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A function f: [0,1] — R is a-Hdlder if there exists a constant C > 0 such
that

|f(z) — f(y)| < Clz —y|*
for all =,y € [0, 1].

A subset A of a Banach space X is shy if there exists a Borel measure u
and a Borel set B C X containing A such that 0 < u(K) < oo for some

compact set K ¢ X and u(x+ B) =0 for all x € X.
A set A is prevalent if its complement is shy.

A is said to be d-prevalent if there is a d-dimensional subspace S C X,
called the probe space, such that for any x € X, we have x + s € B for

Lebesgue-almost every s € S, where the Lebesgue measure L% is defined
on S and B is a Borel set contained in A.

d-prevalent = prevalent: taking p as the Lebesgue measure on S and K as
the closed unit ball in S, we have

plz+ (X\B)=u({s€eS:s—x¢ B})=0
for all x € X.



For an integer b > 2, 0 < o« < 1, and a non-constant Z-periodic Lipschitz
function g on S, where S! is identified with R/Z,

the Weijerstrass function Wg“?b: S — R is defined by

Wga’b(a:) =) b= %g(btz).
k=0

For fixed b > 2 and O < o < 1, the family of such Weierstrass functions is
denoted by Wb,

T hese functions are known to be a-HOlder implying that
dimm(graph(Wo°)) < 2 — a,

where dimy (A) denotes the upper Minkowski dimension of a bounded set A.

The functions in W*? are in one-to-one correspondence with the Banach
space Lip(St) of Lipschitz functions on S', equipped with the norm

lgllip = SUPaest |g(2)| 4 SUP(a yyesr st L2

Thus, we identify Wb with Lip(S!), and prevalence in W*? refers to preva-
lence under this identification.

The family W%? includes well-studied examples such as the classical Weier-
stass function, where ¢g(x) = cos(2wx), and the Takagi function, where

g(x) = dist(xz,Z).



By Marstrand'’s slicing theorem and dimu(graph(W ")) <2 — o we have
dimu (W)~ ({y})) = dimu(graph(W;*) nproj;* ({y}))
< dimp(graph(We?)) —1 <1 -«

for £'-almost every y € R, where proj,: R> — R, proj(z,y) = y, is the
orthogonal projection onto the y-axis.

The level sets of prevalent a-HoOlder functions were recently investigated
by Anttila, Barany and Kaenmaki:
T.. A prevalent a-HOIder function f on the unit interval satisfies

o dimu(ft({y})) <1—« for all y € R provided that 0 < o < 2,
o L1({y € f([0,1]) : dimpu(ft({y})) = 1—a}) > 0 provided that 0 < a < 1.

It was conjectured that prevalent a-Weierstrass functions exhibit similar

behavior.
Indeed, we prove:

T.: For any integer b > 2, a prevalent function g € Lip(S?) satisfies
dimpm((Wa)~1({y})) <1 —a for all y € R provided that 0 < o < 3.

and
T.: For any integer b > 2, a prevalent function g € Lip(S?) satisfies

Lr({y € Web(Sh) : dimy((W)1({y})) =1—-a}) >0
provided that 0 < a < 1.



To prove our main results we analyze the occupation measures of Weier-
strass functions.

Occupation measures are commonly studied in the context of stochastic
processes.

For the one-dimensional Brownian motion B, the occupation measure, de-
fined as u(A) = LY(B 1(A)), is almost surely absolutely continuous with
respect to the Lebesgue measure, satisfying the local time (LT ) condition.

Geman and Horowitz (1980) noted that:

“...results can be successfully applied to random functions and fields, it is
difficult to apply them to particular nonrandom functions. For example, an
interesting open problem is to determine which functions representable as
Fourier series (for instance) are (LT)..."

Bertoin (1988), (1990) analyzed the occupation measures and Hausdorff
dimensions of level sets for certain self-affine functions.

Depending on parameter values, these functions either satisfy the (LT)
condition or have a singular occupation measure.



Z.B. (2008) has shown that the occupation measure of the Takagi function
IS singular, and Lebesgue almost every level set is finite.

For the Weierstrass-Cellerier function, W(x) = >.>2 2 "sin(272"x) it was

established that the occupation measure of W (x) + cx is singular for almost
every c € R.

In Z.B. (2010) it was proved that there are no exceptional ¢ values, includ-
ing the case ¢ = 0, confirming that the occupation measure of W is singular.

The Weierstrass-Cellerier function and the Takagi function belong to the
class W12, whereas our new result addresses prevalent functions in the

spaces W' with 0 < o < 1, showing that these functions have absolutely
continuous occupation measures.



Weierstrass embedding

D.: We say that ®: [0, 1] — R? is an a-bi-Hblder map if there are constants

P — &P
c1,c2 > 0 such that ¢; < | (|$) | Wl < cp for all z,y € [0, 1] with z # y.
r—yl«
We choose || - || to be the ¢ norm.
Let G = {go,...,94-1} be a finite collection of Lipschitz functions on S!.

The Weijerstrass embedding <Dg’b: S! — R? associated to the collection G,
integer b > 2, and 0 < o < 1 is defined by

oG (@) = (We'(2), Wert(@), ..., Wi ().

0 gd—-1

T.. For every integer b > 2 and 0 < a < 1 there exist d € N and a finite
collection G = {go,...,g94-1} Of Lipschitz functions on S' such that the

Weierstrass embedding CDg’b: St —» R? js a-bi-Hdlder.

Prop.: Letb>2 and d > 1 be integers, and let 0 < a < 1. Ifd < % and

G =1go0,...,94-1} is a finite collection of Lipschitz functions on S, then the
Weierstrass embedding ®5°: St — R? is not a-bi-Hélder.



Recall: T.. For every integer b > 2 and O < a < 1 there exist d € N and

a finite collection G = {go, - . .

,ga_1} Of Lipschitz functions on S such that

the Weierstrass embedding CDg’b: St —» R? js a-bi-Hdlder.

Ideas of the proof:

é(lﬁ)./‘\l
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The function hy with £ = .

Let O < ¢ < and define a function

he: R - R

by setting hy(x) = hy(x — [x]) for all x € R,
where [z] is the integer part of x and

he: [O, 1)( — R satisfies

N+

—-La, if 0<z<i(1-0),
hi(z) = { 1o — 2, if%(l—é) <z <i(149),
—rt s, iS40 <e<

for all z € [0, 1).



Choose suitable /5 € N.

Write r, = b %3 s = r, + b %, and
({ = si—m = b < I, and define

a function g¢;: [0,1) — R by setting

I gi(x) = hilpp1y(x — Z(ri + 55 — 1))
ri 1 forall z€[0,1) and i € {0,..., b T3 —1}.
i ~— Let do = b%*3 and G = {gz}dO 1

NI~

5i We need to add some more functions g;
) ¢t = dp,...,d — 1 by using this lemma with
_§ 'S D — b—ﬁo—l-

The function g¢;, where wel.: Suppose b > 2 is an integer, 0 < a <1
7 and D > 0 is g/ven

have chosen m = 55 and Tpan” there exist finitely many Lipschitz,
si = 5= for llustrative and hence a-Hdlder functions gg,,...,ga-1
purposes. such that for all z,y € S* with |z —y| > D

there exists i € {do,...,d — 1} such that
(Web(z) — Web(y)| = 22—

it remains to show that the Weierstrass embedding CDg’b: St —» R?,

P’ (z) = (W), W (z),..., WP (z)) is a-bi-HbIder...

gd—1

It suffices to verify that for each x < y with y—x < b=%~1= D in the Lemma
there is i such that % (W (y) — W' (z)| > |z — y|* where the constant
c > 0 depends only on b and o.



0.4 7

We selected the function
depicted in the upper part of

_l.D -

s 1, the figure and chose b = 2 and

a = 0.7 to define Wg“vb, shown

in blue in the lower part of the
figure.

We generated three trans-
lated copies of g, denoted by g;

for i € {1,2,3}, with translations
by 0 (blue function), 0.214 (red
function), and 0.534 (green

function).
A
—+————%— The latter two values were
0.3 “ﬁ“ chosen randomly to avoid unin-

tended symmetry or correlation
in the resulting images.
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The zero loci of

Wbt (y) — Wib(a) for i € {1,2,3} are
plotted in blue, red, and green, re-
spectively.

Regions violating

k[ Wot(y) — Web(@)] > el — g™

To satisfy *, there must exist a
constant c such that no point off the
diagonal is simultaneously shaded by

all three colors.
In the figure, we used ¢ = 0.2.

As ¢ — 0O, the lightly shaded regions
contract toward the zero loci, which
can become highly complex near the
diagonal.

If Wab(y) — Wib(z) = 0 at a pixel
corresponding to (x,y) off the di-

agonal for some z, then X cannot
be satisfied for that :z with any c.

=™ | This represents a significant obsta-
* cle to achieving the Weierstrass em-

bedding with these three functions.

To prove * the idea is to find a dominant summand in
b gi(bry) — b gi(bx) = W(y) — W(=)

k=0

and then to show that the other summands do not contribute too much.
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Fourier analysis and occupation measures

Let b > 2 be an integer and 0 < o < 1.
Let & = CDg’b be the a-bi-HOlder Weierstrass embedding associated with

G =1{go0,...,94-1}, as given earlier.
For any W € Wb and t € R¢, the function W;: S! — R, defined by

Wi(z) = W(x) + (t,P(x)), belongs to Wb,
where (-,-) denotes the standard inner product on R¢.

Put e = (Id, W;).LY i is the lift of the Lebesgue measure from the unit

interval onto the graph of W;.
proj,: R? — R, proj>(z,y) = vy, is the projection onto the y-axis, the

occupation measure ¢ associated with Wi is A¢ = (projo)«ut.

That is, the occupation measure is the pushforward of the Lebesgue mea-
sure, Ay = (Wt)*ﬁl.

The Fourier transform of the occupation measure \; is defined as
N (8) = / &* da(z) for all € € R.
R
The Fourier transform of an integrable function ¢ : R? — R is given by

D(¢) = /Rdw(t)ei“@ dt for all ¢ € R,
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Let C°(R?) denote the space of smooth functions with compact support
on R<.

By the Riemann-Lebesgue lemma and integration by parts, for any ¢ €
Ce(RY) and s > 0, there exists a constant C = C(%,s) > 0 such that

1D(¢)] < C(1 + |||~ for all ¢ € RY.

T.: Letb>2 be an integer, 0 < a <1, and W € W**. Then for L%-almost
every t € RY the occupation measure A\ associated with W; is absolutely
continuous with density in L?(R).

Proof.. Since 0O < a < 1, choose s> 1 such that as < 1. Let o> 0 and let

Y € C°(R?) be a smooth function satisfying 0 <+ < 1 and «(t) = 1 for all
t € B(0,0).
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By Fubini’'s theorem and the estimate coming from the Riemann—Lebesgue
lemma, there exists a constant C = C'(v,s) > 0 such that

~ 1,1 .
/ /|>\t(£)|2d€dt ///O /O ¢(t)ez&(W(m)—W(yH<t,d><x>—q><y>>>dwdydgdt‘

B(0,0)

<

_ / / ' / 1€i£(W(w)—W(y))( / D(D) @@ -))) dt) di dyd§|
0 JO

= / /O : /O : eif<W<w>—W<y>%E<£<d><x>—¢<y>>>dxdyds|
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Assuming that the constant ¢; <1 in the a-bi-HOlder condition, and using
that & is a-bi-HOlder with |x — y| < 1, we obtain

/ /lXt<£>|2d£dt‘

B(0,0)
1 1 C
< dzdyd
//olfol<1+s||d><m><b<y>|>s »dy s
C
< dxdyd
<// / (1—|—cl\§||x—y|o‘)3 rdyde

</ / / |5|) 2 — g

</C§(1i|€|>sd€/0 A B —1y|as Gody < oo

since as < 1. Thus, for £%almost every t, the Fourier transform Xt IS in
L2(R).

By well-known theorems, this implies that the Radon-Nikodym derivative
d\¢/dy belongs to L?(R).

Since the derivative is compactly supported, the Cauchy—Schwarz inequality
ensures that d\i/dy € L*(R), confirming that )¢ is absolutely continuous.
]

dx dy dé
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Recall:

T.: Letb>2 be an integer, 0 < aa < 1, and W € Wb, Then for L%-almost
every t € R? the occupation measure )\ associated with Wy is absolutely
continuous with density in L?(R).

It follows directly that a-Weierstrass functions satisfying the local time
(LT) condition are d-prevalent in We?.

The proof of this theorem builds on [Proposition 3.2] from a paper of
Anttila, Barany and Kdenmaki (2025), which applies only for 0 < a < 2

and yields a stronger result not explicitly stated but derived within its proof:
namely, the occupation measure is not only absolutely continuous but also
has a bounded and continuous density.

By combining these techniques with our methods in the present work, we
establish the following theorem:

T.: Letb>2 be an integer, 0 < aa < %, and W € Wb Then for L%-almost

every t € R? the occupation measure )\ associated with Wy is absolutely
continuous with bounded and continuous density.

17



= L%almost every t € R?, there exists a function hy € L?(R) such that
A(A) = / hi(y) dy for all Borel sets A C R.
A

Applying Rohlin's disintegration theorem to the projection proj,: R? — R,
defined by projs(x,y) = y, and the measure pu¢, we obtain, for A¢-almost
every y, a Borel measure (ut), supported on graph(W;) N projst({y}).

We have ui(A) :/ T1a(a) d(ut)y(a) dXe(y) for all Borel sets A C R?, where

the parameter a is in R2.

For each y, define a Borel measure by (1t), = ht(y)(ut),, and note that

(A = / 14(a) d(14),(a) dy for all Borel sets A C R2.

Hence for u¢-integrable functions f, we have

(kK) [ f(@) dula) = [[ f(a) d(w),(a) dy.

18



Recall that for u¢-integrable functions f, we have
(kK) [ f(@) du(a) = [[ £(a) d(m),(a) dy.
Furthermore, for all g € L'(R), we have for )\ almost every y
a)dui(a 1 a)dui(a
/Q(a)d(ut)y(a) = lim 7y 9a) dpe( >: lim o7 9(a) dped ),
0 A(B(y, 7)) ri0 2r he(y)

where BT (y,r) = proj;* (B(y,7)).
Since the measures (ut), are supported on graph(W;) Nnproj,*({y}) for given
Yo € R and r > 0 we can deduce from (% X) that

Jre @) du(a) = [ Lo, (Proz(a)) () dpe(a)

_ /yyf [ £(@) d()y(a) dy.

Prop.: Let b > 2 be an integer, 0 < o < 1, and W € Wb, Then for
Li-almost every t € R?,

dimu(W ({y}) > 1 — «
for \¢-almost all y € R.
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Open questions

e [ he primary open question is to strengthen

T.: For any integer b > 2, a prevalent function g € Lip(S') satisfies
LY({y € WS - dimy(We) 1 ({y})) =1—-a}) >0
provided that 0 < o < 1.

by proving that for prevalent functions in W%? with b > 2 and 0 < a < 1,
the Hausdorff dimension of the level set (W)~ *({y}) equals 1 — « for

Lebesgue almost all y € WMP(S*t).

Additionally, could the Hausdorff dimension dimy((W>*)~1({y})) equal 1 -«
for all y € int(W™*(St))7

To establish the Lebesgue almost all claim, it suffices to show that for
prevalent functions W* € W*’, the occupation measure has a density

function which is positive Lebesgue almost everywhere on W*(S?).

20



e Further investigation into the properties of the density function of the
occupation measure would be valuable. For instance, extending

T.: Letb>2 be an integer, 0 < a < %, and W € Wb, Then for L%-almost

every t € RY the occupation measure A\, associated with W; is absolutely
continuous with bounded and continuous density.

to = < a < 1 would be of interest.

N[~

Additionally, verifying for the density function stronger properties than con-
tinuity across certain ranges of « is a compelling challenge.

Heuristically, there appears to be a dichotomy: when « is small, the preva-

lent Weierstrass function exhibits “wilder” behavior with a smaller HOlder
exponent, vet its occupation measure’s density function may possess more

favorable properties.
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e Instead of focusing solely on the occupation measure, one can consider
slices and projections in various directions.

For 8 € [0,27), let pry: R?> — R denote the orthogonal projection defined by
pro(z,y) = x cos(8) + ysin(8) for all (z,y) € R*. Note that proj, = pr:.

Given the measure u¢ defined earlier, we consider the projections of uy for
0 € [0,27), defined as

Af = (prg)«ut. These measures Af are referred to as 60-oblique occupation

measures. Note that the occupation measure is \{ = A%.

By combining techniques from this paper and Anttila, Barany and Kaenmaki
(2025), one can show that for prevalent functions in W*?, the #-oblique

occupation measure is absolutely continuous with respect to the Lebesgue
measure for Lebesgue almost every 6.

A compelling open problem is to determine whether this property holds for
all 8, i.e., whether the #-obligue occupation measure is absolutely continu-
ous for every 0.

Furthermore, one could explore whether questions analogous to the previ-
ous two questions admit positive answers for all 8 in this context.

In particular, can it be shown that for prevalent functions in W*? the non-
empty, or non-extremal slices in all non-vertical directions simultaneously
have Hausdorff dimension 1 — «?
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e T.. For every integer b > 2 and O < a < 1 there exist d € N and a
finite collection G = {go,...,ga—1} Of Lipschitz functions on S! such that the

Weierstrass embedding CDg’b: St — R? js a-bi-Hdblder.

This ensures the existence of a-bi-HOlder Weierstrass embeddings only
when the dimension d is sufficiently large.

In
Prop.: Letb>2 and d > 1 be integers, and let 0 < a < 1. Ifd < é and
G ={go,...,94-1} IS a finite collection of Lipschitz functions on S, then the

Weierstrass embedding ®5°: St — R? is not a-bi-Hélder.

a lower bound on d is established as a function of «. Is this bound sharp?
What is the minimal dimension d required for a given o7
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