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Shape vs Position

Question

Does the intrinsic shape of a finite-dimensional subspace E ⊆ X determines its

position inside the space X?

More precisely, two finite-dimensional subspaces E ,F ⊆ X have the same:

▶ Shape if they are isometric: E ≡ F .

▶ Position if there are global (surjective) isometries mapping E arbitrarily close to F .

The question then is:

Same isometry type
?⇐⇒ Same closed orbit under Isom(X )

Ideally, we would like the map “Position 7→ Isometry type” to be not just a bijection,

but a homeomorphism between appropriate topological spaces.

Warning!

All Banach spaces will be assumed to be separable.
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Approximate

Ultrahomogeneity

Definition

A Banach space X is

approximately

ultrahomogeneous (

A

uH) if

for every ε > 0 and

for every isometric embedding γ : E → X of a finite-dimensional subspace E ⊆ X

there exists T ∈ Isom(X ) (surjective isometry) such that

T |E = γ

Equivalently, X is

A

uH if the action Isom(X ) ↷ Emb(E ,X ) is

almost

transitive for

every finite-dimensional E ⊆ X .

All known separable examples are:

▶ The Hilbert space ℓ2 (exact ultrahomogeneity)

▶ The Gurarij space G (the unique separable space of almost universal disposition

for finite-dimensional spaces)

▶ Lp [0, 1] for 1 ≤ p < ∞, p ̸= 4, 6, 8, . . . [Lusky, 1978]

But these spaces satisfy a stronger property. . .
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Fräıssé spaces

X is AuH ⇐⇒ ∀E fin-dim. the action Isom(X ) ↷ Emb(E ,X ) is almost transitive

For δ > 0 let Embδ(E ,X ) be the set of δ-embeddings γ : E → X , that is, linear maps

satisfying
1

1 + δ
∥x∥ ≤ ∥γ(x)∥ ≤ (1 + δ)∥x∥.

Definition

X is Fräıssé if given n ≥ 1 and ε > 0 there exists δ = δ(n, ε) > 0 such that

∀E n-dim. the action Isom(X ) ↷ Embδ(E ,X ) is ε-transitive.

Clearly Fräıssé =⇒ AuH, but the only known Fräıssé spaces are ℓ2, G and Lp
(p ̸= 4, 6, 8, . . .), so:

Open questions

Is every AuH space Fräıssé? Are those the only Fräıssé spaces?

Theorem (Ferenczi–Rincón-Villamizar, 2025)

Fräıssé ⇐⇒ AuH + ω-categorical
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Theorem (Ferenczi–Rincón-Villamizar, 2025)
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ω-categorical Banach spaces

Definition

A Banach space X is ω-categorical if any other separable Y with the same first-order

theory is isometric to X .

Theorem (Ultrafilter characterization, Keisler–Shelah)

X is ω-categorical if and only if it is a unique ultraroot, that is, for every separable Y

and every ultrafilter U ,

XU ≡ Y U =⇒ X ≡ Y .

If a group G acts by isometries on a metric space S , we denote by S�G the set of

orbit closures. This is a metric space when endowed with the distance between the

orbits,

d(G · x ,G · y) := inf
g∈G

d(gx , y).

Let G act by isometries on Sn diagonally, i.e. g · (s1, . . . , sn) := (gs1, . . . , gsn).

Theorem (Geometric characterization, Ryll-Nardzewski)

X is ω-categorical if and only if for every n ≥ 1 the orbit space

X n � Isom(X )

has the Heine–Borel property (equivalently, if Bn
X � Isom(X ) is compact).
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Space of “positions” of tuples (x1, . . . , xn).

has the Heine–Borel property (equivalently, if Bn
X � Isom(X ) is compact).

V́ıctor Olmos Prieto Orbits of isometry groups in ω-categorical Banach spaces March 19th, 2026 4 / 13



Non-examples

If a space X has “very few” isometries, then we expect the quotients Bn
X � Isom(X ) to

be “large” (i.e. not compact).

▶ Sequence spaces c0 and ℓp , 1 ≤ p < ∞.

Isometries ↔ Rearranging coordinates and changing signs.

The sequence

xk := (k−1/p , (k). . ., k−1/p , 0, . . .) ∈ Sℓp , k ≥ 1,

does not have a subsequence whose orbits converge =⇒ Bℓp � Isom(ℓp) is not

compact. Similarly with c0.

▶ C [0, 1]

Isometries ↔ Composing with a homeomorphism of [0, 1] and multiplying by ±1.

But every homeomorphism of [0, 1] is strictly monotone, so they cannot “kill”

oscillations =⇒ BC [0,1] � Isom(C [0, 1]) is not compact.
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Continuous functions and Banach–Stone isometries

Let K be a compact Hausdorff space.

Theorem (Banach–Stone)

Every linear surjective isometry T : C(K) → C(K) is of the form

T (f )(t) = v(t) · f (γ(t))

where v ∈ C(K ; {±1}) and γ ∈ Homeo(K). Thus

Isom(C(K)) ≡ Homeo(K) ⋉ C(K ; {±1}).

K R

K R

f

±1

Tf

γ

For a Banach space X , we could replace {±1} with Isom(X ) (or some

subgroup). However, in general, not all isometries of C(K ;X ) are of

the form above. . .

but these happen to be enough for ω-categoricity!

K X

K X

f

v(t)

Tf

γ

Definition
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The invariant!

BSG := Homeo(K) ⋉ C(K ;G).

K X

K X

f

v(t)∈G

Tf

γ

Let π : X → X �G be the projection. Every Banach–Stone isometry preserves the

image under π, that is,

π(f (K)) = π(Tf (K)) for every f ∈ C(K ;X ) and T ∈ BSG .

Let K(X �G) be the hyperspace of compact subsets of X �G , endowed with the

Hausdorff distance.

Definition (The image map)

Let ι : C(K ;X ) → K(X �G) be given by

ι(f ) := π(f (K)).
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K = 2N is the right choice

Theorem (V. Ferenczi, J. López–Abad, V. O–P)

For K = 2N, the factored map

ι̃ : C(2N;X )�BSG → K(X �G)

is a surjective isometry.

Key properties of the compact space 2N:

▶ Universality: for every compact metric K there is f : 2N → K continuous and

onto.

▶ Ultrahomogeneity: if (Ui )
n
i=1 and (Vi )

n
i=1 are two finite partitions of 2N into

clopen sets, there exists γ ∈ Homeo(2N) such that γ(Ui ) = Vi for all i .

Corollary

If X is ω-categorical then so is C(2N;X ), and

C(2N;X )n �BSIsom(X ) ≡ K(X n � Isom(X )).
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For K = 2N, the factored map

ι̃ : C(2N;X )�BSG → K(X �G)

is a surjective isometry.

Key properties of the compact space 2N:

▶ Universality: for every compact metric K there is f : 2N → K continuous and

onto.

▶ Ultrahomogeneity: if (Ui )
n
i=1 and (Vi )

n
i=1 are two finite partitions of 2N into

clopen sets, there exists γ ∈ Homeo(2N) such that γ(Ui ) = Vi for all i .

Corollary

If X is ω-categorical then so is C(2N;X ), and

C(2N;X )n �BSIsom(X ) ≡ K(X n � Isom(X )).

V́ıctor Olmos Prieto Orbits of isometry groups in ω-categorical Banach spaces March 19th, 2026 8 / 13



K = 2N is the right choice

Theorem (V. Ferenczi, J. López–Abad, V. O–P)
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Bochner spaces and Banach–Lamperti isometries

We say that γ : [0, 1] → [0, 1] is an automorphism of [0, 1] (as a measure space) if

▶ It is measurable and has a measurable inverse (a.e.).

▶ Both γ and γ−1 map null sets to null sets, i.e. λ ≪ γ∗λ ≪ λ.

Denote by Aut∗([0, 1]) the set of all such automorphisms.

Theorem (Banach–Lamperti Theorem)

Every linear surjective isometry T : Lp → Lp , p ̸= 2, is of the form

T (f )(t) = v(t) · hγ(t) · f (γ(t))

where v : [0, 1] → {±1}, γ ∈ Aut∗([0, 1]) and hγ := dλ
dγ∗λ

◦ γ : [0, 1] → [0,∞). Thus

Isom(Lp) ≡ Aut∗([0, 1]) ⋉ L0([0, 1]; {±1}).

Definition

For G ≤ Isom(X ), the G–Banach–Lamperti group of the space Lp([0, 1];X ) is the

closed subgroup of Isom(Lp([0, 1];X )) given by

BLG := Aut∗([0, 1]) ⋉ L0([0, 1];G).
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A more complicated invariant

How to identify Lp([0, 1];X )�BLG ?

What property do elements of BLG preserve?

Given F ∈ Lp([0, 1];X ) of full support:

[0, 1] X X

[0, 1] X

f ·hγ

v(t)∈G

Tf

γ

(1) Consider the modulus of F , the function |F |Lp (t) := ∥F (t)∥X .
(2) We normalize F : since Lp (scalar valued) is transitive for functions of full

support, there is T ∈ Isom(Lp) such that

T (|F |Lp ) = ∥F∥ · 1[0,1].

(3) T is induced by some γ ∈ Aut∗([0, 1]), so it also acts as an isometry on the

Bochner space: T̂ ∈ BLG .

(4) Any other choice will preserve the constant function 1[0,1], and thus will preserve

the distribution of functions.

Definition (The normalized distribution map)

Let τ : Lp([0, 1];X ) → P(X �G) (space of probability measures, with weak

topology) be given by

τ(F ) := L(π ◦ T̂F ) (for F of full support).
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Why this is the right choice

Let PS (X �G) be the family of spherical measures on X �G , that is, those supported

on some sphere α · SX �G , α ≥ 0.

Theorem (V. Ferenczi, J. López–Abad, V. O–P)

The map τ factors through Lp([0, 1];X )�BLG and the resulting

τ̃ : Lp([0, 1];X )�BLG → PS (X �G)

is a homeomorphism (with the weak topology on the image).

In fact, it is
1

p+1
-Hölder bi-continuous w.r.t. the p-Wasserstein metric

Wp(µ, ν) := inf
{
dLp (f , g) | f , g : [0, 1] → X �G, L(f ) = µ, L(g) = ν

}
.

Key properties of the measure space ([0, 1],B([0, 1]), λ):

▶ Universality: for every standard Borel measure space (Ω,A, µ) there is

f : [0, 1] → Ω measurable and with L(f ) = µ.

▶ Ultrahomogeneity: if (Ui )i∈N and (Vi )i∈N are two countable partitions of [0, 1]

into measurable sets, there exists γ ∈ Aut∗([0, 1]) measure-preserving such that

λ(γ(Ui )△Vi ) = |λ(Ui )− λ(Vi )| for all i ∈ N.
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Final considerations

Corollary

If X is ω-categorical then so is Lp([0, 1];X ), and

Lp([0, 1];X )n �BLIsom(X )
∼= PS (X

n � Isom(X )).

All Lp spaces, 1 ≤ p < ∞, are ω-categorical. But for p = 4, 6, 8, . . . they are not AuH.

Why? For example, for p = 4, consider the following functions:

1

1
s

1

1/4

3/4 f
1/2

1
g

The pairs (s, f ) and (s, g) are normalized and isometrically equivalent. But their

distributions are clearly different, so by the previous corollary they are not in the same

closed orbit under Isom(Lp). Thus L4 is not AuH.
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