of the proof

Lemma (Cuth, Doucha and Wojtaszczyk, 2016)

For an infinte complete metric space (M, d), there exists a constant
0 < K < 1 and a sequence of pair of points (x,,y,) such that:

» Xy £ ynforalln €N,
» Xm & B(n, Kd(xn,yn)) for all n,m € N, and
» B(yn, Kd(xu,y)) N B(Ym, Kd(Xp,ym)) = 0 for all n # m.

Define the sequence (f,) by

Jfn(x) := max {min {l,do‘(xn,y,,) — da([z:j}")} ,O} ,XeEM

Show that (f,) is semi-normalized in C*(M).
Use the lemma to show that supp(f,,) N supp(fn) = 0.
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The Holder spaces are not weak Banach-Saks
(ele] J

Sketch of the proof

Lemma (Cuth, Doucha and Wojtaszczyk, 2016)

For an infinte complete metric space (M, d), there exists a constant
0 < K < 1 and a sequence of pair of points (x,,y,) such that:

» Xy £ ynforalln €N,
» Xm & B(n, Kd(xn,yn)) for all n,m € N, and
» B(yn, Kd(xu,y)) N B(Ym, Kd(Xp,ym)) = 0 for all n # m.

Define the sequence (f,) by

d®(x,yn
Jfn(x) := max {min {l,do‘(xn,y,,) — (Kx;y)} ,O} ,XeEM
Show that (f,) is semi-normalized in C*(M).
Use the lemma to show that supp(f,,) N supp(fn) = 0.
Show that (f,) in C*(M) is equivalent to (e,) in {x.
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@ The Holder spaces are not weak Banach-Saks

How to proof that ¢, is not weak Banach-Saks?
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not weak Banach-Saks

How to proof that /., is not weak Banach-Saks?
Or that C|0, 1] is not weak Banach-Saks

Proof: Every separable Banach Space embeds into £.. In particular C[0, 1],
which is not weak Banach-Saks while the property is hereditary. O
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The Holder spaces are not weak Banach-Saks
O®000

How to proof that /., is not weak Banach-Saks?
Or that C|0, 1] is not weak Banach-Saks

Proof: Every separable Banach Space embeds into £.. In particular C[0, 1],
which is not weak Banach-Saks while the property is hereditary. O

Idea of a direct proof of o (and C[0, 1] and C(M)) not being weak
Banach-Saks: We take the family A C 2\ {0} of maximal Schreier sets
A={4CN:|4| =min(4)}

Take T: N — A an enumeration of A, and define the sequence (i) in /o as
follows

lifke T(i

u(i) :== { ( )
0 otherwise.

It is shown that:
o (u,) is weakly-null.
e (u,) has no Cesaro convergent subsequence.
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How to proof that /., is not weak Banach-Saks?

Fix any (;) strictly increasing and N € N. Observe that ky;1 > N. Let

An = {kngr, o kv n, kvgng 1, o ki, b € A
There exists ig with T(ig) = A. So uy,(ip) = 1 forj € {N+1,..., N+ N}.
2N

1 2N 1 1 2N 1
oy 2| = gy Do ulio) = 5y D wlio) = 5,
j=1 . j=1 J=N+1

so the subsequence (uy,) is not Césaro null.
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The Holder spaces are not weak Banach-Saks
[e]e] le]e}

How to proof that /., is not weak Banach-Saks?

Fix any (;) strictly increasing and N € N. Observe that ky;1 > N. Let

AN = {kN+1, ~~~7kN+Na kN+N+1, -~~,kN+kN+1} c A
There exists ig with T(ig) = A. So uy,(ip) = 1 forj € {N+1,..., N+ N}.

e 1 1 1
nguk] _QNZuk(io)ng'Z “k,»(io):?
j=1 . j=1 J=N+1

so the subsequence (uy,) is not Césaro null.

Lemma (cf. Toland, 2020)

Let (uy) in o with u(i) LiN 0 for each i € N. If for every a > 0 and for
all strictly increasing natural sequences (k;), (i,) and, there exists n € N and
J €1{1,2,...,n} such that |uy,(i,)| < o, then uy — 0 weakly in £
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The Holder spaces are not weak Banach-Saks
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How to proof that /., is not weak Banach-Saks?

Fix any (;) strictly increasing and N € N. Observe that ky;1 > N. Let

AN = {kN+1, ~~~7kN+Na kN+N+1, -~~,kN+kN+1} c A
There exists ig with T(ig) = A. So uy,(ip) = 1 forj € {N+1,..., N+ N}.

R & T 1
nguk] _QNZuk(io)ng'Z “k,»(io):?
Jj=1 e Jj=1 j=N+1

so the subsequence (uy,) is not Césaro null.

Lemma (cf. Toland, 2020)

Let (uy) in o with u(i) LiN 0 for each i € N. If for every a > 0 and for
all strictly increasing natural sequences (k;), (i,) and, there exists n € N and
J €1{1,2,...,n} such that |uy,(i,)| < o, then uy — 0 weakly in £

Fix o > 0, (kj), (in). Take n > ky. If ky & T(i,), then uy, (in) = 0 < @, so
suppose that ky € 7(i,). This forces | T(i,)| = min(7(i,)) < k;. Now, since
ki <nandky < kg < ... < ky, there must exist at least somej € {1,...,n}
such that k; & T(i,). Hence, |uy,(in)| = 0 < a. This concludes that u; ~ 0.
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