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for the special case of a spherical Earth and uses quasi-uniform spherical triangles as finite
elements. We study the existence, uniqueness and stability of the approximate solutions.
We also show results of some long-term numerical experiments.
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1. Introduction

We present the mathematical and numerical analysis of a climate diagnostic model that takes as climate indicator the
atmospheric sea-level temperature. Such a model belongs to the category of global energy balance models introduced
independently by Budyko [7] and Sellers [27] in 1969 to study the influence of certain geophysical mechanisms on the
Earth climate. A detailed derivation of the averaged balance equation, involving possibly memory terms, can be found, for
instance, in Diaz and Hetzer [15]. Nevertheless, in the present paper we shall deal with a simplified model avoiding such
nonlocal terms. Due to that, the nonlinear partial differential equation of our model can be presented by means of a simplified
modelling argument. Roughly speaking, the energy balance on the Earth surface is established according to the following
law

Variation of internal energy = R, — R. + D, (1)

where R, denotes the amount of solar energy absorbed by the Earth, R, is the amount of energy radiated to the space and D
is a term which represents the diffusion of heat energy by atmospheric turbulence. Let u(t, x) be the atmospheric sea-level
temperature in Kelvin degrees, i.e.u(t, x) is defined on [0, T) x M, where M is a compact Riemannian manifold without
boundary approximating the Earth surface. Under suitable conditions, the variation of internal energy can be expressed as
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c(x) % where c(x) is the heat capacity (we neglect the possible time dependence of c). The constitutive assumptions for the
terms on the right-hand side of (1) are the following;:

Ra = Qs(tv X)ﬁ(xv u)7 (2)

where Q is the so-called solar constant which is the average (over a year and over the surface of the Earth) value of the
incoming solar radiative flux, Q is currently believed tobe Q = }1(1370 Wm ™2 £ 2 Wm™?2), the function S(t, x) is known as
the insolation function given by the distribution of incident solar radiation at the top of the atmosphere. When the averaging
time is of the order of one year or longer, there exists a constant Sy > 0 such that for all t and x, S(t, x) > So. The term B (x, u)
is the so-called coalbedo function that takes values between 0 and 1. 8(x, u) represents the ratio between the absorbed solar
energy and the incident solar energy at the point x on the Earth surface. Obviously, 8(x, u) depends on the nature of the Earth
surface. For instance, it is well known that on ice sheets 8(x, u) is much smaller than that on the ocean surface because the
white color of the ice sheets reflects a large portion of the incident solar energy, whereas the ocean, due to its dark color
and high heat capacity, is able to absorb a larger amount of the incident solar energy. In our model, B(x, u) is given by a
nonlinear discontinuous function as proposed by Budyko [7],

foru < us,
foru > us.

Blx.u) = {g 3)
w
Here u,; denotes the assumed “ice margin” temperature, 3; is the coalbedo value for ice regions, and 8,, is the value for the
rest of ice free surfaces. We point out that Sellers proposed in [27] the modelling of the coalbedo function as a continuous
function (even piecewise differentiable with respect to u) reaching the above values whenu < u; — e and u > us + &,
respectively, for some small ¢ > 0.
The term R, (u) was modelled by Budyko by performing a linear regression fitting to empirical data as

Re(u) = Bu + C, (4)

where B and C are given constants. On the contrary, Sellers suggested in [27] that R, must be expressed according to the
Stefan-Boltzmann law R, = ou?, where o is called emissivity constant.

As for the diffusion term D, independently of linear diffusion operators (see, e.g., [19]), P.H. Stone proposed in [28] that a
better way to account for the effect of large scale atmospheric circulation is an eddy diffusive approximation such as

D(u) = div(k(x, u, Vu)Vu),

where k(x, u, Vu) is a non linear eddy diffusion coefficient. In particular, he proposed the expression k = b(x)|Vu|. In our
model, we generalize Stone’s approach to represent the eddy diffusive terms by setting k(x, u, Vu) = k(x)|Vu[P~2, with
p > 2 and k(x) > ko > 0. This allows us to unifying the results concerning both the linear diffusion case (p = 2), proposed
by Budyko and Sellers, and the nonlinear diffusion (p = 3) proposed by Stone.

By substituting the above expressions into (1) we obtain the following energy balance model:

P) c(x)u; — div(k(x)|Vul|P~2Vu) + g(x,u) € QS(t,x)B(x,u) + f(t,x) in(0,T) x M
u(0,x) = ug(x) on M,

where the initial datum ug will be always assumed to be bounded. Here, we have taken R.(u) = G(x, u) — f(t, x), where
g(x, u) is a strictly increasing function (which includes the two alternative choices mentioned above) in u and f (¢, X) is a
forcing term. More precise structural assumptions to solve (P) are formulated in Section 2. A special feature of (P) is that the
presence of the coalbedo function 8 (x, u) may be responsible, in the case of a discontinuous function, of both the existence of
a free boundary at the level set u = u; and multiple solutions for certain initial conditions (even if the problem is formulated
in terms of a parabolic type equation).

The progress of the mathematical analysis for problem (P) was function of the different assumptions made on the spatial
domain and the nonlinear terms involved in the equation. Among the many results that have appeared in the literature we
mention here, specially, the ones concerning with discontinuous coalbedo functions due to Xu [31] and Diaz [12] for the
one-dimensional case. The analysis of Diaz [ 12] was extended to two dimensions, but with c(x) = 1, in Di az and Tello [18].
Hetzer [20] considered a two-dimensional Sellers model that corresponds to a formulation of (P) in whichp = 2, B(x, u) is
locally Lipschitz and the radiation term R, is expressed by the Stefan-Boltzmann law. Many other references can be found
in Diaz [13]. More recently, Diaz, Hetzer and Tello [ 16] have considered an energy balance model with hysteresis.

As for works on the numerical approximation of (P) we mention the contributions of North and Coakley [24] and Hetzer,
Jarausch and Mackens [21], where some numerical experiences were carried out. Here, we make a more theoretical approach
trying to obtain some optimal error estimates. In doing so, we point out that some important difficulties are posed by the
presence of the nonlinear terms div(k|Vu|P~2Vu) and B(x, u) on the left- and right-hand sides of (P), respectively. When
p > 2,itis well known that, in general, the possible solution does not belong to WP (£2) (see [8] for an illustrative example).
So that, this is a barrier to achieve optimality in the space error estimate when one uses linear finite elements. However,
inspired by the techniques of Rulla [25] (see also Savaré [26] and Lippold [23] for related analysis to compute optimal error
estimates in time in evolution inequalities), we have been able to obtain an optimal time error estimate under mild regularity
assumptions. Our estimate improves previous time estimates for the parabolic p-Laplacian for p > 2 obtained by Barret and
Liu [2] and Wei [30].
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The layout of the paper is as follows. For the sake of completeness, we introduce in Section 2 some notations and
preliminaries of the analysis on manifolds and state the theorems on the existence and uniqueness of weak solutions of
the model. The numerical formulation of (P) is carried out for the special case of a spherical Earth and uses quasi-uniform
spherical triangles as finite elements. The study of the existence, uniqueness and stability of the approximate solutions is
presented in Sections 3-5 respectively. We mention that the results obtained in these sections seem to be new even for the
linear diffusion case p = 2. The detailed proof of the results stated in Section 2 is given in Section 6. This extends, in different
ways, the previous results of [ 18]. Finally, Section 7 contains some numerical experiences.

2. On the existence and uniqueness of solutions

We recall the expression of the diffusion operator D(u) in M. To do so we recall some basic concepts of Differential
Geometry following the monograph of Aubin [1]. Given an index set A and A € A, let W, be an open subset of .M such that
{W, }c4 is an open covering of M and w; : W, — w; (W,) C R? a homeomorphism. For A € A, the pair {W,, w, } is called
a chart of M and the family of charts {W,, wj }ieca is called an atlas of M.

GivenapointP € W, C M, weset w; (P) = (wA(P) wy, 2(P)) = (8, ;) € R?. The tangent space at P is denoted by Tp M.

TpM is a vector space of dimension 2 with a basis formed by the vectors e; := 3%, e = m . The tangent bundle T M is
defined by T M := Upey Tp-M.ARiemannian metric g on M is defined from a family of scalar products gp : Tp.M x Tp-M — R.
Let (65, ;) be the coordinate framework inw,(W,) C R?>and let; bea partition of unity subordinate to the covering
W,. Then, we assume that g = Zakg is a Riemannian metric on .M with g” defined over each local chart. Given
p € W, C M, the set {e; := % ,ep 1= } is a basis for the tangent space T, .M. For a differentiable functionu : M — R

we define grad  u € T, M by

L ou
grad,u =g’ ——e,
By]'

where g are the elements of the inverse matrix of (gj),y1 =0andy, = ¢.LetX : M — TM, the divergence of X is defined

as
\/Way, ( i\/ﬁ)'

Finally, given a bounded and strictly positive function k(x) and u : M — R, the diffusion operator D(u) is defined by

p—2
-~ ou
detgk|g i—1,
«/det ayi ( £ ayj)

herey; =6,y = ¢, | - | = g(, -)%, and g¥ are the coefficients of the inverse matrix of g* = (gj).Forp=2andk(x) =1
the above expression coincides with the Laplace-Beltrami operator,

«/dl?8%<gﬁ )

As usual (see e.g. Aubin [1] and Chavel [9]), given p > 1 we denote by I? (M) the set {u : M — R measurable : fM [ulPdA <
oo} wheredA =), _, a;/det g*d6; dy,. This set is a Banach space with the norm

1
P
(/ |u|PdA> = / s lu(w; (61, 9,) P/ detg*do; dg;
M rea Jwr(Wy)

Analogously,

div X

D(u) = div(k(x)|Vu[P72Vu) =

1

p

IP(TM) = {X : M — TM measurable : / <X,X>12’7 dA < oo},
M

where <, > denotes the inner product in the tangent space. We introduce the functional space
V={uel*(M):Vuell(TM)}, p=>2,

which is a Banach space with the usual norm.
Given a bounded and strictly positive function c(x), p > 2 and Q > 0, we consider the problem

P {C(X)ut — div(k(x)|VulP"*Vu) + §(x, u) € QS(t, x)B(x, u) + f(t,x) in(0,T) x M,
u(0,x) = ug(x) onM,
under the following assumptions:

(Hg) ¢ : M x R — Ris a continuous function and strictly increasing for the argument s € R, such that [§(x, s)| > C|s|"
for some r > 1 and constant C > 0,
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(Hg) B(x, ) is a bounded maximal monotone graph of R?,

(Hy) f € L7((0,T) x M),

(Hpm) M is a C* 2-D connected compact oriented Riemannian manifold without boundary. The gradient and divergence
operators defined on M are to be understood in the sense of the Riemannian metric over M,

(Hs) S:[0,T] x M — R,S € C1([0, T] x M),0 < Sy <S(t,x) <S;a.e.x e M, foranyt € [0, T],

(He) ¢ € L(M), c(x) = ¢ > 0,

(Hg) k€ C(M), k(x) = ko > 0,

(Ho) up € L (M).

Note that §(s) = Cs corresponds to Budyko model [7], whereas §(s) = C|s|s corresponds to Sellers model [27].
We do not expect the existence of classical solutions to (P) due to the possible discontinuity of the coalbedo function
and the degeneracy of the diffusion operator. For this reason, we need the notion of weak solution to (P).

Definition 1. A functionu € C([0, T]; L>(M)) N L®((0, T) x (M)) NLP(0, T; V) is termed a bounded weak solution of (P)
if there exists z € L*°((0, T) x M), z(t, x) € B(x, u(t, x)) a.e. (t,x) € (0,T) x M such that

T T
/ c(x)u(T,x)v(T,x)dA—/ /c(x)v,(t,x)u(t,x)dAdt—l—/ /(k(x)Wulp_ZVu, Vv)dAdt
M 0 M 0 M

T T T
+/ / g(u)vdAdtzf / QS(t,x)z(t,x)vdAdt+/ /fvdAdt+/ c(X)up(x)v(0, x)dA, (5)
0 M 0 M 0 M M

Vv € [(0, T; V) such that v, € [P (0, T; V').

The main results on the existence and uniqueness of bounded weak solutions to problem (P) are collected in Theorems 1
and 2, the proofs of which are presented in Section 6.

Theorem 1. Under the above assumptions there exists at least one bounded weak solution of (P). Moreover, if uy € V then
u; € 12(0, T; L>(M)) and div(k(x)|Vul|P2Vu) € [>(0, T; [>(M)). O

Remark 1. We point out that from the last assertion of Theorem 1 we can conclude that u € L?(0, T; W!*5P(M)) for some

reals,0 < s < 1 (see the references in chapter 4 of the monograph Diaz [11]).

Since B(x, u) is considered to be a multi-valued graph, then there are cases for which problem (P), although parabolic,
has not a unique solution. Nevertheless, we shall prove the uniqueness of the bounded weak solution to (P) in the class of
non-degenerate functions which is introduced next.

Definition 2. Let u € L°°(M). Given €y3,0 < €9 < 1,fore € (0, €) let
Bs(u,ug; €) ={x € M : |u—ug| < €}

and
By(u,us;€) ={xe M:0 < |u—ug <e€}.

It is said that u is a non-degenerate function in a strong (resp. weak) sense if it satisfies the following strong (resp. weak)
non-degeneracy property: there exists a constant C > 0 such that for any € € (0, €;)

meas(Bs(u, us; €)) < Ce (resp. meas(B,, (u, ug; €)) < Ce).
In Section 6 we shall prove the following result concerning the uniqueness of non-degenerate solutions:

Theorem 2. Let uy € L°°(M). Then:

(i) If a bounded weak solution u(t) to (P) is a strong non-degenerate function for all t € [0, T], then u is the unique bounded
weak solution to (P).
(ii) Foranyt € (0, T] there is at most one bounded weak solution u(t) to (P) in the class of weak non-degenerate functions.

3. On the numerical approximation: Preliminaries

We now proceed to formulate and analyze a numerical method to compute the bounded weak solution to problem
(P). This method consists of a combination of C°— finite elements for space discretization with a first-order Euler implicit
scheme to discretize in time. Hereafter we shall assume that .M is the 2-sphere of radius a = 1 that is partitioned into quasi-
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uniform spherical triangles. A simple method to construct this partition, introduced by Baumgardner et al. [3], consists of
taking as the initial partition Dy the spherical icosahedron and then to generate a sequence of partitions Dy, k = 1,2, ...,
by joining the midpoints on the sides of the triangles of the partition D,_1. This procedure yields triangles with the following
properties [4]: Let Ny be the number of triangles in the partition Dy, then (a)M = U]I-V:"1 T, T C M;(b)fori#jTiNTis
either empty or has one vertex x,, or T; and T; share a common edge y;; (c) there exist positive constants v and w such that

for all T;, }’T’ <vand % < u, where h; denotes the diameter of Tj and p; is the diameter of the largest circle inscribed in T;
] ]
given in radians, and h = max(h;).
Following the approach of [17] to solve by finite elements the Poisson equation on manifolds, it is convenient to view
the spherical triangles of the partition Dy of M as the radial projection onto M of 2-simplices £2; C R3, such that if Tj is the
image of £2;, then for all j, Tj N £2; = {xyj, Xyj, X3;}, where x;;, i = 1, 2, 3, are the vertices of both T; and £2;. By analogy with

the elements Tj, the simplices £2; form a partition Dy of a polyhedron M, such that
My = Uj .Qj, .Qj € Dp.

The radial projection is defined as

¢ My —> M
ax
, VED2 + (%)) + (23)?
", ax;
X

—

X, VD)? + ()7 + ()°
X

VD + ()7 + ()?

So that, we write
M = U; p(£2))

and denote the restriction of ¢ on the element £2; by ¢;. Note that ¢ is a C" diffeomorphism, m > 1. We define the family
of finite element spaces associated to the partitions Dp.

Vi = {0 € CO(Mp) (Unlg; € Pi(£2), 1<j < Ni},

where P;(£2)) is the set of polynomials of degree < 1 defined on £2;. Let M be the global number of vertices in the partition

Dy, and let {oc,}f”:] be the set of global basis functions for Vh, such that o € Vh and at the vertex x; ;(x;) = &j; any v € f/\,,
can be expressed as

M
D) =Y D))
I=1

We define a finite element space V,, C W1P(M) associated to the partition Dy, via the radial ¢—lifting as follows:
Vi = {v, € CO(M) : Uhl'[j =70 ¢j71With/17h € Vh}

The approximation spaces Vj, and Vh satisfy:

Property 1. Forallu € L*((0, T) x M) (\LP(0, T; V), u; € L*((0, T) x M)

lim inf ||Ll — uh||L°°((0,T)><M) =0.
h—0upeVy

Moreover, from computational and numerical analysis points of view (see Section 7 for further details) it is convenient
to define the spaces W'"P(My), | > 0and 1 < p < oo (with the convention that for | = 0, W'P(M}) = [P(M})) as

W (M) ={0: My — R:foraexe M and ve W'™P(M), Top '(x) =vX).

In relation with the radial projection ¢ defined on M}, we have the following result.

Proposition 1. Let Jo; and | 51 denote the absolute values of the Jacobian determinants of the mappings ¢; and ¢>j_1 respectively.
J
Then, for h sufficiently small there exist constants C; and C, independent of h such that

m]ax g — o) < Ch* and m]f'iX ||]¢j,1 = Mlooqry) = Gh?.
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Proof. Let T; C M = ¢j(£2)), £2; C Mp, and let P* € Tj = ¢j(P), P € ;. It follows from elemental geometrical
considerations that dA, = J4,dA = cos §dA, where § is the angle between the vector radius OP* and the unit outward normal

vector 71-,1 to £2; atP Furthermore, § < diam(Tj) < h, so that ||Jy; — 1|1 < max|cosé — 1| < C;h?. Analogously,
dA = ]¢ 1dAy = 5. Therefore, |U¢_1 = Ulpeory) < Gh2.. O

Using this result and the arguments of the proof of Lemma 3 of [17] it is easy to show the following inequalities.
Proposition 2. For 1 < p < oo there exist constants c; and ¢, independent of h such that

1 Wl ag) < M0l < c2 101w, -

& ”v”WLP(,Mh) < vllwiewy < c2 ||U||W1,p(,Mh) )
WIWZ*”(Mh) =0 (|U|w2,p(M) +h |U|W1,p(M)) .

The relevance of these results, in particular Proposition 2, lies in the fact that by virtue of it the approximation error in
the family of finite element spaces V}, is of the same order as the error in the family of spaces V}; associated to the partition
Dy, of spherical triangles. In terms of the numerical calculations this means that one can substitute the spherical triangles
(curved triangles) by plane triangles in R?; and, therefore, make use of the finite element technology for plane triangles.
To estimate the error of the numerical solution we shall use the linear interpolation operators I, : W!™$?(M;) — V;, and
Iy : WSP(M) — Vj, which by virtue of the compact imbeddings W'™*? (M) < C°(My) and WP (M) < CO(M),
respectlvely, for p > 2, are well defined by I u(x;) = I,u(x;) = u(x;), x; being a mesh point of M and M. Next, let
u € WP (M), and consequentlyu € WP (M), on the account that WP (M) = [WP (M), WP (,M)]S ,» respectively

WISP( M) = [Wl’p(e/%h), WZ*P(J\/{h)]S » the interpolation theory in Sobolev spaces of integer order [8] together with the
results of linear operator interpolation theory in Banach spaces [5] yields

] I~
—Ij)+1+s

~ ~ dcl
I — Intllljaagy < Cha [Ty 15 () »

where d denotes the dimension of the space (here d = 2) and | - |yy1+s.p (4, IS the seminorm in WP (M}) [8]. Then, by
virtue of Proposition 2 it follows that

1
—E)+]+S

dcl
lu — Iyl oy < Ch*a |l 45y - (6)
Since the numerical solution to problem (P) is computed at a discrete set of time instants t,, withn = 0,1,...,N, we
choose a fixed time step At, such that for all n, t, 1 = t, + At, and consider the discrete set Iy = {0, t1, t5, ..., ty = T}. A

map U : Iy — Vj is the numerical solution to (P) if there exists Z" € L*°(M), Z" € B(x, U™), such that that for any v, € V},
ur—un! n|p—2 n
c———udA+ | (k|vu"[* VU, Vo) da
M At M
+ f g(x, Un)UhdA = / QSnZnUhdA + / f"vhdA,
M M M

wherethe notation b(x, t,) = b" is used unless otherwise stated. For numerical analysis purposes it is also convenient to
introduce the semidiscrete bounded weak solution to (P) asamap uy, : [0, T] — Vi, up € IP(0, T; V) N C([0, T]; L>(M)) N
L*°((0, T) x M) such that there exists z; € L*°((0,T) x M), z, € B(x, up), verifying that for all v, € V}

f CupsvpdA + / (k |Vup|P~2 Vuy, Vvh)dA + / G(x, up)vpdA = / QSzpvpdA + / fupdA a.e.t € (0, T],
(Pr) Y J u M M M M
up(0) = uop
where ugy, is the approximation to ug in V.
Inspired by the methodology employed in the analysis of the continuous problem (P) we study the existence and
uniqueness of the solutions to problems (Py) and (Pp A, ) respectively. Therefore, we proceed with the analysis of stability and
convergence of the semidiscrete and fully discrete solutions. However, before doing so we need some preliminary results

which are stated now. First, adapting the arguments of Lemma 2.2 and Lemma 2.3 of Barrett and Liu [2] to our problem we
have the following result.

(Pn,ac)

Lemma 1. (A) Forallp € [2, 00) and § > 0, there exist positive constants My and M, such that for all r, u € TpM or M

WPy — P2 ] < Myl — w2 (9] + (P20, (7)

g (IWIP2y — w7 — ) = My [y — PP (| + )P >° (8)
and

[P+ pge (WP 2, — ) < |ul”, 9)

where |-| = vgp (-, -).
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(B) Forallp € (1, o0) there exists a constant ko such that for all a, o1, 0, > 0 and for all k € (0, kg)

(@a+o1) o0y <k(a+o)! 2ol +Kk™") (@a+ 0r)P* o} (10)
Second, let the operator 4 : V — V' be defined as
(AU, V)yryy = / (k1VulP~* Vu, Vv)da,
M

the continuity and monotonicity bounds of this operator for p > 2 are (see for instance Diaz [11] and Chow [10]):
lAu — Avll, <My lu—vlly (lull + [lul)?~>

and
(Au — AU, U — v)V’xV = MZ ”V(u - v)”fp(rM) .

For a.e. t in [0, T], let w(t,x) € L°°(M) and let w, be an approximation to w, for instance, the finite element
approximation in Vj,. If w belongs to the class of non-degenerate functions, either strong or weak, then, for h sufficiently
small, its approximation wy, € V} also belongs to this class. Specifically, we have the following results. Let B;(w, us; €) and
B, (w, us; €) be the sets introduced in Section 2, and we consider the level sets

A={xe M:w(t,x) = u}, Ap = {x € M : wy(t,x) = us},
M* ={xe M: w(t,x) > ug} and M,;t = {x € M : wy(t,x) = us}.

We note that M = AUMT UM~ = A, U M;“ UM, .Itis a simple matter to ascertain that forz € B(x, w) andz, € B(x, wy)
it holds

lz—zy| <|Bw — Bil Ifxe AUALUMT NM,)UM™ NM,"),
lz—z| =0 ifxe MTNMHUM NM,).

The following lemma states that the non-degeneracy property is also satisfied by the finite element approximation.
Lemma 2. Given a strong non-degenerate function v € L°°((0, T) x M) NIP(0,T; V), p > 2, and its approximation v, € Vj,
for h depending on € sufficiently small the relation

AUA, UM NM, ) UM~ NM;") CBs(v, us; €)
holds. Consequently, there exists a constant C > 0 such that

meas (AUA, U (MT NM,;) UM~ NM,)) < Ce.

Proof. Itis clear that A C Bs(v, us; €). From the inequalities
vh—|lon—v| <v<uv,+|vy—v| foraexeM

it follows by virtue of Property 1 that A, C Bs(v, us; €) for h depending on € sufficiently small. Next, we have to prove that
ifx e Mt N M, thenx € By(v, u; €). It is easy to see by using Property 1 that for any x € M* N M, the inequalities

Us <V <€4vp <Us+ €

hold; hence xisin Bs(v, us; €) and this means that M™NM,  C Bi(v, us; €). Likewise, it is easy to ascertain that ifx € M‘OM,T
then v, > v; consequently, the inequalities

U —€ <V < U

hold; this implies that x is also in Bs (v, us; €) and, therefore M~ ﬁM,jr C Bs(v, us; €). Similar results hold for B,, (v, us; €). O

4. Existence and uniqueness of the approximate solutions

We now turn our attention to establish the existence and uniqueness of the solutions to problems (Py) and (Py a¢) With
the hypothesis (Hg) of Section 2 restricted to the cases §(s) = Cs (Budyko model) and §(s) = C Is|® s (Sellers model),
because these are the cases of interest to climatologists.

First, we note that since V, is both a subset of V and of L°°(.M), then we can argue as in Section 6 to establish the
existence of at least one u;, € IP(0, T; V) N C([0, T]; L2(M)) NL>®((0, T) x M) as solution of (Py,). As for the uniqueness
of the semidiscrete bounded weak solution, we note that since V;, C L*° (M) the technique used in Section 6 to prove the
uniqueness of the continuous solution is also valid for the semidiscrete case. We have thus the following result
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Lemma 3. For any upy € V, and YT > 0, there exists at least one u, € L*(0, T; V,) which is a semidiscrete bounded weak
solution of (Py). Furthermore, for h depending on € sufficiently small, uy, is unique.

In fact, the same kind of argument shall be used to prove the uniqueness of the solution to (P a¢), sSee Lemma 5. Next,
we prove some a priori bounds which are needed for the error estimates of the approximate solutions.

Lemma 4. The unique semidiscrete bounded weak solution uj, € LP(0, T; V) NC([0, T]; L>(M)) NL>((0, T) x M) satisfies the
following a priori bounds:
(i) There exists a positive constant Ky such that fora.e.t € (0, T],

lun Ol 2(p) = Ko (11)

(ii) There exist positive constants K; and K, such that

lnelo g 1.2 00y + Kr QYR Iy 4 + / GOx, uy(T))dA)

1
= I<2”S||I?2(O,T;L2(,M)) 2 ||f||L2(0 T: LZ(M)) ||VUh(O)|| LP (M) + - /:M G(X, Uh(O))dA, (12)
where
v
G(x,v) ::/ g(x, s)ds,
0
Ki = Z min(%, 1) and K, = (£22)2,

Proof. To prove the uniform stability estimate (11), we take v, = uy in problem (P,) and use assumptions (Hg), (Hy), (Hs)
and (H,) to get

||uh(t>||Lz(M) + kol Vun(©O1 e + Clun(O s 1

< Q|=M|7 151120 0.1y x40 1128 | 220 (0. 7y ) 1 () | 2 pey + I oo 0.7y %) U (E s ) Ml 1200

where r = 2 (Budyko model) or r = 5 (Sellers model). By the imbedding L' (M) C L?(M) for r > 2 it follows that there
exist positive constants y and K such that

d

_ 1 _ _ . .
where K = ¢; ' Q| M| 2 [[S]|10 0.1y %0 121 |10 0.7y <0 + €5 I llzo 0.1y a0) and ¥ = 2Ccy ' Next, by virtue of a version of the
Gronwall inequality (Ju [22]) it follows the result with the constant K given by

1
K\ ™1
Ko = max | |[uonll ;2> ; .

To prove the second estimate we take vy, as up (t, -) in (P,) and integrate in time to obtain

T 1 T d T d
/ / cluht(t)|2dAdt+—/ —/ I<|Vuh(t)|pdAdt+/ —/ G(x, up(t))dAdt
0 Jum pJo dt Jy o dt Jy

T T
- / / QS (¢, X)24 (O)un (£)dAdE + / / F (&, Xune(£)dAdt.
0 M 0 M

Then, the estimate follows by virtue of assumptions (Hg)-(Hy) and applying the Young inequality to the last term on the
right-hand side. O

Remark 2. When p > 3, it is possible to improve (11) by applying Lemma 2.6 of Ju [22], but for our purposes the bound
(11) is sufficient.

Lemma5. Foralln = 1, ..., N, there exists a solution U" € V}, to problem (P a¢) which is unique in the class of strong (resp.
weak) non-degenerate functions defined in Section 2.
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Proof. We note that from (Py ) it follows that

/ cUvpdA + At </ (k|VUn|p72VU“’ Vvh)dA + / g.(x, Un)UhdA>
M M M

=/ cU" 'vpdA + At (/ QS (x, t)Z”vhdA+/f”vhdA). (13)
M M M

The existence of U™ can be obtained by different methods (minima of functional, super and subsolutions, etc) as indicated in
Theorem 2 of [14]. To prove the uniqueness in the class of non-degenerate functions we follow the arguments of Section 6,
but in order to do so we need to introduce piecewise lineal functions in t, which are constructed with the help of the fully
discrete solution {U"}. Thus, let us assume that the approximate initial condition U° satisfies the strong non-degeneracy
condition (similarly, we can also assume that U satisfies the weak non-degeneracy condition) and consider that at time t;

there exist U! € V, and V' € Vj, both being solutions to (P, ) corresponding to Z' € B(U") and 7' e B(V1) respectively.
For t € (tg, t1] we define

vy = P+ 0y ey (14)
T At At h
and
t—to , ti—t ,
V(t) = v U, V() eV, 15
(t) A + AL (t) € Vy (15)

so that the following relations hold

t—t
U -V = — SUut-vY),
1 0 1 0 (16)
du U'-U v vi-uU
— =———— and — = ———.
dt At dt At
Then, (Pp,a¢) yields
d
/ c—(U — V)vhdA—i—/ (k(IVU'P=>VU" — |VVIP72VVT) | V) dA
a dt M
+ f (6, U) — g(x, V1) vpdA = f QS(t, X)(Z' —Z"vpdA, (17)
M M

Setting v, = U(t) — V(t) and arguing as in the proof of Theorem 2 in Section 6 it follows that for p > 2 there exist C§ and
C° such that

d
GO =VOR2) < GIUO = VOlsge) +GIUO = VOl

where we take the scaling parameter § sufficiently small to make C§ < 0. So that, by the Gronwall inequality it follows that
U' = V. Arguing by induction, we extend this reasoning to any t € (t,_1,t,], n = 2, ..., N, and prove that U" = V",
Hence, it follows the uniqueness of the fully discrete solution {U" y:l to problem (P a;) for p > 2. The case p = 2 can be
treated similarly using the arguments of Section 6. [

Next, we proceed to prove a priori bounds for the fully discrete solution {U"]Y_,.

Lemma 6. The unique solution {U" 2’:1 to problem (P a+) satisfies the following a priori bounds:
(i) There exists a positive constant Ko such that forn=1,..., N,
1U 2000 < Ko- (18)

(ii) Forn =1, ..., N it holds

N
ALY
n=1

um — Un—] 2
At

2 2
— |vuM|? —/ G(x, UN)dA
12(M) " DCo “ ”LP(‘M) * Co J U7

KAt & 2 20t & 5 2 ) 2
= 2C§ Z “Sn”Lz(M) + ? ; “fn ”LZ(M) + p_Co ”VUO “LP(M) + a /M Glx, UO)dA‘ (19)

n=1
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(iii) There exists a positive constant C independent of h and At such that

i/ <’<(|VU"|”VU”— ot vy V(”"—_U”l)>dA
e ’ At

n n—1

3 u" yn1 v-um dA
+; /M (866, UM = g, U™ ) — + max

n_Un—l 2

<C 20
At - (20)

L2(M)

Proof. (i) To prove (18) we take v, = U™ in (P4 A,) and obtain
f c|U”|2dA+At/ I<|VU”|pdA—|—At/ g(x, UMU"dA
M M M

1
< | M|2 ALQIS oo 0,1y x40 1V €1 Z" 1100 (0,1 x40 IV UMl 12 40

1 Yoy _
+ |M| 2 At” Ci]fn”LOO((O,T)xM) ”\/EUn”[}((M) + / CU”U” 1dA.
M

By virtue of assumptions (H¢), (Hy), (Hs) and (H,), neglecting the second term on the left-hand side, which is positive, using

the imbedding of L' (M) C L?(M) for r > 2 and applying the Cauchy inequality to the last term on the right-hand side it
follows that

IveU 20 — l[lv/cur! ||L2(M)
At

||\/_Un ”LZ(M)
where
1
K = [M]2{Q[ISll1o 0.1y x a0 IV €T1Z™ |10 0,1y xeey + IV € oo (0.1 00} -
Applying the discrete version of the Gronwall inequality used in the proof of Lemma 4 (Ju [22]) yields the bound (18).

(ii) To obtain the bound (19) we set, forn = 1,...,N, v, = Un_Autn_l in (Pn ar) and take into account the following
inequalities:
(I1) By virtue of (9)
um —yr! 1
/ <I<|VU"|"_2VU", V(—)>dA > —/ k(|VU" P — VU™ 1P)dA. (21)
M At PAL J oy

(Iy) By virtue of assumption (Hg)

u" — Un—l 1 un
f G U —dA = / (x, s)dsdA
M M

At yn—1
1 n n—1
= (G(x, U™) — G(x, U""))dA. (22)
M
(I3) By the Cauchy inequality,
un — gt G |[Um = Ut |)? LK
/ QS"Z"————dA| < || —— =L Is|12, (23)
M At 4 At 2 M) o L0
where K; = (82Q2).
(I4) Finally, applying once more the Cauchy inequality it follows that
—_yn- 1 Co u" — Un71 2 1 5
[l = | L - (24)
2wy o

Substituting (21)-(24) in (Pn, ;) we obtain:

1
+ — k(|VU"|P — VU™ )dA

‘Un _ Un—] 2
2 PAt

At

1 n n— Ky npp2 1 2
+ At L(G(U ) = GU")dA < @ |Is HLZ(M) + % |If HLZ(M)'

Multiplying by At on both sides of this inequality and summing up forn = 1, ..., N yields the inequality (19).
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(iii) From (Py a¢) it follows that

" — Un—l Un—l _ UH—Z " — Un—l
/ c — dA
y At At At

-1
+/ <I<(]VU”]”VU" — |vu”—1]"‘2vu”—1),v (u>>d/\
M At

Un _ Unfl
+ / (9, UM — g(x, U" ")) ————dA
Py At
u" — Un—l y" — Un_1
— SnZn _Snflznfl —ClA / n__ en—1 —ClA
| al v N MU
To obtain (20) we sum this expression fromn = 2, ..., N and use: (1) the relation (a—b)a = 1 (a*> — b? + (a — b)?) as well

as the Cauchy and the Young inequalities, (2) the result (19), (3) the fact that Z" is bounded for all n, and (4) the assumptions
(Hy) and (Hs). O

5. Error analysis

Our next concern is to estimate the rate of convergence of the fully discrete solution. We do this by splitting the proof
into two stages. In the first one, we estimate the rate of convergence of the semidiscrete solution uy to u, and devote the
second stage to estimate the rate of convergence of the fully discrete solution U™ to uy(t;). In the development of the proofs
of theorems and lemmata that follow in this section, we shall use, unless otherwise stated, the letter C to denote generic
positive constants which are independent of h and At; in general, the values of such constants are different at the different
places of appearance.

Theorem 3. Let u(t, x) and uy(t, x) be the unique non-degenerate bounded weak solutions to problems (P) and (Py,) respectively,
with u € [?(0, T; W'SP(M)). Let {U"}N_, be the unique solution to problem (Py a¢) such that for n = 1,2,...,N and
t € (ty_1, t,] we define

_t”_lu”— ty —t
At At
Then, for At and h depending on € sufficiently small, there exists a constant C > 0 independent of At and h such that

t
u(t) = U,

lu— U] < C(eM + A2 +hT) (25)

2

L%®°(0,T; L2 (M))

where q; = min(1, 2/r) and ¢ = min (25, (’%) + 1+ s) withr = 2 or 5.

Proof. We set u(t, x) — U(t, x) = (u(t, x) — ux(t, x)) + (uxp(t, x) — U(t, x)). By the triangle inequality it follows that
lu = Ulliee o2 a) = 1t = nllioo.r:2ca0) + 1th = Ullise o.1:1200-

The terms on the right-hand side of this inequality are bounded by Theorems 4 and 5 below as

u Cle + h9)7 (26)

2
~ Unllizoo r200) =
and
2 2
”uh - U”LOO(O,T;LZ(,M)) S C(At + 6)7 (27)

respectively. So that it remains to prove the bounds (26) and (27). This is done in what follows. O
5.1. Rate of convergence of uy(t, x) to u(t, x)

Theorem 4. As in Theorem 3, let u(t, x) and u,(t, x) be the unique non-degenerate bounded weak solutions to problems (P) and
(Py) respectively. Then, for a.e. t € (0, T] there exist positive constants M7, M3 and K such that

lu(t) — un(©)11% ) + M; / k(IVu©)] + [Vu((®) — up ()P [V w(e) — up ()] dA
M

+M; / k(u(o)] + 1u(t) — un(@©))"2 u(e) — up(t) > dA < max(|u(©) — uy )%, . K(e +hD¥), (28
M
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where ¢ = min (25, (’%2) + 1+ s) (recall that r = 2 or 5, and p > 2) and by approximation theory with u,(0) = I,u(0)

1_1
114(0) — un(O) Iz, ,,, < CH* 27222 |u(0) 1450

Proof. Subtracting (Py) from the expression that follows after multiplying (P) by v, € V,, and integrating by parts, and
decomposing

/ (G(x, u) — G(x, up)) VA = a4 / (§(x, u) — §(x, up)) vpdA + 052/ (§(x, u) — §(x, up)) vpdaA,
M M M
with 0 <op,0y < 1andoz1 + oy =1,

one obtains that

d
/c—(u—uh)vhdA+/ (k (IVulP~2 Vu — |Vuy|P~> Vuy) , Vv,) dA
w dt M

+a / (G0 1) — G0t up)) vndA + / (G0 ) — §(x, ) vndA = / QS(t, %)(z — z1)vadA.
M M M

Next, we choose vy (t) = (wp(t) — u(t)) + (u(t) — up(t)), with wy(t) € Vp, and apply inequality (8) of Lemma 1-(A), with
8 = 0 for the second and third terms and § = r — 2 for the fourth term on the left-hand side respectively, together with the
elementary inequality % (lal + |b]) < |a—b| 4+ |b| < 2 (|al + |b]), a, b real numbers. The result that follows is that there
are constants M, C; and C, independent of h and At such that

% d 2 M | k(Vul + |V 2|y 24A
Eallu—uhlle({M)Jr p (IVul + V(U —up) D" V(U — up)|
4
+c1/ (Jul + [t — )™ |u = up|* dA + o llu — upllfr 4y < D IR1O)] (29)
M 1=1
where

Ri(t) = / QS(t,x)(z — zp) (u — up)dA,
M

Ry(t) = / (k (IVulP= Vu — |Vup [P~ Vuy) , V(wy — u)) dA + (a1 + oz2) / (§(x, u) — §(x, up)) (wy, — u)dA,
M M

R3(t) = / QS(t, X)(z — zp) (wy — w)dA,
M

d
Ry(t) = / ¢ —(u — up)(wp — u)dA.
w dt
To estimate R;(t) we make use of the Young inequality and hypothesis (Hs) to get

IRi(t)] < &,Q" / IS0 1z —z)|" dA+ 1 llu— uplll () -
M

1

! @)ﬁ andr’ = ﬁ By virtue of Lemma 2 and hypothesis (Hs) it follows that there exists a

where ¢; = Cz—z.sz = 7(2

constant C such that
/ IS(t, )" [(z—zp)|" dA < C(By — B)" € ”SHEOO((O,T)XM) .
M
Hence

’ ’ ’ Cz
Ri(©)] < £20Q" (B = B € ISl o1y + 5 18 = tallzag -

As for the term R, (t) we have that

IRy (0)] <

/ (k (IVulP=* Vu — [Vuy |P~* Vi), V(wy — u))dA’ + / (G(x, u) — G(x, up))(wy, — u)dA| .
M M

We bound the first term on the right hand side using inequality (7) of Lemma 1-(A) with 6 = 0 and obtain

/ (k (IVulP=? Vu — |Vuy |P~* Vi), V(wy — u))
M

dA SKz/ k(IVul + [Vup P72 [V (u — up)| [V (u — wy)| dA.
M



1192 R. Bermejo et al. / Mathematical and Computer Modelling 49 (2009) 1180-1210

Next, using again the inequality % (lal + |b]) < |a — b| + |b|, a and b real numbers, and the inequality (10) of Lemma 1-(B),
it follows that there exist positive constants ¢; and C(c; 1) independent of h and At such that

/ (k (IVu| + [Vup))’ =2 |V (u = up)| [V (u — wp)| dA < ¢ / k(IVul 4+ |V (U = up))’~* |V (u — up)|* dA
M M

+c<c;1>/ K (V] + [V — w2 [V — wp)? dA.
M

In this inequality we choose c¢; such that ¢c;K; < M, M being the constant multiplying the second term on the right-hand
side of (29). To bound the second term of R, (t) we follow the same approach. Thus, by virtue of Lemma 1-A with § = 0

/ [(§(x, u) — G(x, up))(wp —u)[dA < K3/ (lul + lupD™ |u — up] lwy — ul dA.
M M
But as above there exist ¢; and C(c; 1) such that
/ (lul + [upD)" "2 [u — up| |wy, — ul dA < C2/ (lul + Ju — up)™2 Ju — uy|* dA
M M

+c<c;1>/ (ul + lu — wn)" Ju — wa? dA.
M

Similarly, in this inequality ¢, has been chosen such that c;K3 < Cq, C; being the constant multiplying the third term on the
right-hand side of (29). Putting all pieces together, we bound R, (t) as

IR ()] = C1K2/ k(IVul + V(U —up) )P~ |V (u — up)|* dA + C2K3/ (lul + [u = up)" [u — up|* dA
M M

+c<c;1)/ K(VUl + [V = w2 |V @ — w2 dA + c<c;1>/ (ul + [t — w2l — wyl2dA.
M M

To estimate R3(t) we apply the same technique as we did for R;(t); so that, there exist constants C such that
2 2 2 2
R3] < Q°C(By — Bi)€ ||S||L°°((0,T)><M) +Cllu— wh”Lz(’M) .

The term R4(t) is bounded by virtue of Lemma 6, u; € [?(0, T; L?(.M)) and the Cauchy-Schwarz inequality. Thus, there exists
a constant C such that

IRa(O)] < C llu — wnll2(4) -
Collecting the estimates for R{(t), Ry(t), R3(t) and R4(t) and applying Holder inequality to the terms of the bound of |R;(t)]
multiplied by C(c;l) and C(c{l) yields

d 2 * p—2 2
ar 1= unllizgg + My | KAVl 4 V@ = u) )72V = up) [ dA
M

+M; / (ul + [u— un))" Ju — up* dA + ¢ 'Co llu = unllfr 4y
M

2 2 /
< € (llu = wllz e + I = willg ) + €K (IS 0.ryman + IS5 o110 )

2 2
+ Ko llu — wnllir ) + Ks [u = wnllyy1p .y, -

Next, assuming that u(t) € WP (M) for a.e. t, we take wy(t) = I,u(t) and upg = I,ug, so that the error estimate (6) and
the Gronwall inequality (as in Lemma 4-(i)) yield the result. O

5.2. Rate of convergence of U™ (x) to uy(t,, x)

To estimate the rate of convergence of U™ (x) to uy(t,, x) we shall assume some extra regularity on f and S; specifically,
(Hp) f € C®X([0, T]; L*(M)),
(Hs) See € L?(0, T; L*(M)).

Then following Rulla’s approach [25] we are able to achieve an optimal order of convergence in time for the regularity
conditions of u and u; assumed in Theorem 1. Now, in order to simplify some expressions which appear in the development
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of our arguments, we introduce a new notation. Thus, fort € (t,_1,t;], n=1,..., N, we set

U = 0ty B Go=un T =f@). SO =S,

E() =up(0) —U®),  E@) :=u(0)=U®), Z(t)=2",
At n—
t) ==
p= () AL
In preparation for the proof of Theorem 5 we state some auxiliary lemmata.

Lemma 7. (i) There exists a positive constant C independent of At such that

th
[ 10 e < c. (30)
0

(i)
Upe € L®(0, T; L*(M)). (31)
Proof. (i) By virtue of Lemma 6-(ii) we have that
tn 2
2
/ U112, dt = / ] <c
0 j L2(M)

(ii) From Lemma 6 it follows that U(t) and U, (t) are in L®(0, T; L? (M)),and U(t) € C ([O, T], I (M)). Furthermore,

Uf UH

2 j=n j i—1
U -

L2(M) j=1 At

77 2 2 2 2
||U(t) - U(t) ||L°°(O,T;L2(=M)) S At ”Ut”LO"(O,T;LZ(,M)) S CAt-. (32)
Next, we wish to prove that when N — oo, U(t) — up(t) and Us(t) — up(t) for a.e.t € (0, T). To do so we define two
uniform partitions {tn o and {t,} _o in [0, T] such that Aty = % Aty = ]I and set as above

UN(t) =U"fort e (tn—1, tal,

t—t,
Lynt fort € (tyq, tal,n=1,2,...N

f,—t
Un(®) = nAt U+ At
N N

and
U(t) = Uf fort € (t1, tj]

U(t)_ Lui- 1+t
! 4 At]

From (Pp ;) it follows that for all t € (t;,—1, t;]1 N (tj—1, 8], 0 <n <Nand0 <j <],

LUt forte (GGl j=1,2,....].

/ ¢ (Un(t) — Uy(1)), vhdA +/ (k (\vﬁNV"Z Uy — \vm‘"zﬁ,) : Vvh>dA
M M

+/ (§(x, U™ — §(x,U")) vhdA:/ Q(s"z" — 57') vhdA+/ (f* — f) vndA. (33)
M M M

Setting v, = Uy(t) — Uj(t) = (Un(®) — Un(t)) — (U(t) = U;(®)) + (Un(6) — Uj(t)) and taking into account that
Vi € WIP(M), we have by virtue of the monotonicity bound that

d R R . R 5
o [Un© =GO +M2 |V (O = T) [, + Mz [0 = T2y < D IR0 (34)

k=1

where

Ru () = / (k(1V0u" O = IV T) . ¥ (U = Tw) = V (U - T)) ) A,
M

Ria(t) = / (9(x, Uy) — §(x,Up) ((Uy — Uy) — (U — Up)) dA
M

Ris(t) = / Q(S" —SHZ"(Uy — Uj)daA,
M

Rua () = / Q52" — 7)(Uy — Upda,
M
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and
Rps(t) = / (f" — ) (U — UpdA.
M

To bound Ry (t) we shall introduce the discrete operator Ay : Vi, — V4, which is defined as
(Apvp, wWh) = (AU, Wh)yrgy = / I<(|Vvh|”’2 Vg, th>dA Yw, € V. (35)
M

From (P a¢) we have thatforn=1,2,...,N
PR Un _ Un—] -
(:AahUN, wh) = —/ —whdA — / 9,(?(, UN)whdA +/ QS"Z"whdA +/ f"whdA,
M At M M M

then, with w, = Ahﬁ,\,, it follows by virtue of Lemma 6 that there is a constant C such that

”'A’hﬁN ||L2(M) =C (36)

We are now in a position to estimate Ry (t) as t € (t,—1, tn] N (tj—1, §]. Noting that
Ry (t) = (eAhaN - eAhﬁj, (Uy — ﬁN) — (U - ﬁ]))
we have by virtue of (32) and (36) that

1 1
[Ry1 ()| < TC (N + j) . (37)

To estimate the term Ry, (t) we have that
Ra® = ¢ [ (B +[B") (ox = Oul + ]y - G ea
M

then by Hoélder inequality it follows that
Ri2O] = € ([0 ]17 00 + GO, ) (18O = On O iy + 1O = Tr© 1) -

Using an inverse estimate for functions of the finite element space V,, between the norms L (M) and L?(M) (see [8]),
Lemma 6-(i) and (32) it follows that for fixed h

1 1
Rpa(t)] < TCh=0=VD [ — 4 — ). 38
IRn2(t)] < N +] (38)
The assumption (Hs) and Lemma 6-(i) lead to
) 1 1
IRis ()] < f Q(S" = )Z"(Un — UpdA| < Cilslty — g1 [Un(©) = Uy (®)] 2, = TC (ﬁ + J—) : (39)
M

To estimate Ry4(t) we set
Rpa(t) = / Qs'(z" — 7)) [(Uy — Uy) — U - E]\j) + (Uy — i]\])] dA.
M
Then by virtue of (32) it follows that
1 1 o L~ —~
Rna()| < TC [ =+ — |+ | Q5" —Z))||Uy — Uj| dA.
N ] M

Using Lemma 11 and an inverse estimate for the elements of V}, we have that

2
Loo(M)

2
L2(M)

IA

| les@ = 2| B ~ Gl aa < €[~ Ty, = 7 [~ T
M

IA

_ ~ 2 ~ 12
Ch™? (”UN —Un ||L2(M) + HUJ -y ||L2(M) + “UN -y ”fZ(M)) :

Hence for fixed h

1 1
|Rpa(t)| < TCh™2 (N + j) +Ch2 | Un () = Uy ()| 12, - (40)
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The Lipschitz continuity of f (t) leads to

[Rys ()] <

. 1 1
/M (" = F) Uy — UpdA| < CLIty — g1 |UN©) = Uy (©)] 2,y < TC (ﬁ + J—) . (41)

From the estimates (37)-(41) it follows that there exists a positive constant C independent of Aty, Atx and h such that
d 2 _ —(1— 1 1 _ 2
Cog lun(®) — U] < TC(h™? + R~ (N + ]—> +Ch72 [ UN ) = Uy ©)]| 24,

The Gronwall inequality, with Uy (0) = U;(0), yields

_ -2 1 1
Co “UN(T) — U](T)H2 < TCh™2 (eCh T_ 1) (N + ]_> )

Hence, {Uy(t)} is a Cauchy sequence in L?(M) N V4, that converges to u, € C([0, T], L?(M)). Furthermore, by virtue of (32)
the sequence {Uy (t)} converges to uy(t) in the L (.M) norm. In fact, the sequence {Uy (t)} also converges to uy(t) in WP (M)
because uy(t) € Vy C W'P(M) and by the monotone inequality we have that

M [V (Un(6) = G ©) [7osy = | (ArUn () = 405 (0), Uy (0) = Ty (0)) ]
—~ —~ ~ ~ 1 1
< (IO g + [ 400 1) 1000 = B0y <7 (4 7)-

Next, we prove that

Jim. (AU (), vr) = (Antn(t), va) . Yoy € Vi, (42)

uniformly in (0, T]. Since both ﬁN (t) and up(t) are in Vj, then by virtue of (36), with v, = ﬁN (t) — up(t), it follows that
| (AnUn (£) = Antin(0), Uy (8) = un(0))] < € [Ty (®) = un(®)] 12,

Hence, as N — oo the result (42) holds. Similarly, arguing as in the proof of the bound (38) it is proven that
lim / g (x, ﬁN(t))vhdA = / G(x, up(t))vpdA Vo, € V. (43)
N—oo J y M
We also prove that if the sequences {ﬁN(t)} and uy(t) satisfy the strong (resp. weak) non-degeneracy property then
lim / B(x, ﬁN(t))vhdA = / Bx, uy(t))vpdA Yo, € V. (44)
N—oo M M
Setting vy, = ﬁN (t) — up(t) and applying Lemma 11 it follows that

< C | Un () — un(t) ”iww) ‘

/ (Bx, Un () — B, un(t))) (Un(6) — un(t)) dA
M

The result (44) follows by making use of the inverse estimate between the norms L (M) and L?(M) for the elements of Vj,.
Now, considering problem (P, o¢) and the assumptions (Hs) and (H}‘). together with (42)-(44), it follows that

. dUy () p—2
lim vpdA + (k [Vup|P~* Vuy, Vvh>dA + G(x, up)vpdA = QSzpvpdA+ | fvpdA Vv, € V.

N—o0o

The sequence {%} € Vj, is uniformly bounded in L? (M) according to Lemma 6-(iii), then there is uj (t) € Vy such that for

ae.t e (0,T], {dugt(t)} — up(t). Hence,

/u,’j(t)vhdA—i-/ (k [Vuy|P~2 Vuh,Vvh)dA+/ G(x, uh)vhdA=/ QSzhvhdA+/fvhdA Yoy € Vj.
M M M M M

And from the uniqueness of the solution of (Py,) in the class of non-degenerate functions we conclude that uj (t) = up(t).

Moreover, since ||u;‘ (t) ||LDO(0’T;L2(¢M)) is bounded so is ||u,1t (t) ||LOC(O’T;L2(M)). O
Lemma 8. Let f (t, x) satisfy (H}‘). Then, foralln =1, ..., N, it holds
tn . Atz
/ P @) =T dt < Ztal, (45)
0

where L is the Lipschitz constant for f(t, x), t € [0, T].
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Proof. We have that

th R n ti -
fo IF (6) = F O 172,048 = D / : I (6) = F(©) 172, dt
j=1 Y1

[ ft;— AtpA(t)) — fI
= AP ()2 — I, dt
j; /rj AtpAe(t) Heo

i 5 (4 —t)° 1
< ZAtsz/ Ul 2) dt = Al O

Lemma 9. There exist some positive constants C and y; independent of At and h, such that foralln =1, ..., N,
th n ,
At] / (||um(t>||fz(m — MU, ) del < CAE +CAE Y [EC0) [y + 271 IEEIZ - (46)
0 j=1

Since the proof of this lemma is long and rather technical, we postpone its presentation to the end of the Section after the
proof of the next theorem.

Theorem 5. There exist some positive constants C and C; independent of At and h such that for the solutions u,(t, x) and
{ur (x)}’,;’:1 of (P n) and (P at) respectively, the following error estimate holds:

th - _ -
lun(ta) = Ut 1%, + c/ / k(IVugl + [V — 0)))" 72 [V — 0) | dade
0 M

fn ~\ T2 ~2 At [ 5 5
+C (lunl + |up = U[) " |un — U| dAdt+C7 [ wn () = U(©))ell2(,, At < Ci(e + AL). (47)
0 M 0
Proof. From (Py) and (P a¢), with v, € Vy, it follows that for a.e.t € (0, T]

d A~
/C—(uh—U)vhdA-i—/ (k (IVupP7>Vuy, — [VUPP2VU) , V) dA
adt M

+ / (9 (up) — §(U)) vpdA = f QS(zn — Z)vpdA + / (f — FundA. (48)
M M M
Choosing
vp = () — U() = (up(t) — U(D) + (U(E) — U(6) = E(t) — (E(t) — E())
and performing similar operations as in Section 5.1, we obtain that

) R
2 VEOsy +M [ (19l + Ve = D)) [V =) aa

[ (ual+ =0 o~ O 0+ |EDf
M

5/ Et(E—f)dA+/ QS(zh—E)(uh—ﬁ)dA+/ (f —f) EdA. (49)
M M

M
We bound the terms on the right side of this inequality. To do so with the first term we note that

E(t) = E(t) + Atp™ (6)U, (b):

hence, we can set
/ E(E—E)dA = Atp™ (1) / (une — Up)U,dA
M M

Atp(t)
= = (Il = Oy = IE Oy ) (50)
where the relation 2(a — b)b = a®> — b®> — (a — b)?, a and b real numbers, has been used to obtain the right side of (50). To
bound the term

f QS(zy — Z) (up — U)dA
M
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we use the same technique as for the term Ry in the proof of Theorem 4. Thus, applying Lemma 2 with w = u(t) and
wy = U(t) and the Young inequality it follows that

~ ~ / Gy~ yr
/ QS(zn — Z2)(un — U)dA| < £20Q" (B — B € IS}y + 5 [EO 15 - (51)
M
Finally, applying the Cauchy inequality yields
-~ SIS, 2 ~ 2
[ 0D B <K [EO 4y + K 150 ~FO (52)
M

where K and K’ are positive constants independent of At and h. Using (51) and (52), and on the account of
E(t) = E(t) — Ap™ () U, (1),
it follows from (49), with Eg = 0, that

th . _ -
%" IEEnI,,, + M/ / k(IVusl + |Vn — D))~ |V — 0)]” dAde
0 M

th — - th
q/ f (sl + |y — T])’ 2|uh—uyszat+Ar/ PO IO, de
0 M 0

th

th th
2 r 2 2
B /0 IE@)I2,,,, dt + € /0 IS, de + At / U112, dt

5 C th P 0 ’ (53)
[ hO =Tl de+ ¢ / PO (I Ol )~ 10O, ) d
0
where C = max (l,K/ ,K ,K1,82CQr/(,Bw — ,8,»)“). Next, borrowing the arguments of Rulla [25] to our context,

and considering that U;(t) is constant in each interval (tj_q,t], so that the last term of (53) is equal to
At [y (pAf(t) lune (©) 124y — 3 MU O 112 (M)) dt, we will work out this latter term and At " p*'(t) [E(0) |7, dt to
obtain the term

tnh
At [ (1l ©lFs = 10O )
0

which is bounded by Lemma 9. Thus, since p2f(t) > 1/2 for each interval (ti—1, ti—1/2] it follows that

n At At G172 2
At / O IEO I = =y / IE (D) 1172, dt. (54)
0 j=1 Y1

On the other hand, changing the variable t — t —|— L and taking into account that U; is constant in [ti—1, t;] it follows that

At I~ [li-172 At
Z / B dE = 555 f E, (r + 7) dt
1/2 j=1 Yti-1 L2(M)
At & [h-12 At 2 tn B
=5 Z/ ht <f + 7) = U dr < At/ pA(0) [l (@ (t) — U(t))tllfzw) de, (55)
j=1 Y- L2(M) 0

where u,(t) = up(t + %). Introducing these changes in (53) one has

ty —~ _ ~
%" IEE 1%, —|—M/O /Mk(wuu + |V — D)) |V - 0)] dade
fn ~i\r—2 ~2 At [ 5
q/ f (Iunl + [un = T))"2 [un — T dAdt+7/ 1B, de
0 M 0

th 1
At / (p“(n e (©) 2 4 + A NUOI o — 5 ||ut<t)||§2w)) dt
0
tn

STL o[ PO IO - U de . (56)
0

th .
+ [0 =Tl ae+e 15017, a
0



1198 R. Bermejo et al. / Mathematical and Computer Modelling 49 (2009) 1180-1210

Setting E¢(t) = (@p(t) — U(t)),, f(t) = f(t + 51), S(t) = S(t + 5%) and repeating the steps from (48) to (53) it follows
that there exists a positive constant a, independent of At and h, such that

tn
At / PO 1@ (©) = U0, Py
0

th
o | (Af(t)||um<r>||Lz<M>+AfIIUr<f>”Lz<M> ””f“)”ﬂw))t
0

th
— -~ 2 — -~ — 4
s [ 150 =30 @t [ O -FO L [0,
0 0 0
Next, noting that for all n
fn _ N A\ |IP L [he At
/ PO [T (0% dE = 3 / P2 (0) e (t+7) =3 / Pt (t— 7) e (O e
0 j=1 Y41 12(M) j=1Yti-12
tn At At/2 At
_ ac . 8 2 _ N P 2
—/0 p (t 5 ) llune (D117, dt /0 p (t 5 ) llune (1132, ) dE
th+At/2 At
At 2

and taking into account Lemma 7-(ii) and the fact that for t € [t,, t, + 5'], p2'(t — 5) =
exists a positive constant C such that

<G (57)

dt

tat+5E -t
At

> 0, it follows that there

"’ ALY ane (D%, . dE < "t t—f lupe (O, . dt + CAt (58)
0 p ht LZ(M) = 0 p 2 ht LZ(M) .

From this inequality and (57) one gets that the first plus the second terms on the right-hand side of (56) yield the term

n At At At 2
at [ (PO +p (0= 5 ) ) e, + 288 10O = 102y, ) e+ CAL
0

Here, to estimate the first term of the integrand we note that for t € (0, T]

At 1
pAt(t) +pA[ (t _ 7) — 5 +pAf/2(t)’

so that

fn At
At/ (pAt(t) + p* (f - 7)) ||Uht(t)||f2w) dt
0

o
= At[ ||um(t)||L2(M) dt + At Z/ <pAf/2(t) ) ”uh[(t)”LZ(M)
j=1 “ti-1

But

. i ti—1/4
ALY /[ (pAt/Z(t) >||um(t)||Lz(M)dt AtZ / ( — t) lutne (01175, d
j=1 “tj-1
n
—A) o / (t+——rj) lune (0) 1%,
j=1 ti-1/4
2 b At
<At = t— — —t ) luneOII%, ,, dt
< ;At/ <J 2 )n Ol

because t + Z —ti = 0fort € [tj_q/4, tj]. Now, by virtue of Lemma 7-(ii) and noting that

G174 At 9
/ (tj———t)dt:—At,
- 4 32

)
it follows that there exists a positive constant C such that

n 4 1
Aty f (p“”(t) - 5) lune (D)1, dt < CAE.
j=1 Y41
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Hence, putting all pieces together yields

tn At th
At At 2 2 2
Atfo (p ) +p (t——z )) ||um(t)||L2w)dtsAtf0 e (6)1%,, d + CAE.

Finally, to obtain the inequality (47) we collect all these bounds on the right-hand side of (56), and apply the Gronwall
inequality and Lemmata 7, 8 and 9 with y; sufficiently small such that 1 — 2y; > 0. O

5.3. Proof of Lemma 9

To prove Lemma 9 we start estimating ||up (t) || and ||U,(8)]? Thus, from (P,) one obtains that

12(M) 2(M)°

1d d dep (up (t
||Uhr(t)||fz(M) = —I—JE/MMVuh(t)V’dA_ EAG(X’ Uh(t))d/'\-i-/MQS §0(Z:( ))dA

where we recall that ¢(-) is a real convex proper continuous function such that g(x, v) = 9¢(x, v). Analogously, from (P
nat) it follows that for t € (ti_q, ], j=1,2,...,N,

; : U —u! Ui —
U D12 = —/ <k|vuf|l’—2vuf,v( ) / 6.x. U) ( )dA
M
~ AU -=U _yitt
]
+ /MQS(t)Z <—A )dA+/ f(t)( _ )dA‘

But making use of the inequalities (21) and (22), we have

+ f f(©up(t)dA, (59)
M

i i 1 ; )
el < = / k(VU'PP — [VUTP)dA —/ (G(x, U) — G(x, U™ "))dA

pAt

1
f QS(t)ZJ < )dA—}—/ f@ (A—iﬂ> dA (60)

So that, (59) and (60) yield

ty .
At/ (llUt(t)lliz(M)—||um(t)||fzw)> dt < —At [Z / (/ k(|IVUI P — |VUJ—1|P)dt) dA]
0 i=
LS| t i i1 At P P
— At ZE/M /t (G(x,U) — G(x,U'""))dt | dA +7/Mk(|vuh| — [Vup|") dA

=1

th
+ At/ (G(x, up) — G(x, upo))dA — At/ [Q(S"w(uﬁ) — % (upo)) — Q/ @(uh(t))stdt} dA
M M 0

n YA e § tn th_
+ At Z/ Q/ S(H)Z (—) dtdA — At [/ f F(©)upe (t)dtdA —/ / f(t)Ut(t)dtdA]
=1 M S At M IO M0

=M+T+ --+T). (61)

We bound the terms (T;) — (T4). Since VU’ (resp. VU/~!) and G(x, U’) (resp. G(x, U/~ 1)) are constant with respect to t in
[ti—1, t], then

oy . ‘ .
Z/ k(IVUP — VU Pydt = Atk (I[VU"P — [VUPPP)
and

noorg . )
Z/ (G(x, Uy — G(x, U'"1))dt = At (G(x, U™) — G(x, U%)) .

Hence, taking U® = uyy it follows that

At
M+ T+ T+ T= / k(VujP — |VU"[P)dA + At/ (G(x, u) — G(x, U™)) dA.
M M

Next, using (9) and (H;) yields

T1+T2+T3+T45At/

(K|VU"P2VU", V(U — U™))dA + At/ G(x, UM (] — U")dA
M M
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and by virtue of (Py a¢), with vy, = up — U",
u" — Un—l
Ti+Th+T3+T, < At/ QS"Z"(u, —U™)dA + At/ (f" — —) (uy — UMdA.
Applying the Cauchy inequality to bound the first term on the right-hand side of this inequality yields

At? 1
At / QS"Z"(up — UMdA| < —QB;, f IS"I*dA + Atyr——llup = UMl 4
M Y1 M 2At

2

where y; is a constant sufficiently small. Similarly, by virtue of Lemmata 4 and 6 we can bound the second term as
At?
S —_

n u"—uyr! n n
/M (f Y ) (U7~ 14

Thus, collecting these two bounds, we have that there is a constant C such that

" — Un—l
At

At lufl — U2

L2(M)°

fr—

+ Atyr1 5|
Lz(M) ZAt

Ty + T2 + Ts + T4l < CAL + plE(t)I2 (62)

M)°

To estimate Ts + T we take into account that ¢(-) is a convex function and that Z € B(U’) = d¢(U’). Therefore, considering
Ts, we have by virtue of the definition of d¢

5 sy it b /(U — (Ui
At/ Q/J OY (u)dtdAz At/ Q/] 5<M> dtdA.
M ti—1 At M ti—1 At

Since ¢(U’) (resp. ¢ (U/~1)) are constants in (ti—1, t;], and using the notation

~ s gi—1
Ss=————, j=1,...,N,
t At J

it follows that

- i o (o) — U
At;/MQ/tHS(t) <A—t> dtdA

= At/ Q (S"pU™) — S%(U®)) dA — At/ Q (At Zicp(uf—l)) dA.
M M j=1
Hence,
Ts+Ts < Atf Q5" (p(U") — ¢(up))dA — At[ Q (AfZ§f¢(Uf‘1) - / n w(uh(t))Srdt) dA. (63)
M M j=1 0

We bound the first term on the right-hand side of this inequality by appealing to the convexity of ¢ and using the fact that
zp € B(x, up) = dp(x, uf). Thus

At / 05" (p(U") — p(u))dA < At / Q5"Z(U" — u)dA,
M M

and by the Cauchy inequality we can find constants C and y; sufficiently small such that

‘At / QS"Z"(U" — uf')dA
M

14!
< APCIS Wy + 5 IEC) - (64)

To estimate the second term on the right side of (63) we use (HZ) and carry out the following decomposition

n tn noo. .
At / Q (AfZSﬂp(U“) - f «)(uh(t))stdt) dA = At f Q (Ar D (50 = Six, tj_l))ww“)) dA
M j=1 0 M j=1

+ At / Q (Ar DS (e — so(u’m)) da
M j=1

n ) tn
+ At / Q(AtZSr(x, Go0e ) - f go(uha))stdt) = (A + A +Ay). (65)
M j=1 0
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Then, noting that
n ~ ) n tj - )
ALY (S0 = S, ) = / (St (x) — Se(x. Gi_1)p(Udt,
j=1 j=1 Yt
we have, by virtue of a Taylor expansion of Et and the Cauchy inequality, that A; is bounded as

tn
A < KIMI2 max [p(Uh]|Ar f ISt Ol dt = CAL, (66)
<i= 0

where K is a positive constant independent of h and At. To estimate the term A,, we use the Young inequality and the fact
that ¢ is convex; then

IA

ALY S 6o @) — ()
j=1

J

n
At Zst(x, ()2 W =Y
j=1

n n

< GACmax |Z7 P IS )P+ G YU =
J =1 =1
Hence,
n
Al < AL o 12000 F C2AE D NEG- 11224 (67)
j=1

Finally, to bound the term A; we use Peano’s Theorem to estimate the quadrature error. So that, we have that

th
§Atf
0

Then, after applying Lemma 4 (ii) and the facts that d¢ is bounded and S (t) € L%(0, T; L>(.M)) it follows that there is a
bounded constant C independent of At and h (but depending on |.M| and t,) such that

ad
E(St(t)(P(uh(t))) dt.

n ) th
ALY S i)y ) — / @ (un(1))S,dt
j=1 0

|A3| < CAE%. (68)
Thus, from (63)-(65) and the estimates (66)-(68) yields

n
V1
ITs + Tsl < CAL® + CAL Y IE®G- D2 + - IE@) 12400 (69)
j=1

where the constant y; is the same as the one in (64). It remains to estimate the term T7 in (61). To do so, we set

tn R tn .
Atf / (F@une () — f(OU())dtdA = At/ / (fF (&) — F(©)up (t)dtdA
M JO M JO

+ At/ fnf(t)(um(t) — U (t))dtdA = (By + By). (70)
M JO

To bound B; we apply the Cauchy inequality and use Lemmas 4 and 8 (ii). Hence,

th . th
|Bs| < Gy f If = Fli%2 ) + CAE / lunellfa ., < CAEZ. (71)
0 0

To bound the term B, we apply the Young inequality.

th th n G
At/ / f(t)(uht(t) — U (t))dtdA = At/ / F(OE(t)dtdA = At/ Z/J f(E)E(t)dtdA
M JO M JO M j=1 JE-1

n G ) )
= At[ fE(t,)dA — AtZ/ / E(t—1)( — F~1)dA
M j=1 M Jti—1

2)1612 " 2
ClAt ||f||LOO(0’T;L2((M)) + ?”E(tn)”LZ(M)

fj _fjfl
At

IA

2

n—1 n
ALY IEG)F ) + ALY :
j=0 j=1 2(M)
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Since f is Lipschitz continuous, then there exists a constant C such that

‘At / / ") e — UpdedA
M JO

n—1
14!
<CA + 3||E(tn)llfzw) + QALY EW@) 2 (72)
=0

where the constant y; is the same as the one in (64). Thus, from (69)-(72) we have that

n
2
|Ts + Ts| + IT7| < CAL* + CAtZ HE(fj—l)Hsz) +n ||E(tn)||fzw) . (73)
=1

Thus, from this inequality and (62) it follows the result (46). O
6. Proofs of Theorems 1 and 2

The main idea of the proof of Theorem 1 consists of solving first the problem for a fixed right-hand side term z €
L*°((0, T) x M). Thus, if we denote by u, such a solution, we shall show, by application of the following fixed point theorem,

that for some z the relation z € 8(x, u,) holds

Theorem 6 ([29]). Let K be a nonempty convex and weakly compact subset in a real Banach space. If £ : K — K is a function
whose graph is weakly x weakly sequentially closed, then £ has at least one fixed point.

Now we proceed with the proof of Theorem 1 stated in Section 2.

Proof of Theorem 1. As in [15] we denote by H the space L?(M) equipped with the equivalent inner product
(. )y = / ¢ycdA.
M
Let A be the subdifferential (with the standard inner product) of the convex functional

1
—/ k|VpPPdA forp € WP (M),
D Jm

+o00 otherwise.

D¢ —

It is well known that dom(Z) C W?'P(M) is dense in H and that qu = —div(k|V¢[P~2V¢). We define now A by
dom(A) = dom(A) and

(4. v}, = (A V) -
If we denote by 5 the subdifferential with respect to the other inner product, then A coincides with 5 @ (and, by definition,
with d@). We also define the operator

A :D(A) CH—H

w —s Aw + G(w).
Notice that 4 coincides with the subdifferential of the proper lower semicontinuous and convex mapping A : D(A) C H —
R defined by

1
A) = E/M |VU|pM+[A{G(u)M u e D(A) 74
+00 u ¢ D(A)

where G(u) = fou g(o)do and
D(A) := {u € [*(M), Vu € [P(TM) and / G(u)dA < —|—oo} ,
M
which is dense in H. To apply Theorem 6, we formulate problem (P) as a fixed point problem: u is a solution of (P) if and
only if z is a fixed point of the multi-valued operator
£ K — 2POTH,
&L is defined as follows. First, we choose the set K as

K={ze€lP(0,T;H): |z(t)llioocuy < Coace.t € (0, T)}
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where Cy := Q By |IS|l1oo((0,1) x40 We notice that K is a nonempty convex and weakly compact set in I (0, T; H). Second, we
consider the operator

$:K — C([0,T]; H)

Z—> v
where v is the unique mild solution of the Cauchy problem
dv .
CE(t) + A(v) =z inH,
v(0) = ug.

By virtue of the properties of 4 there exists a unique strong solution to this problem (see [6]). Third, we introduce a selection
operator ¥ of the graph on the right-hand side of (P) as

F :1°(0,T; H) —> 2/
v—> {(h:heQSAkx,v)+f ae. (t,x)}
Finally, we define the operator
L(z) ={h e P(0,T;H) : h € F(8(2))}.
Now, in order to apply Theorem 6 we use the same arguments as in [ 18] to prove that

(i) foreach v € I’((0, T); H), ¥ (v) is a nonempty, convex and closed set of [ ((0, T); H),
(ii) graph (¥) is strongly x weakly sequentially closed in [P (0, T; H) x LP(0, T; H).
(iii) & is sequentially continuous from IP((0, T); H)— weak to C([0, T]; H)—strong.

From (i)-(iii) we conclude that graph(.L) is weakly x weakly closed and then, according to Theorem 6, £ has at least a
fixed point.
Since .« is T-accretive in L>(.M) and B is a bounded maximal monotone graph, we obtain the following result

Lemma 10. If ug € L*°(M) and f € L*((0,T) x M) thenu € L*°((0,T) x M). O

Our next concern is to prove Theorem 2. To do so we need an auxiliary result on non-degenerate functions showing that,
for any q > 1, the multi-valued function 8 generates a continuous operator from a subset of L°° (M) to LI(M).

Lemma 11 ([18]).
(i) Let w, w € L°(M) and assume that w satisfies the non-degeneracy property. Then
Vg € [1,00) 3C > Osuchthat z, 7 € [®(M) withz(x) € B(x, w), 2(x) € B(x, W) a.e.x € M
Iz = 2llg < (Bw — By min{Cllw — D[ L, |#|"%} O

(ii) Let w, w € L*°(M) and assume that w, W satisfy the weak non-degeneracy property. Then

/ 2(0) = 2X)) (WX — WE)A < (B — BIClIw — D74, (75)
M

Proof of Theorem 2. Let u, ii be bounded weak solutions of (P). We take the difference of the weak formulation (5) of (P)
for u and i and choose v = u — i as a test function. then

1d . . .
2dr c(X)|u(t) — a(t)|*dA + / (G — g(W)(u —uydA
tJu M

+ / k(x)(|Vu(t)|P2Vu(t) — |[Vat)|P~2Vii(t), Vu(t) — Vii(t))dA
M

= Q/ SX)(z(x, t) — Z(x, t))(u(x, t) — U(x, t))dA. (76)
M

By Lemma 11 and Theorem 1 it is easy to show that if p > 2 there exist positive constants C;, C, (~f1,p,oo and C:o such that

Anp—2

1d A2 C()”U - u”lLJOO(M) A2

e = Dy = QS0 — ——e— ) = i
1,p,00

~ 12
+C0||u - u”LZ(,/vl)'
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Similarly, when p = 2 there exist positive constants C; and 61,2,(, such that

2
1d R | M| .
——lcC)u— )| < [ GQISlewm — = lu — ulljoo
2 dr 12(M) L% (M) CLZ’U Lo (M)

- €
+ ”U - u”LZ(,M) + 6_

1,2,0

AnD—2
Collu—iillfoc 4,

We notice that if GQ||S||o(a) — < 0, the application of the Gronwall lemma to the last inequalities yields

Cl.p,oo

2

. . Collu—itl?,,, . . :
coo = 0, and so the uniqueness of solutions. When CQ||S||roo(u) — D _I%W0 s pot negative, we define a

lu — -
1,p,00

rescaling on M and obtain the manifold .Ms from a new atlas {V~VA, W; }rea, Where w; (X) = wk(’g) and {W,, wy },e4 an atlas
of M. Now, the partition of unity of .Ms subordinate to the covering V~V,\ can be defined as @, (x) = ak(g) with the new
metric verifying g; = Szgij. Hence, | M;| = 82|.M|. The formulation of (P) on the manifold M is:

Cs ()iie — 8Pdiv s (ks () Vp U2V, 0) + §(-, 1) € QSB(-, ) +f  in (0, T) x Mg

.. X
u(0,x) = ug 3

(Ps)

If we repeat the last argument for (Ps), we get for p > 2,

N —2
C03p||u8 - u(S”IL)OO(MS)

1d A2 o2 ~ o2
5 lles(us = uslliz ) < (C1,5Q||55||L00(M6) - ) llts — Us llfoo pgp) + Colltls = Usllyz - (77)

2dt 51,p,oo,a
In the case p = 2, we get
1d o 82| Ms| 7 .
Ea”ua = Uslli2 0y, = (CI,BQ“SSHPO(Mg) - m) llus — sl oo 5 (78)
s — 5117, + %ﬁ (79)

Now, we determine the dependence of the constants C; s, 61,[,,00,5 and 61,2,(,,5 in terms of 8. For that, we consider the Banach
space

Vs = {u € [*(M;s) : Vu € [P(TMy)}.
The constant C; s appears in Lemma 11 when we substitute M by M;. So that, we have

125 = Zslli1cap) < (Buw — BCsllts — sl oo (4
where Cs = max{Cs, Ie‘gl—_ﬂ'} = §?max{C, 234‘1} = §2C, C and C; are the constants of non-degeneracy for M and s
respectively. Then, it follows that
G5 = 8C.
The constant 61,2’(,,5 verifies
11 sy < Croo s UV ey + 11 )
IF1E (ay) < 207 k(r, 2, 0)*5 " max{1, Z)(1 + sup [V&. D2 (If I3 + IVFII3).

From the relations ¥ = §%v, i = §*x and |&;| = |a; | we obtain
2

~ 4_5 2 2. —1 2 1
Cio6.8 =280 “uok(r,p,o) v max{l,8 u} |1+ sup glVoz,\l .

61,1,,00,5 is the constant of the imbedding Vs C L*(Ms). In particular, if § = 1 this is the constant 6“,,00 that forp > 2is
given by

4
2

Crpoo = 27 'k(p. )P max{v T, v B }(1 + C1ap sUP [V ) max{1, ||"2 };
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hence,
- _ -2
Cipoos = 27 'k(p, 1) max{D 5712 (1 + C12p5 SUP [V, )P max({1, |45 T }.
By using b = §%v, it = §*p and |Va; | = §|Va;| we obtain
~ - 2 1 —
Crpoos = 2P 'k(p, 1P max{8 Pv 7, 8P 20 5} (1 + 85 i k(r, 2, pyv 2
1 1 1 -2 E
x max{1,8u2} |1+ sup 5|Va,\| sup E|Vak|)" max{1, 8 7*|M| Z }.
Next, we define K}, 5 by

M7
CrsQ 1S5 lloo sy — = ifp =2,

Kp,é = 1,2,0,6

8PCollu — u”Loo
(M)
C,5QISs 100 (us) —

ifp > 2.
Cl,p,oo,&

It is easy to see that ||Ss |00 us) = IIS|lzeo (). By substituting every constant in terms of § we have that

4 2
, 8285 | M|+ )
3°CQIIS o my) — — ’ ifp=2,
o 72max{1, 82u}(1 + 5 sup |V )G,
Kpﬁ = 2

8PCollu — 11}
8°CQIIS Nl (ay — : 0

ifp> 2,

max{8—Pv 7, 8»2v- 12K, 5C,

where
N 1 P o =2
Kps = (14 Ciapssup §|Va)\| max{1, 8 ~*|M| Z }
and G, and G, independent of 8. Then, if p = 2

54 M|
ax{1, 82u}(1 + § sup | Ve, )2G,

lim Ky 5 = lim 82GQ S|l o0 (a) —
§—0 §—0

and ifp > 2

8PCO||U u”Lw(M)

lim K, 5 = lim 8*GQ||S|| oo () — -~ )
=0 =0 max{§~Pv2 , 81’—211—1#7}1(1),5@
In both cases the limit is zero and this reduces the proof to the first case.

To prove part (ii) we assume that there exist two solutions u and i of (P) verifying the weak non-degeneracy property.
Arguing as in (i) it follows that

1d

Co . . . -
2t = W + == g < fM Q@ —2)(u—dA + Gollu— il

1p.q

where 61.,p,q = 517,,,00 if p > 2, and equal to 61 2.0 if p = 2.By Lemma 11, we get

CO” u”LOO(M)

~2 ~ ~n2
C1 ) ||u_u||L°C(M) +C0||u_u||L2((M)’
P

u Ll CQ S| o0
2 t 2 = L (M)
with C being the constant Of the weak non- degeneracy property. We conclude the uniqueness asin (1) by studying the sign

ollu—alf
of CQ IS oo u) — TLOO(M) and by rescaling in the case that such a sign is positive. O

7. Numerical tests

We present numerical results with the term of the radiation energy modelled according to Budyko’s formulation,
R.(u) = Bu + C, this means that §(x, u) = Bu. In Fig. 1 we show the initial icosahedron that yields the partition Dy and
the partition (mesh) D4. The numerical tests are carried out on the partition Dg composed of Ng = 81920 triangles and
M = 40062 nodes (or vertices), with an average mesh size h = 0.02067 (radians) or equivalently h ~ 130 km.
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at b -

w1 _q -1

Fig. 1. Initial Icosahedron and mesh after 4 refinements.

As we said in Section 3, we approximate the partition Dy of the 2-sphere M by the partition Dy, composed of triangles in
R3 that ' generate the polyhedron M; of triangular faces. To calculate the numerical solution in the family of finite element
spaces V, we employ the method introduced in [17] after noting that V ,u € IP(T.M) can be written as

Vyu=Vu— (?M : VU)7,M,

u

where T is the unit outward normal vector on .M and Vu = <8x-
1

) denotes the gradient of u considered as a function
i=1,2,3

of the Cartesian coordinates (x1, X, x3) referred to the Cartesian coordinate system, the origin of which is at the centre of
the sphere. Recalling that u(x), x € My, is a lifting of u(x*), x* € M, then V,u will be numerically approximated by the
approximation to V Mhﬁ(x) € IP(T M) the expression of which is

Vi, 0(x) = VUKX) — (T 4, - VUR) T 4, foranyx € Mp,
where T x, denotes the unit outward normal vector on My, which is a constant vector on each triangular face £2; of
Mp,, defining thus a piecewise constant approximation to 7 . U(x) is approximated by Uy, (x) € Vj, satisfying U, (P)| o €
P1(£2)). The local basis functions {)\k(x)}ﬁ:1 are the barycentric coordinates defined by the relations

3
Zxki)»k =x, fori=1,2,3

k=1

3
D=1 VPeg
k=1

where x; are the coordinates of any point x € £2; and x;; are the coordinates of the vertices of §2;. Then, denoting by N j the
unit normal vector on £2; we have that for any x € £;

3 3
. Ak
VMhuh(x) = E UkV)»k — ( E le[ E Uk_ax )71
1

3
k=1 =1 k=1

where Uy = U;,(x,). We remark that by construction of the family of finite element spaces Vj,, Uy are also the values uj, (x;).
Important features that make this formulation attractive for computations are the absence of the so-called “pole problem”
and the discretization of the Laplace-Beltrami operator can be managed with the computer codes developed for the Laplace
operator in a Cartesian coordinate system. To see this is so, we consider f 2 \Y Mhﬁh - V 4, UndAp, and obtain

/ Vi, Un - Vg, OndAn = VS;UT
Q.

where V = (Vy, Vo, V3), U = (U;, Us, Us), with V; and Uy being the values of 7, and Ty, at the vertices of £2; respectively,
and S; is §2;-element symmetric matrix the entries of which are

Sik = / VAi- (VA — (?J . V)»k)?J) dA,, 1<i,k<3.
Q.

Note that s;, are the entries of the stiffness matrix corresponding to the Laplace operator minus f 2 (m i Vi) (m i Vi) dAp.
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Fig. 2. Distribution of temperature at time t = 0.

To calculate the numerical solution it is convenient to work with the non-dimensional formulation of the equations. To
this end, we take T. = 10 years as the characteristic time scale and the radius a of the Earth as the characteristic space
scale. The non-dimensional temperature u is given by the formula

% k
u —tp

u:_* x
up — up

where u*(x, t) denotes the sea-level atmospheric temperature expressed in Kelvin degrees, uj and u_g represent the

minimum and maximum values of uf (the initial temperature) respectively. In our computations uj = 300 — 100 cos? 9,
0 < 6 < m, see Fig. 2, where the right side upper panel shows the distribution of temperature (vertical axis) in Kelvin
degrees along the meridian ¢ = 0°, with the horizontal axis being the colatitude #-axis; here the North Pole is located

at 9 = 90° and the South Pole at = —90°. The lower panel displays the distribution of temperature in the parameter
(9, ¢)-plane.
The value of the coefficient c(x) is taken as
a u_é —uy
c(x) = -———(pcC C)s,
*) 3T (pCp)(pC)s

where pc, denotes the average product of density times specific heat of the planet Earth, whereas (oc); is a correction factor
to account for the variation of pc on the Earth surface. We take the following values [21]

0.8 forland
(pc)s = 1 1.2 forsea
0.9 forice.

The coefficient k(x) is the thermal conductivity given by the formula

% *
Uy — Up

kinks,

where k, = 300 Wm~ 'K~ denotes the average conductivity of the planet Earth and k; is a correction factor for the Earth
surface that we take as [21]

ks = (0.86 +0.311 cos” & — 0.98 cos* 0) (1 — 0.73r),
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withr = 1if6 < % — 0.227 and zero otherwise. The values of Q, S and the coalbedo as well as the constants B and C of
Budyko’s model for the radiation energy are borrowed from [21]. Thus

QS(t, x) = 340 (1.24 — 0.72 cos® 0)
0.8 ifu* > 250°K,
Bx,u) = {

0.25 otherwise.
g(x,u*) = 2.03u",
f(t,x) =2.03 x 273.16 — 212.

To calculate the solution U" to the fully discrete problem (P, o;) we have to solve a nonlinear problem with two
nonlinearities, namely, the one due to the p-Laplacian when p > 2,

/ <k\vu"\"’zvu”,wh>dA,
M
and the other one due to the Heaviside graph on the right-hand side,

/ QSB(x, UMvydA.
M

We deal with the p-Laplacian nonlinearity approximating U™ in |[VU"|P~? by the second-order extrapolation formula
2U" ! — U2 whenn > 1, and by U"! when n = 1; whereas the second nonlinearity is treated by monotone iteration.
Thus, at each time step t, we calculate U" € V}, by the following iterative procedure:

Fork =0set W0 =201 —U"%2ifn > 1orW? =U" 'ifn = 1,thenfork = 1, 2, ... solve

/ cWrupdAy + At / <k V0, WO~ W, WK, Vthh>dAh + At [ g, WHuday
Mp Mn

Mp

= / cU™vpdAL + At QS"B(x, Wki])UhdAh + At fupdAn, vy €V,
Mp

M Mp
stop when
” wh -t 1”L2(Mh) <tol, or k= KMAX.
” wo ||L2(,Mh)
Set
ymtl — wk.

In the numerical experiments we take tol = 1074 and At = 1072 in non-dimensional time units, this corresponds to
100 years of real time. Fig. 3 displays the distribution of temperature at T = 7000 years. The remarkable features of this
figure as well as those of Fig. 4 are the following: (i) the ice caps get colder and extend towards the equator; (ii) mid and
equatorial latitudes get warmer; (iii) existence of narrow free boundaries (in both northern and southern hemispheres)
where the temperature experiences a rapid variation; and (iv) there is some degree of asymmetry in the distribution of
temperature in midlatitudes due to the distribution of sea and land in the northern and southern hemispheres.

Fig. 4 shows the distribution of temperature at T = 10° years when the steady state has been reached. The contrast
between Figs. 3 and 4 is that the polar region temperatures are colder in Fig. 4 than in Fig. 3, although the geographical
extension of the polar regions is almost the same in both figures; on the other hand, the zone between the parallels ¢+ = +50°
are warmer in Fig. 4 than in Fig. 3, particularly in the tropics and the equator. To see the influence of exponent p on the
solution, we show in Fig. 5 the distribution of temperature at T = 10° years (steady state) with p = 6. The main difference
with respect to Fig. 4 is that the free boundaries in Fig. 5 are wider than that in Fig. 4.

As a final remark, we must say that the main purposes of these experiments are to illustrate the theoretical analysis
and to see the viability of the numerical model; so that, no climatic conclusions should be drawn from these experiments.
However, the model may be a valuable tool for qualitative climate studies if more realistic initial condition and coefficients
are used to simulate climate scenarios.
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