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ABSTRACT

We present some results on the mathematical treatment of a global two-
dimensional diffusive climate model. The model is based on a long time avera-
ged energy balance and leads to a nonlinear parabolic equation for the averaged
surface temperature. The spatial domain is a compact two-dimensional Rieman-
nian manifold without boundary simulating the Earth, We prove the existence of
bounded weak solutions via a fixed point argument. Although, the uniqueness
of solutions may fail, in general, we give a uniqueness criterion in terms of the
behaviour of the solution near its “ice caps”.

1. introduction

This work is concerned with the nonlinear parabolic problem of the form
() { uy — div(|Vul|P~2Vu) € QS(z)f(w) —G)+f in (0,T) x M,
u(z,0) = up(z) in M,
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where M is a C% two-dimensional compact connected oriented Riemannian ma-
nifold without boundary {and so, no boundary conditions are needed in (P)). We
assume a fixed time 7" > 0 as well as @ > 0, § € L™®(M) and p > 2. The function
G is increasing and [ represents a bounded maximal monctone graph in R? (e.g. of
the Heaviside type).

The problem (P) arises in the modeling of some problems in Climatology. The
so-called Energy Balance Models were introduced in 1969 by M.I. Budyko and W.D.
Sellers, independently. They are diagnostic models intended to understand the evo-
lution of the global climate on a long time scale. Their main characteristic is the
high sensitivity to the variation of solar and terrestrial parameters. This kind of
models has been used in the study of the Milankovitch theory of the ice-ages.

The model is obtained from an energy balance equation for the Earth’s surface:

heat variation = Rq — R, + D, (1)

where R, and R, represent the absorbed solar and the emitted terrestrial energy
flux, respectively. D represents the heat diffusion, given by a second order diffusion
operator.

Another characteristic is the spatial domain, it is the whole Earth’s surface and
the time scale is considered relatively large. In seasonal models a smaller scale of
time is introduced, in order to analyze the effect of the seasonal cycles in the climate
and in particular in the ice caps formation.

Let us express each component of the above balance in mathematical terms. The
distribution of temperature u(Z, z) is expressed pointwise after a standard average
process, where the spatial variable x is in the Earth’s surface which may be identified
with a compact Riemannian manifold without boundary M (for instance, the two-
sphere 5?), and ¢ is the time variable. The heat variation is the product of the
heat capacity ¢ and the partial derivative of the temperature u with respect to the
time. The absorbed energy R, depends on the planetary coalbedo . The coalbedo
function represents the fraction of the incoming radiation flux which is absorbed by
the surface. In ice-covered zones, reflexion is greater than over oceans, therefore, the
coalbedo is smaller. One observes that there is a sharp transition between zones of
high and low coalbedo. In the energy balance climate models, a main change of the
coalbedo occurs in a neighbourhood of a temperature u = —10°C. This variation is
modelled by a discontinuous function in the Budyko model and it will be treated as
a maximal monotone graph in R?

ﬁi u < —10
Blu) =< B, Bu] w=-10
P u > —10,
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where f3; and 3, represent the coalbedo in the ice-covered zone and the free-ice zone,
respectively and 0 < f; < By < 1 (the value of these constants has been estimated

by observation from satellites).
In the Sellers model, 8 is a function more regular (at least, Lipschitz), as for

instance

B u < Uy,
Blu) = Bi — (3525)(Bi — Bu) s < u < v,
Buw U > Uy,

where u; and u,, are fixed temperatures closed to —10°C.
In both models, the absorbed energy is given (formally) by

R, = Q5(x)f(x,u)

where S(z) is the insolation function and @} is the so-called solar constant.

The Earth’s surface and atmosphere, warmed by the Sun, reemit part of the
absorbed solar flux as an infrared long-wave radiation. This energy K, is represented,
in the Budyko model according to the Newton cooling law, that is,

R, — Bu+C. (2)

Here, B and C are positive parameters, which are obtained by observation, and can
depend on the greenhouse effect. However, in the Sellers model, R, is expressed
according to the Stefan-Boltzman law

R, = ou® (3)

where o is called emissivity constant and u is in Kelvin degrees.
The heat diffusion D is given by the divergence, with negative sign, of the
conduction heat flux F. and the advection heat flux F,. Fourler’s law expresses

F, = —k.Vu
where k. is the conduction coefficient. The advection heat flux is given by
‘ F, = —vVu

and it is known (see e.g. {Childress-Ghil, 1987)) that the speed of the atmospheric
flux v on the planetary scale can be incorporated by a diffusion coefficient k,. So,
D = div(kVu) with k& = k. + k,. In the pioneering models, the diffusion coefficient
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% was considered as a positive constant. Later, P.H. Stone, (Stone, 1972) proposed
a coefficient k = |Vu/, in order to consider the negative feedback in the eddy fluxes.
Therefore, the heat diffusion is represented by the operator D = div(|Vu|Vu). The
formulation proposed in (P) is more general and it includes as particular case p = 3
(the case p = 2 gives a linear diffusion, that is, & constant). These physical laws,
incorporated in (1), lead to problem (P) where Re(u) = G(u) — [ and where cis a
constant given (which can be assumed equal to one by rescaling). Of course, this
hypothesis simplifies the Earth’s geography. E.g. ¢ is greater over oceans than over
land, but such a formulation adds more mathematical difficulties than the presence
of the (possibly) discontinuous “source” term QS(z)B(u). The general case c = c(x)
requires a different study, which is the subject of the work (Bermejo, Diaz and Tello,
1998) where the numerical analysis is also studied.

The goal of the present paper is to carry over previous results (North, 1979),
(Hetzer, 1990), (Xu, 1991), (Diaz, 1993) and others, for a one-dimensional simplified
problem. Such simplification considers the averaged temperature over each parallel
as the unknown. So, the two-dimensional model (P) is reduced in a one-dimensional
model when M is the two-sphere and considering the spherical coordinates. There-

fore, the obtained model is

e — (1= 22)1%) g P~20) € QS(@)A(W) — Relw) in (0,T) x (~1,1),
(P) g (1—2?)|usl??ue =0 in r=-1,z=1,

u(z,0) = uo(z) in (0,1),

where z = sinf and @ is the latitude. Artificial boundary conditions has been
introduced in (Py), justified by the fact that meridional heat flux in the poles must
be zero. The existence of solutions and the free boundary (the curve separating the
regions {z : u(z,t) < —10} and {z : u(z,t) > —10}) in problem (F) with linear
diffusion (p = 2) was studied in (Xu, 1991) and, later, for the nonlinear case (p = 2)
by (Diaz, 1993), where the uniqueness and nonunigueness of solutions was studied.
We are concerned with similar existence and uniqueness results for more general
two-dimensional model whose spatial domain is a Riemannian manifold without

boundary AM.
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2. Preliminaries: analysis on manifolds

The physical origin of the problems of concern suggests to consider spatial domains
which are not open subsets of R™. This is the case for the Earth’s surface, which
is typically treated as a two-sphere. A suitable general framework for our inves-
tigations is class of C*° two-dimensional connected compact oriented Riemannian
manifolds without boundary. Let M belong to that class. It is well known that the
differentiable structure of M allows us to extend certain notions from Differential
Calculus in R? to the two-dimensional manifolds. This approach uses local charts
(Wi, wy) where wy : W) — R? is a O diffeomorphism and p € Wy C M. The
pair (wi(p),w3(p)) may be considered as the coordinates of p, which we denote by
(0, 0)-

A function f : M — R is differentiable of class C"(M) if for each p € M
there exits a chart (W), w,) in p such that fo w;l is defined on a neighbourhood
FE c R? of wy(p) and it is of class C"(E,R). Every function f : M — R has
a local representation f (8,0) = fo W/(l(ﬁ,go). Sometimes, we denote the local
representation of f by f. We also recall that the tangent space in p is denoted by
TpM. The tangent bundle TM is UpepTp M. Let (W, wy) be a chart in p € M
and let {6y, } be the associated coordinates system, then the set {ggﬂp, %lp}
is a basis of T, M and so, dim Tp,M = 2 = dim M. Notice that if f: M — R
then

4] A(f owy! J !
@(f)lp = “"(JCTZUA)IWA(P) %(fﬂp = —B‘(g—llwx(l))‘

The global definition is obtained by using a partition of unity subordinated to a
covering of M which is given by the domains of the charts. Such partition allow
us to extend local properties {on each chart) to global properties (on the whole
manifold).

We consider a Riemannian metric g on the manifold M, that is, for each p € M,
T, M has a inner product gp : TpM X Tp M — R which is a differentiable function of
p. Let g;; denote the coefficients of a matrix associated to gp. The coefficients of g
for points of the domain W), are expressed by g;;(f, @) depending of the coordinates
6, of ¢ = x ' (p) and so, a metric g* on W) is obtained. The definition of g, on
TpM x Ty M is determined by

gp(%a%) = g11, gp(%,%) = @22, Qp(%,é%) = g12 = ga1,
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and so, if v = vig% + UQ% we have that

g1 Gz (2]
v} = (v, .
gp(v,v) = (v1, v2) (9‘12 922) (’Uz)

Finally, the partition of uﬁity (@x)aea subordinated to {Wy}iea allows us to define

a Riemannian metric g from g*, g = Z cxg”. When the considered manifold is
AEA
the sphere of radius R (M = 5%) with the atlas of the spherical coordinates, we

have gi1 = R?sin® @, gas = R%, g12 = ga1 = 0.
An easy modification of a well known result (see e.g. (Diaz, 1985) Chap. 4)
gives the following.

Lemma 1
Let {eg,e,} be a basis of T, M and let £ and 1 belong to T, M,

£ = &eg+&oey, 7 = Nieg + Maeg .
Then, if p > 2 and [§] = \/gp(€,£), we have that
go(EF 26— P26 =) = ClE—nf.

We introduce, as in (Aubin, 1982), (Boothby, 1975), (Chavel, 1984) and (Gallot-
Hullin-Lafontaine, 1987) some operators arising in partial differential equations on
manifolds. The gradient of a differentiable function f : M — R is given by the
vector field grada f : M — T M such that each point p € M maps into the vector
grada f(p) € TpM defined by

_ g af _,(2_,
gradeip = %g Byj By ’

where g* are the coefficients of the inverse matrix gp and {5%1—, 6‘?7} is the basis of
Tp M associated to the coordinates system {y1,y2} in p. We also use the notation
Vf for the gradient of f. Let X = hl;% + hz% be a vector field of ToM, it is
defined the divergence of X as the scalar field

2 (h3) +

div X = = 50

5l
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where \/§ = \/g11922 — g%,. Moreover, if eg = \/yn OU e, = \/E&p form an
orthogonal basis of T, M then divX may be expressed as

div X = gp(De,(X),e0) 'i‘Qp(D% (X),ep).

Since the vectors 3% and 3—‘::0- can be nonconstant, we introduce the covariant deriva-
tives

0 ) _ s 9 where y; =6, y2 =, (1)

D - kT
o (Byj Y Oy
where I‘f’j are the Christoffel symbols, defined by
1
P?j = Z 5(35953' + 841 — azgq;j)g“. (2)
I1=1,2

For the case X = |grad . u|[P~?grad,,u and the above orthonormal basis it is not
difficult to see that

div(|Vul[P~?Vu) =

wep—2 [ w2 ul s 2uglae 871 U, U 15,
_UeP—cf Y, Yo +U§F(_)+&+u3_
g1

g 2 g (
(p—4)/2
L vep=2(uf U (%eumu;i(i)ﬁ%%w Mzi(i))
g2 2 g1 922 g11 Op \gu1 gaz ¥ 0 \gaa
{(p—-2}/2
1 ’u,g Ua ( Upg 15} 1 Uy 1 Up~/911 11
N = A 2 + 2u —( ) +—2 1L+ I
Va1 (911 gan Vit 839 gi1 911 11 g22 12
{(p—2)/2
2 o
+ 1 E’.g,_*_jfﬁ’i (u‘P‘P + 2u,, 9 ( )-}- Yo r§2+—ug gggpgl).
V922 \ g1 g2 V922 B‘P

V922 g11
So, if p = 2 we get the Laplace-Beltrami operator on M,

ba

Ugg dr 1 Uy o1, Yoo
Ay =" + 2ug ( ) + =TIy, + =T
\/91 59 Va1 gi1 H g22 12
a8 1 U U9 o
-+ W%—2 + £7%, + —T1%,.
,/gg Bgo(‘/ 2) ga22 2 g1 2
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In the particular case M = 5%, we arrive at

div(|Vu[P~2Vu) =
(p—1)/2
B g p— 2 uj N Ui 7 ( Qeups N 2u,Ugp )
" R?sin’y 2 \ RZsin’p  RZ R?sin®¢  RZsin’g

(p—4)/2
Y 2 u’ i uj Qugug,  2ugcoty N 2uwuw)
R? 2 \ R’sin®y R? R?sin®¢  R?sin®p R?

9 2 (p—2)/2
n 1 Up 4 Uy g " Uy, COS P
Rsing \ R2sin®p R? Rsiny R

We use the special notation
Apu = div(|Vulf~*Vu) . (6)

We recall some function spaces on manifolds. Denote by (M) the space of functions
C°°( M) with compact support on M. In this case, since M is compact, D(M) =
C°(M). L*(M) represents the space of functions « : M — R measurable on M

such that / [u|?dA < +o0, ie.
M

Z/ a)\lu(wgl(g)\,q:r,\))iz\/detg’\d&dgo,\ < +o00.

AeA A(WA)

L?(M) is endowed with the usual inner product and the norm

s = [ f90A Wl = 0 ) ey

LP(M) is defined from the Riemannian density dA as the set of measurable functions
on M such that

/ lulPdA < +oo if 1<p<oo, andesssup |uf| < +o0 if p=o0.
M

So, (L?(M),(,)) is a Hilbert space and (LP(M), | - ||;) is a Banach space, where
1 < p < oo. LT M) represents the Hilbert space of the vector fields X : M —TM
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endowed with the inner product in L2 induced by g in T, M, i.e. let X = hieg+hae,
X e LY TM) if
f <X, X >dA<+.
M

Since we assume M is compact, H*{ M) is defined as the closure of C*°(M) for the
inner product

(fshym gy = (F R ey + (graday f, grad agh) pa(raq

- Z {/w - )aAf(Wfl(Bz\,tp,\))h(wgl(BA,pk))\/@d@)\d%

AEA
+f axggrad, f, gTa‘th)\/detg’\dﬁAdgaA}.
wi (Wi}

If s € N, we denote by H*(M) the closure of C(AM) for the norm

1/2
- Nsean = ([M( S > DDy Diul’ + |u12)dA) ,

1<k<si;=1,2, j=1,.k

where Dy =D,,, Dy=D,_ and |D;, Di,...Dy,ul? = g(Dy, Ds,...Dipu, Dy, Dy, ... Dy, ).
If m € N, we denote by W™P(A1) the set of measurable functions u on M such
that

1/p
el p o= (/M( > > |Di, Dy, .. Dy ulP + |u[p)dA) < 0.

1<k<mi;=1,2, j=1,.k

As in the case where M is an open set of R™, it follows that H*(M) is a Hilbert
space and W™P(M) is a Banach space. Moreover, u € W1?(M) if and only if
u € LP(M) and gradpu € LP(T'M) (in the weak sense).

As we will see in the following section, the mathematical treatment of (P) leads
us to introduce the following “energy space”

V= {u:M — R, uEL?‘(M), VMUELP(TM)}’

which is a reflexive Banach space if 1 < p < oo. A useful technical result is the
following

Theorem 1
Let M be a two-dimensional compact Riemannian manifold. Then

if p=2, V «— LYM), Vqé€ [2, 00), if p>2, V — L®WM).

with continuous embedding.



28 Diaz AND TELLO

By using the compactness of the manifold M, it is not difficult to extend known
results about compact embeddings for open sets.

Theorem 2
Let 2 < p < co then the embedding V C L%(M) is compact.

Although the result is well known for standard Sobolev spaces (see (Aubin,
1982), pp. 44), we have estimated the constants of these embeddings which will be
useful in some later computations. More precisely, the constants

Cioq = 2 k(2 ¢) % max {1, u} (1+ suprozA])2, (7)

Cl,p,oo = ZP—lk(p, OO)p max {V—p/27 U«llup/z}
X (14 Cygpsup|Vay|)? max {1, | M|P~2/2} )

satisfy
113 a) < Craa(IVFIZ2iman + £ 2000)

11 sy < Crinoo U1V Fmizney + 12 a0y)

for all f € V. Here, the constants k(2,p) and k(p,co) are independent of M and
the constants v and p are given by

v[| X %< gX,X) € pl|X|* VX eTM,

(such constants exist thank to M is a compact manifold).

3. Existence of solution to the problem (P)

Motivated by model background described in Section 1, we introduce the following
structure hypotheses: p> 2, @ > 0,
(Hp) Mis a C two-dimensional compact connected oriented Riemannian man-
ifold of R3 without boundary,
(Hz) B is a bounded maximal monotone graph in R?, ie. |z] < M Vz € 3(s),
Vs € R.
(Hg) G:R — R is a continuous strictly increasing function such that G(0} = 0,
and |G(o)| > Clo|" for some r > 1,
(Hy) S:M-oR,5€L®M),s1>8x)>s0>0 aexecM,
(HT) £ € L°((0,T) x M), (resp. (H) f € L=((0,00) x M),
(Hp) wp € L=®(M).
The possible discontinuity in the coalbedo function causes that (P) does not have
classical solutions in general, even if the data wp and f are smooth. Therefore, we
introduce the notion of weak solution with respect to the “energy space” V.
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DEFINITION 1. We say that u: M — R is a bounded weak solution of (P) if

i) we (o, T); LA M) N L=((0,T) x M)NLF(0,T; V)
i) there exists z € L((0,T) x M) with z(t,z) € fA(u(t,z)) ae. (t,z) €
(0,7) x M such that

T
/ w(T, z)u(T,z)dA — / < vt z), u(t, z) >yrxy di

j[/ < |VulP~2Vu, Vv>dAdt+/ / G(u)vdAdt
/ f QS (z)z(t, ) udAdiH—j[ / fudAdt + /Muo( z)v(0,z)dA

Yo € LP(0,T; V) N L2((0,T) x M) such that v; € L7 (0,T; V"),

where <, >y denotes the duality product in V' x V.

In this section we prove the following result

Theorem 3

Let ug € L®(M). There exists at least a bounded weak solution of (P).
Moreover, if T' = 400 and f verifies (H$° ), the solution u of (P) can be extended to
[0,00) x M such that u € C([0,00), L2(M)) N L=((0, c0) x M) N LT ({0, 00); V).

As in the one-dimensional model {Diaz, 1993), we use the techniques of (Diaz-
Vrabie, 1987), based in fixed point arguments which are useful for nonmonotone

equations, possibly multivalued.
3.1. The operator A. Properties. A comparison principle
We define the operator A as follows

A:D(A) C L2(M) — L2(M)
m —  =Ayu+ Glu),

where D(A) = {u € L*(M) : —Apu+ G(u) € L2(M)} (recall (6)).
We have
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Proposition 1

Let us define ¢ : D(¢) C L*(M) — R by

1 P
- /M (VP dA + /M Gu)dA we D(g) o)
+ 00 u & D(d)

Plu) =

where G(u) = [ G(o)do and
0

D(@) := {u € L2(M), Vu € LP(T'M) and fM G(u)dA < +oo}.

Then

i) ¢ is proper, convex and lower semicontinuous in L*(M).
ii) A = 0¢ where A is given by (9) and D(A) = L*(M).
iii) A generates a compact semigroup of contractions S(t) on L*(M) for t € (0,T).

The proof is an easy adaptation of some well known results (see e.g. (Brezis,
1973) or (Barbu, 1976)) for bounded open sets (a detailed proof can be found in
(Tello, 1996)). We also have a comparison principle for the operator A defined in
(9). Now, we consider the operator A from W7(M) into LP (M) and so,

Proposition 2 (Weak comparison principle)

Let G : R — R be a continuous and strictly increasing function. Let f.fe
L?(M) such that f < f and let u, & € D(A) withG(u),G(a) € L*(M) weak solutions
of the equations

then u < i en M. Actually, if f and f are arbitrary in L?>(M) and we replace G(u)
with G(u) + u we have

Nu— @) F ey < I(F - F ez

i.e. the operator Aju+ G(u) is T-accretive in L*(M).
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Once more, the proof is an easy adaptation of the known results (see (Tello,
1996) for details).

3.2. Multivalued functions. A fixed point theorem

Here we recall several concepts in multivalued functions that we need for our
later purpose.

DEFINITION 2. Let X be a Banach space and let Q) be a measurable set of R®. A
mapping F : ( — 2% is called measurable if for each closed subset C' C X, the set
F-HCO)={yeQ: Fly)nC +# 0} is Lebesgue measurable in R™.

DEFINITION 3. Let U be a topological space. A mapping F : U — 2% is called
continuous (resp. weakly continuous) at u € U, if (i) F(u) is nonempty bounded
closed and convex set, (ii) for every open (resp. weakly open) subset D C X
satisfying F'(u) C D there exists a neighbourhood V of u, such that F(v) C D

Yo e V.

We are interested in applying a version of the Schauder-Tychonoff Theorem
which we state as in (Vrabie, 1987), in the form

Theorem 4
Let X be a Banach space. Assume that (i) K C X is a nonempty, convex and

weakly compact set, (ii) £ : K — 2% with nonempty convex and closed values, such
that L{u) C K Vu € K. If graph(L) is weakly x weakly sequentially closed, then L
has at least one fixed point in K, i.e. Ju € K such that v € L{u).

3.3. Proof of the existence of solution

Let us consider the Cauchy problem associated to the operator A defined by (9),

W)+ Aut) 3 h() teOT), in X = L*(M)
’U.(O) = Uug, Ug € LQ(M) .

(Fr)

The properties of A given by Proposition 1 and the abstract results of (Brezis,
1973) guarantee that (P,) has a unique solution (in the sense of semigroups)
in C([0,T]; L*(M)) for every h € L*((0,T); L*(M)). Furthermore u is a weak
solution in the sense of distributions and verifies v € LP((0,7);V), Viu, €
L2((0,T); I3(M)), u € WE2((6,T); L*(M)), 0 < & < T. Since § is bounded,
it is clear that there exists h € L2((0,T); L%(M)) such that h € QSB(u) + f
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a.e.(t,z) € (0,T) x M. Let us see that the study of the existence of solutions for the
problem (P) can be reduced to prove that an operator £ has at least a fixed point.
Let ¥ = LP((0, T); L*(M)). Let us define £ : K — 28" (OTHE*M) by the following
process. First of all we define

K = {z € LP((0,T); L°(M)) : [|2(8)llze=(any < Co aet € (0,7)}

with Co = Q1M + || fll Leo((o,7):50 (a1))- Let us see that K verifies the hypotheses
of Theorem 4.

i) Obviously, K is nonempty and convex (due to the triangle inequality for
L=(M) norm). Moreover, K is weakly compact in LP{(0,T); L2(M)). Indeed,
since LP((0,T); L*(M)) is a reflexive Banach space, it suffices to show that K is
bounded in LP((0,T}; L?(M)) and weakly closed. Clearly

Hz(t)an(M) < C”Z(t)HLoo(M) <CCy=0C) aete (0, 7).
Taking the essential supremum of both sides of this inequality, we get
Iz()ll zo= (0,320 = Cllz)llzooo, )iz (a) = O

and therefore
”Z(t)”[lp((o’j");L2(M)) <y Vze K.
Let us see that K is weakly closed: if z is in the closure of K then there exists a
sequence {z,} C K such that z, — z in L?((0,T)); L*(M)). Thus,
Znp(t) — 2(t) in LY (M) Vg € (1,00), ae. t € (0,T)

and from ||z||peia) = limg_co l[2]le(a) and

Izl zeqary < Hm - sup |zl Lacan < Co, Ve,

we have that z € K.
Now, we fix ug € L2(M) and define the solution operator (or generalized Green

operator)
Iy: K — C([0,T]; L*(M))

z — v

where v is the solution of (P, ) associated to h = z. Since A is a m-accretive operator,
Yz € LP((0,T); L*(M)) there exists a unique solution in C({0, T L2(M)) (we recall
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that K ¢ LP((0,T); L2(M))). So, the operator I is well defined. Given f € L?(M),
we also define the superposition operator associated with QS(z)38 + f(z),

Fi LA(M) — 2800
v — {he€ L*M): hiz) € QS(z)B(v(2)) + flz) aex e M}, (11)

ie. %ﬁ € f{v) a.e. £ € M. In the general case f € LP((0,T); L?(M)) this operator
is defined 7 : LP{(0,T); L3 (M)) — 2L7(OIHEL*(M) Pinally, we define £ by

L(z) = {h € IP((0,T); L3(M)) : h(t) € F(Io(z)(£)) in L*(M) aet € (0,T)}.

Let us see that £ verifies the hypotheses of Theorem 4. In the following proposition
we are going to state some properties of the previously defined operators which are

proved easily (see for instance (Tello, 1996)).

Proposition 3

Let B : R — 2% be a bounded maximal monotone graph and let F : L*(M) —
2L (M) be a superposition operator associated with the graph QS8 + f defined by
(11). Then
i} F has nonempty closed convex values;
ii) F is bounded in L*{M);
iii) F(w) € L= (M) Yw € L2(M), in the case f € L=(M) (or f € L>*((0,T) x M);
iv) F 1 L2(M) — 2L M) s bounded;
v) the graph of F is strongly x weakly sequentially closed in L*(M) x L*(M).

Also we need the following

Proposition 4 ((Vrabie, 1987), Corollary 2.3.2).

Let A : D{A) C L*(M) — 9L (M) be defined by Az = 8¢(x) for each z €
D(A) = D{8¢), where ¢ : L*(M) — R U {+oo} is a proper, Ls.c., convex function
of compact type. Then, for each ug € D(A), the mapping

I: DP((0.T)LA(M)) — C([0,7]; LA(M))

Z — v

where v is the solution of (Py,) associated with h = z, is sequentially continuous
from LP((0,T); L*(M))—weak into C([0, T]; L*(M))—strong.
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From structure hypotheses, it is obvious that £{u) C K Vu € K. Finally, let

us prove that graph(£) is weakly x weakly sequentially closed in LP((0,T); L2 (M)
——weak k
x LP((0,T); L2(M)). Indeed, let (z,h) € graph(ﬁ)we WO then there exists

(zn, hn) € graph(L) such that
2 — z weakly in LP({0, T); L2(M)),
hy, — h weakly in LP((0,T); L*(M)),

hn € L(2,) ¥n € N (ie. hn(t) € F(lo(z)(t)) aet € (0,7) ¥n). Let us see that
(h € L(2) i.e. h(t) € F(Io(z)(t)) a.e.t € (0,T)). From Proposition 4,

Io(za) — Io(2) € C([0,T), L*(M))
and therefore
Io(zn)(t) — Io(2)(t) in LAH(M) ae. te(0,T).
Using that graph(F) is strongly x weakly sequentially closed, we get the following

(Io(2n)(t), hn(t)) € graphF C L*(M) x L* (M) ae. te (0,19,
Tolz:){#) — In(2)(t) in L*(M) a.et € (0,T), =
hyn(t) = h(t) in L2(M) a.et € (0,T),

{ (In(2)(t), h(t)) € graphF a.et € (0,T)
ie. h(t) € F(Io(z)(t)) aet € (0,T).

Thus, h € £(z) and graph{L) is weakly x weakly sequentially closed.
So, we have verified the assumptions of Theorem 4.and it proves the first asser-

tion of Theorem 3.

3.4. Proof of the global existence

In order to complete the proof of Theorem 3, we are going to show that the
solution u can be continued up to t = oo, when (H$°) is fulfilled. Let us see that
u € C(0, 00), L2(M)). In fact, multiplying the equation by u, and integrating on
M, we get

./M wudA + /M |Vu|PdA + fM GluyudA = /M QSzudA + fM fudA, zé€ pBlu).
(12)
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We recall that for all z € F{u) we have that m <z < M,
1d '
o2 /M luf2dA + J[M VulPdA + ¢ /M [ul2dA < C + ellullZauy
where C' = C(¢, ||Sfleos M, || Il oo ((0,00); L0 (A1) )- Then
d
7 ()2 a0y < —Crllu@lZ2gpn +Cor C1,C2 >0 (13)

and by Gronwall’s inequality,

- C -
() 22 any < €™ fluolFepn + Ff(l —e Oy,

The above expression tends to % as t — +oo and therefore

lw(®)iz2(my <k Vi>0 (with £ independent of ¢) . (14)

By a well known result (see e.g. (Cazenave - Haraux, 1990) Theorem 4.3.4) u can
be extended to (0, 00), hence, u € C([0, 0o); L2(M)).
We also have that u € LP ((0,00); V). In fact, from the estimate (14) we deduce

loe

that 4 € L{(0,00); L2(M)) and then u € LY ((0,00); L2(M)). Let us estimate

loc
the norm {|Vu||zo(raqy- Integrating (12) on (0,7), we arrive at

1 2 2 r ksl T 2
: fM(iu(T)g huo[2)dA + fo /M VulPdAdt + /ﬂ /M lu[2d Adt
T T
< Q[1S]loe A /M fuldAdt + /G T s

By the continuous embedding L*°(0,7) < L'(0,T) and'Young’s inequality, this is
majorised by

T
€ P
CoQlIS oo M [|2]| Lo= ((0,00):2 (M)) T 5/{) /M [ul*dAdt + Ce|| fll oo ((0,00)s22 (M)} 5

where Cp = Cy(T"). So, we arrive at

T T
f u(T)2dA + / / Vupdadt + (0 - ¢) / / lu[2dAdt < ks
M 0o Jam 2/ Jo Jm
where k2 = ka( [y, Juol?, @, 1S]loos M, fltifl oo (0 ,003i21(a))5 Nl oo ((0,00):22(a))1 C0)-

In particular,
T
/Iu(T)tgng, /f]Vulpgkg VT
M 0 Jm

Thus u € LP ((0,00); V). In order to finish the proof of Theorem 3 we establish

loc

that w € L((0, 00) x M) as follows:

Lemma 2
Let ug € L®(M) and f € L>((0,00) x M) then u € L*((0, co) x M).
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Proof. Let %(z,t) be the unique solution of the problem

T — AT+ G(T) = MQS(z) + fF(t,z) on (0,00) x M
7(0,z) = ug (z) = max {0, uo(z)} on M.
We notice that —A,u + G(u) is a maximal monotone operator in L?(M) which

guarantees the existence of @. Since ug > 0, MQS(z)+f*(t,z) > 0 and the operator
under consideration is T-accretive in L2(M), it is clear that @ > 0. Moreover

2 o= (o,00pxaty < L i=max {[[uglloc » G (IMQS Moo + 11 Flloo) } -

Observe that L is an upper solution and the operator A is T-accretive in L2(M),
which guarantees the above relation. Analogously, if u(z, 1) is the unique solution of

{ w — Dpu + Glu) = mQS(x) + f~ ()
w(0,z) = ug (z) = min {0,ug(z)}

we have

el oo (0,009 x 1) < max {[Jtig oo » G (IMQ@S Moo + I1F ~lloo) } -

Finally, since

w— Apu+Gu) € wp— Dpu+Gu) ST — AU+ G(T)

uy < Up < u(']"
and A is T-accretive in L?(M), u(z,t) < u(z,t) < T(z,t). It follows that
Hull oo ((0.00pent) < max {[[Tl| oo ((0,00)x My 112l o= (0,00 x40 } (15)

Vi > 0.0
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4. On the uniqueness of solutions

The question of uniqueness has different answers for the different coalbedo functions
under consideration, depending on whether the coalbedo is supposed to be discontin-
uous or not. For the Sellers model (3 locally Lipschitz), the uniqueness is obtained
by standard methods (see (Diaz, 1993)). Although (P) is a pde of parabolic type,
in the Budyko model (8 multivalued), there are cases of nonuniqueness. E.g. one
finds (Dfaz, 1993) infinitely many for a one-dimensional model with constant f and
initial condition wug satisfying

ug € C®(I), uo(z) = uo(—x) vz € [0,1],
u$(0) = 0 where k = 1,2, up(0) = —10 (16)
wh(z) <0, z € (0,1), uh(1) =0

Notice that these initial data ug are very “Hat” at the level —10. This nonuniqueness
result for the Budyko model with a suitable initial datum carries over to the two-
dimensional model when M = 52. Each solution u1 (¢, z) of an 1D model generates a
solution us(t, x,y) of 2D model by rotation about the axis through the poles (notice
that the initial datum u2(0, z,y) is independent of the longitude), i.e. ug(t, z,y) =
uy (t,sind) where (z,y) € §2 with latitude 0. It is not difficult to prove that u3 is a
solution of (P) for the initial datum wu;(0, senf).

4.1. Bxistence of a maximal solution and a minirmal solution

We start by proving the following

Lemma 3

The problem (P) has a maximal solution v* and a minimal solution u., i.e. u”
and u, are solutions of (P) such that every solution u of (P) verifies that u, < u < u”
in (0,T) x M.

Proof. Let u be the solution of the problem
@ {ut —Ayu+G) = QSE)M + flz,t) in (0,7) x M,
u(z,0) = ug(z) in M,
and let u be the solution of the problem
up — Apu+ Glu) = QS@E)m+ flz,t) in (0,T)x M,
(B {LL(:I:,O) = up(x) in M.
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Clearly % and u are upper solution and lower solution of problem (P), respectively.
In fact, every z € L2((0,T); L2(M)) verifying =z € f(u) fulfills < M ae. on
(0,T) x M. Analogously, if z € B(u) then m < z.

We construct sequences {u” }ren and {ug }rew by the following iteration process

(P*) uf — Ajuf + GuF) = QS(2)Bu 1)+ fz,t) in (0,T) x M,
uF(x,0) = up(z) in M.
upy — Apug + Glug) = QS(x)Bup—1) + f(z,8) in  (0,T) x M,
uk(z, 0) = U,()(Ji) in M,
where u! =T and u; = u and where § and f are real monotone functions verifying

B(s) € B(s) such that if z € F(s) then z < B(s)
B(s) € B(s) such that if z € f(s) then B(s) < z.

In other words, 3 and B coincide with /7 in the set where 7 is not multivalued and
are equal to max{3(s)} and min{8(s)} for s in the set where § is multivalued,
respectively.

Step 1. The sequences {u*}ren and {ug}ren are monotone.
Let us see that u% < u! = %. Take the test function (u? —@)" in (P?) and (P).
Considering the difference we obtain

/ _/ ¢ — ) {(u —u)+f f < VP2V — |VaP-2vae, Vi? — o)t >
+ /GT/M(Q(u2)—Q(ﬁ))(u2_ﬁ)+ _ /DT/M Q5(z)(7 — M)(u2 —7)*

where z = A(u). Since QS(z) > 0 a.e. * € M and (Z(z,t) — M) < 0 ae. (t,z) €
(0,T) x M, (v*(z,t) —u(z,t))" > 0 ae. (t,z) € (0, T) x M, we have

1 2 — 2 T — Z_E
OgngKu (T) —w(T)H*| s/ﬂ /MQS(m)(z—M)(u ) <o0.

Hence, u? < @. Let us assume, by induction, ©*~! < ... < u? < T and let us see that
uk < wuF~'. Arguing as before, we arrive at

05 [ It - u )T S [ [ as@es -t — oy
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From the monotonicity of 3 we deduce that
1 .
3 [ IH@ — Ty = 0
2 Jm

and so, ¥ < u*~'. Analogously, {uz} is a monotone nondecreasing sequence. In
this way we have constructed two monotone sequences, that is, {u®}ren verifies
T>ul> .. >uft >k > L and {ugtren verifies ... > up > up—1 > ... Z Uz > u.
Moreover, since the upper and the lower solutions 7 and u are ordered, reasoning
by induction we arrive at u* > uy, Vk. From % > v and assuming u*~! > up; we

have
g T
0< %/M (Cae(T) = )T < /0 fM QS(z)(zp-1 — 2" )u — uf)t <0.

This follows immediately from § is a monotone graph, «*~! > u;_1 and 50 zx—1 —
2=t <0ae. (z,1) € (0,T) x M.

Step 2. The sequences {u*}ren and {ug }ren are convergents in LP((0,17); L*(M)).
T

The monotone sequence {ﬂ—uk}kg\\; verifies that t—u® > 0 and / / T—u* <

f / uw—u = C then, sup fo fM 7 — u* < C. So, by the monotone convergence

theorem we can conclude that there exists ¢ € L1((0,T) x M) such that T—u* — ¢
ae. (t,z) € (0,T)x MandT—uf — ¢in L*({0,T) x M). Now, calling v* =u—¢
we have that u* — u* in L1((0,7) x M). In order to obtain the convergence in
LP((0,T); L*(M)) (p > 1) we consider the sequence {|z — u*}?}, which also verifies
the hypotheses of the monotone convergence theorem. Similar reasoning yields that

{ug} converges to us.

Step 8. u* and w. are solutions of (P). Consider the weak formulations of (P*)
and (P;) and study what happen when & — oco. We have the following a priori
estimates:

¥ (D)2 £ Cr (T |22y < G

lu®l 20y €C1 Nugllzzoasyy < Ch

If ug € V, we also have that Huf“Lz((O,T);LZ(M)) < (s, HU}ﬂHLQ((D,T);LZ(M)) < Ch.
Thus, we obtain the convergences: uf — u* weakly in L?(0, T V), uw* — u* strongly
in L2((0,T); L2(M)), up — us weakly in L2(0,T;V) and w* — w. strongly in
L2((0,T); L2(M)). Since 8 is a maximal monotone graph then zF — z* € f(u*)
weakly in L2((0,T): L2(M)) and z; — 2. € S(u.) wealkly in L2((0,T); L*(M)).
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From the above estimates we also deduce that
\VuF P2Vt — Y*  weakly in  L2(0,T; LF (T M)),
|Vup[P~2Vuy, — Y, weakly in  L*(0,T; LF (TM)).

In order to obtain the weak formulation of (P) as limit of the weak formulations
of (P*) and (Py) as k — oo, we need establish that Y™ = |[Vu*[P2Vu* and Y. =
|V, [P~2Vu,. This is a consequence of the fact

T
klirnf / < |Vt P2veF — |[VxPi VX, Vut = Vx> dAdt 2 0,  (17)
—eeJo M

for any y € V. Taking ¥ = u* + A in (17), with A < 0 and letting A — oo, and
again with A > 0 we obtain

T
/ f <Y* — |Vu*P?Vau* , VE>dAdt = 0.
0 M

The proof of (17) has been detailed in (Tello, 1996). Analogously, we get Y. =
(Vu,|P~2Vu,. Finally, taking k — oo in the weak formulation of (Fy) and (P*) we
have the conclusion of this step.

Final step. Every solution u of (P) verifies that u. < u <u*. Let u be a solution
of the problem (P). Let us see that ux < u < u®. We have that u; < u < ul.
Indeed, take the test function (u; — w)* in the weak formulation of (P) and (P).
Now, taking the difference of the obtained expressions, we arrive at

0< %/M [ — w)*]? < /OT /M QS(w)(m — 2)(u —u)* <0

This implies that (u; — u)™ = 0 a.e. ¢, that is, u; < u. Similarly, v < ul.

Again, by induction, assume u;_1 < v < ¢! and take (uy — u)¥ in the weak
formulation of (P) and (P). Arguing as in step 1, we have u, < u.

Finally, since uj — u, and u* — w* in L>°(M) vt € (0,T), we conclude that
u, < u < u*. Hence, u. is the minimal solution of (P) and u, is the maximal

solution. OO

4.2. Uniqueness of nondegenerated functions

A criterion of uniqueness for one-dimensional latitude dependent models of
Budyko type was given in (Dfaz, 1993) under so-called nondegeneracy hypothe-
ses. The goal of this section is to extend these arguments to the two-dimensional
models on a manifold. First, we introduce the notion of nondegeneracy for functions
defined on a manifold M.
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DEFINITION 4. Let w € L®°{M). We say that w satisfies the strong nondegeneracy
property (resp. weak) if there exist ¢ > 0 and ey > 0 such that for any € € (0, €)

He e M : |w(z) + 10| < e} < Ce?™

(resp. |[{z € M : 0 < |w(z) + 10| < €}| < Cer~'), where |E| denotes the Lebesgue
measure on the manifold M for all £ C M.

Theorem 5

(i) Assume that there exists a solution v of (P) such that u(t) verifies the strong
nondegeneracy property for any t € [0, T then u is the unique bounded weak solution

of (P).
(ii) There exists at most one solution of (P) verifying the weak nondegeneracy

property.

The proof is based on the fact that J generates a continuous operator from
L®(M) to LY(M) Vg € [1,00), although g is discontinuous, when the domain of
such operator is the set of functions verifying the strong nondegeneracy property.
More precisely, we have

Lemma 4

(i) Let w, & € L>(M) and assume that w satisfies the strong nondegeneracy prop-
erty. Then for any q € [1,00) there exists C > 0 such that for any z,2 € L*°(M)
with z(z) € f{w(z)) and 2(x) € B((x)) a.e. © € M, we have that

|2 = 2 Loy (b — b3) min {C | w— |TS05, MY (18)

(i) If w, @ € L% (M) and satisfy the weak nondegeneracy property then
f (2(z) — 2(z)) (w(z) — w(z))dA < (by — 0;)C || w— Him(M) . (19
M

Proof of Lemma 4
Let €g be given as in the Definition 4 for w. If | w — @ || (a1)> €0 then

q
~ - —1
| 2= 2 llpaanS (bu — B)IMIY? < (by— b) e ye=T7a w— )%

Assume now that || w — @ ||ge(a1)< €0- Define the coincidence sets

A={zeM w(z)=-10}, A:={zeM:i(z)=-10},
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and consider the decomposition M = AUM,UM_, M= AUM UM_, where
My ={zeM:wx)>-10}, M_:={zeM:wl) < -10} and where
M, M_ are defined in the some way but with 1 replacing w. Let z, 2 be defined
as in the statement. Then

|2(z) = 2(3)| < (b —b;) if e AUAU ML NM_)U(M_NM,)
2(z) = 2(x) if ze(MiNMOUM_NM)
| 22 |l pagaqy< (bw—bi) min {[AUAU(M L OM)U(M_NM) [V, M|V (20)

On the other hand, if € < ¢ then (AUAU (MinM_)U(M_ ﬂM+)) C B,
where B, = {z € M : =10 — e < w(z) £ —10 + ¢}. Indeed, it is clear that
A C B.. Furthermore, W(z)— || w — @ ||poan< w(z) <[l w — @ [[peoqagy +10(2)
a.e.t € M. So, it is obvious that A C B,. If x € M, N M. then —10 < w(z) <
e+ w(r) < —10+¢€ and so, z € B,. Finally, if x € M_nN M., we have that
—10—€ < =10 — |w(z) — ¥(z)| < W(z) + w(z) —@(z) < w(z) < —10 and thus
x € B,. Consequently, the inequality (18) is obtained from the strong nondegeneracy
property of w. In order to prove (ii}, we assume that w and ¥ satisfy the weak
nondegeneracy property. Arguing as in (i) we can suppose that || w— || gee (a1) < €0
Observe that if z € AN A then (z(z) — 2(z))}(w(z) — #(z)) = 0 and if w(z) # —10
(resp. w(z) # —10) and = € A (resp. © € A) we have that z € {z € M : 0 <
|w(z) + 10} < €} (resp. {z € M :0 < |@(z) + 10| < €}). So, we arrive at (19). O

Proof of Theorem &

Step 1. FBstimates. Assume that there exist two bounded weak solutions u and @
of (P), where u verifies the strong nondegeneracy property, i.e.

w— Dpu+Gu) =QSz+ f in (0,7) x M
— D+ G(@)=QSe+[f in (0,T)x M
u(0) = 2(0) = uo

for some z € B(u) and 2 € B(4). Taking the test function (u — ) in the weak
formulation of these problems and considering the difference, we obtain

% % /M lu(t) — a(t) PdA + /M(G(u) — G(2))(u - 2)dA

+ / < |Vu(t)[P~2Vu(t) — [VE[P2Va(t), Vu(t) — Va(t) > dA
M

~0 / () (2(s, 1) — 2z, ) ulz, £) — Uz, £))dA. (21)
M
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Let us estimate these integrals. Since p > 2, the expression
/ < qu(t)]p_QVu(t) — ]Vﬁ(t)|p_2Vﬂ(t), Vu(t) — Vi(t) > dA
M

is majorised by
Co f Vu(t) — Vi) PdA
M

(see Lemma 1), in particular if p = 2 then Cy = 1. Moreover, using the embeddings
of Theorem 1 we have that if p > 2

Co

oo flu— ﬂl)imw) —Co fuw—1a ”%Z(M)a (22)

Co / |Vu(t) — Va(t)|PdA >
M C
where Cp = Cp || u—1 || = ((0,7);2(m)) and where C; 5 o is given in (8). If p = 2, we
have that V = H*(M) and the continuous embedding V' C L7 (M) for all o € {1, 00).

So, for any o € [1,00), we have

I — @l o o= Il © =@ [z (23)

— Tult)|? 1
/M [Vu(t) ~ Va()PdA > -

1,2,0

where Ci2,, is defined in (7). Since u and @ are bounded weak solutions of (P), it
is obvious that u — 4 € L (M). This fact allows us to use the property

M Hlee
Il - llzesqaey = lim M

TF—00

That is, Ve > 0 Jog > 1 such that Vo > oy, we have that

o= liey €~
From the monotonicity of G we have
/ (Q(u) — G(a))(u—u)dA = 0.
M

Since u verifies the strong nondegeneracy property, we can apply Lemma 4 for ¢ = 1
to get the estimate

fM QS(z — 2)(u—@)dA < C1Q || 5 llzeoerpll 2 — @ B p)
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where C; = (by — bI)C' . Inserting the above estimates into (21), we arrive at

d Ch
—flu—1 QS ||z= —— ) lu =% ||}y,
L= Baw < (CQUS lomirn =) 1= 8 Meian

NN

+Collu =23 (ry (24)

in the case p > 2, and obtain for the case p = 2,

d |M[*e L2
T | w—1d ”LZ(M) (CLQ Il S ooy — Cio ) | v—1a ”LO@(M)

b} —

33

= €
+ = [[F2 tEe (25)

Step 2. Now, we distinguish two cases,

CASE 1: f C1Q || 5 ||

C
~ 7% < (Qandp>2, then
Clpoo

= Nu—a e an< Co ll u— 8 Iz -
Now, by Gronwall’s Lemma, we deduce that
[ u— @ |32 < €297 || wo — o (|22 any=0-

This proves part i) of Theorem 5 for this case. Now, for p = 2, if C;Q S oo

< (), arguing as before, we obtain that
Cize

Qe
lw—a 22 < €% [ wo = o T2y — Crag ——(e* = 1)
< —2eC1Q || 8 lloo (¥ — 1)

Finally, since the above inequality is true for all €, we conclude the unigueness.

CASE 2:  CiQ || S lleo —5 — >0, we consider a suitable rescaling (M — Ms).
That is, a dilatation D of magnitude § > 0 on the manifold (M, g), D : M C
R3 — R* D(z) = & = 6x. This dllatatlon allows us to define an atlas {(Wx, Wa)}
on Mg as follows Wy := D(W,), wx — R?, wy(7) = WA( £}, We can consider
a partition of unity {&} Subordinated to the covering {W' ;\} of Mg defined by
ax(E) = o (£/5), where {e} is a partition of unity subordinated to the covering
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{W,} of M. In particular, we have that sup|a,| = supla,|. Moreover, D defines a
metric § on M, and its coefficients g;; depend on g in the following way: gi; = 6%¢;;.
It follows that

v < gly) < plly|? YeeTM
Pl < glhd) < B9l VHeTM,

where 7 = §%v and i = 8%p. Obviously (Ms, g) is also a Riemannian manifold of

dimension 2.
Let u a real function defined on M. Iis local representation in the new coor-

dinates is given by % : Ms — R, @(Z) = u(Z). Moreover, the derivatives verify the

following relation:

ou,.. 10u (55)

B;EZ(I —E%: - 121,2,3.

5

Now, the local representation of p-Laplacian operator, detailed in the above section,

is given by
§Aiv Aty ([Vat, GPV agsT) = divay (IV AP~V pu)
So, the equation in the new coordinates is

iy — 8Pdivae, (VA GP2Va,t) +G(a) € QSB(R)+ f in (0, T)xMs;

(Ps)X .. _ _
(0, ) = ug(%)

Clearly, if @ is a solution of (Ps) then u : M — R defined by u(z) = @(éz) is a
solution of (P). Moreover, the uniqueness of (Ps) implies the uniqueness of (P), and
conversely. Let us see that there exists § > 0 such that the solution of (Fs) is unique.
Let us and %5 two solutions of (Ps) such that ws verifies the strong nondegeneracy

property. Arguing as in step 1, we arrive at

1d
2.dt Jau
+ 513/ < |Vu5!p_2Vu5 - iVﬁgJP_QVﬂﬁ, Vug — Viig > dAs
A s

|uus (£) — ds(£)|*dAs

+ f (G(us) — Gltis)) (us — tis)dAs = Q Ss(zs — 25)(us — Us)dAs
S Mg M
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for~some zs € B(us) and 25 € B(iis). Here, S5 is defined by S5 : Ms — R, S5s(%) =
S(%). (24) and (25) allow us to estimate us — s for us and s solutions of (F5). So,
ifp>2,

14 o
2 dt ” Us — us ”LZ(MJ)

Cyd? R - i
< (C'z,&Q Il S5 lpo=rts) = )H ug — tis [Foo(p,y +C0 | w5 — Gs 172 r1)> (26)
Cl,p,oo,& 6
and for p =2,
1 d 62| M|/ -
5 o7 lue — e 12005 < (Cz sQ | S5 |l oo ) m) | w5 — s {|Zoo (1)
€
+ || us — ds ||32 . 27
I s = s s caa + (21)
Now, we are concerned with the dependence of the constants Cls, Cipo0s and
Ci205 on 6. Let us consider the Banach space Vs = {u € L}(M;s) : Vu €
LP(TMs)}.

In order to estimate Cy s, we study how the estimates of Lemma 4 for ¢ = 1
change when we replace M with M. We have that

Il 25 — 26 31 (ag)< (b — 8:)Cs | us — 6 [T ns)

where C5 =max {Cs, IM‘S;} = 6’max {C MLy — 52 and C, Cs are the constants

bl P—'
of nondegeneracy for M and Ms, respectlvely So, G5 = 82Cy.
Now, we recall that C 2, s verifies

i/ HLo(Ma)_ Craos( | Vf ”Lz(TMg) + 1 f ”L2(M5) )-
Since 7 = 62w, i = §%p and |G| = 3|aal, we get
1 2
Cunos = 26722/ h(r, p, o) mex(1, 6%} (1 + sup Ve )

where k is a positive constant independent of 6.

The constant C1 p,c,s, depends on the continuity constant for the embedding
Vs C L™(Mp). More precisely, if 6 =1 and p > 2 we ohtain the constant given in
(8). Therefore,

C1 p.oo,s =27 k(p, 7)P max {5_33”‘;;/2’ 51’—21/_1#”/2}(1 4§21 Ur Ly, 2, p)r 12

x max {1, St (1 + sup%chul)sup%I'\—/'a)\[)pmax{l, 5p_2|M{(p_2)/2}.
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Finally, we define the constant K s,

52| M 2/ )
JQ,&Q [l Ss |lzeo(ats) —C,LZ—I—;- if p=2,
Kp’ﬁ p— 51),(;\:0, '
ICI,EQ ” Ss ”LCO(M{;) S if p>2.
1,p,00,8

Clearly || Ss |e=(amts=] S |lz>(a1)- So, observing the dependence of the above
constants on &, we have that if p > 2 then %in% Kps = 0. This fact allows us to

reduce the proof to case 1.

In order to prove part (ii) of Theorem 5, we assume that there exist two bounded
weak solutions u and % of (P) which verify the weak nondegeneracy property. Ar-
guing as in (i), we have that the term

R Cy R
= — lu =222 +'CTI"'— =2 [[feany

1P q

is majorised by
fM Q5(z — B)u—a)dA + Co || u—1 |2apag

where C1 549 = Clp,o0 if p> 2, Cr 2, if p= 2 and where Cy is defined in (22). Thus,
using (i) of Lemma 4, we have
Co

5 lu—a13< (CaQ |8 Namqan 5= ) w8 +Co | w~a |3
Phg

where Cj is the constant of the weak nondegeneracy property (Lemma 4). It follows
the uniqueness as in (i), by studying the sign of the constant CyQ || S |[peo(an

and by rescaling when it is negative. O

L.y
4.3. A criterion of existence of nondegenerated solutions for the one-

dimensional model

We are concerned with conditions for ug and f under which a nondegenerated
solution exists. This questions allows different answers and can be formulated in a
setting which is more general than that of problem (P). For p = 2 we have

Proposition 5

Let w € C1((—1,1)) such that there exists eg > 0 satisfying
(i) the set {x € (—1,1) : |w(z) + 10| < e} has a finite number of connected
components I; with j = 1,.., N and for any j there exists ; € I; such that w(z;) =
-10
(ii) z‘here exists 6y > 0 such that if z € I; then |wy(z)] > bo.

Then w satisfies the strong nondegeneracy property.
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Proof. Let € € (0,&) and = € {y € (=1,1) : [w(y) + 10| < €}, = € ;. We can apply
the mean value theorem on the connected component I;. There exist z' € I; between

w(z;) = wg(z'){z—2;). So, |z —z;| = w(m>—w($ ) and

z and z; such that w(z) — [z (@ )]

since =’ € I, |wg(z')] > 6o, we conclude that

(@) +10] _
o

|z — 2] <

for some k > 0. This means that |I;] < 2ke and so [{z € (—=1,1) : jw(z) +10| <
e} < 2Nke. O

Now, we study the case where the function w is a solution of (P;). First, we
approximate u by the solution u, of the problem

up — (1 — 22 ue P~ Mua)e = QS(2)Bc(u) — Ge(u) + flz) in (0,T) x (=1,1)
(1-a¥u, =0 nr=-lyz=1
u(z,0) = uo(z) in (—1,1),
where . and §. are monotone approximations of g and § of class C*. We assume,
by simplicity, f,us € C1(-1,1). Let |u] < K on (0,7) x (—1,1). The function
v = ug verifies
v — (1= )P 20)ee = v(QS(x)BL(u) — Ge(u)) + QSa(x)Be(u) + folz)
(1-z%)v=0 in x=:=I1
v(z,0) = vo(x) - in (—1,1).

Denote a(t,z) = QS(x)B.(n) — Gc(u) and b(t, z) = @S (x)Be(u) + fz(z). Assume
there exist z and # with —1 < z < T < 1 such that

S:(z) >0 Vze(-1,z), S(z)<0 Vze(T1)
(H){ folw) >0 Vze(-Lz), f.(r)<0 Vre(z1)
uoz(z) >0 Vr € (—1,2), ug(z)<0 Vze (7, 1).

We also assume
Ue o(t,z) 20 VE€[0,T], u. (%) <0 Vie[0,7],
p)
ue(t,z) > —10 Vie 0,7], u(t,T)<-10 Vie [0,7].
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Notice that the first condition of (Hs) is fulfilled if for instance S(x), f(z) and
up(z) are even functions and z = T = 0. Now, we call w(t,z) := e *u(t,z). Then

v = weAt and

wy = e M {(=dv+((1- 22| v|P~20) oz — valt, z) — b(t, z))

= —Aw+ ((1 — mg)e“’\t/p_”w[p_gm) — aw — be ™M

T

> ((1 - mg)e_’\‘t/p”llwlp_?w) +be M,
jeten}

where A satisfies
—A—a(t,z) > 0 ie. A < —sup aft, x).
We recall that since |u.| < K, there exists such A.
Lemma 5
Let h(t, z} verify
he — (1 — 2?)e /P RP=2R) =be™*  in (0,T)x (-1,z),

idiog
h{t,z) =—10 vt € (0,7),
h(z,0) = upe(z) if ze(—-1,z).
Then
ue o(t,z) > eMh(t,z) >0  V(t,z) € (0,T)x(-1,2). O
Proof. Tt suffices to apply the comparison principle to A and w = e~ Mu, . (which

is an upper solution). Notice that the elliptic second order operator associated is
T-accretive in L'(—1,z) (hence this is a little variation of the results of (Benilan,

1972)). O
Similarly, we can obtain that

up(t,x) < —e*h(t,z) <0 v(t,z) € (0,T) x (T, 1),
for suitable A and h. These two results imply the condition (ii) of Proposition 5.
Now, we assume that u(¢, z) satisfies condition (i) and we also assume

(Hs) u(t, r) satisfies condition (i) ¥t € [0,T7].
In view of the known results in the literature, it seems not difficult to prove that
hypothesis (H3) is fulfilled if the data ug(z) and f(z) pass only finitely many times
through —10 and —10 < u(t,z) V(¢,z) € (0,T) x (z,%). O

The conclusion of section 3.4 is that if (H1), (Hs) and (Hs) are fulfilled, then
the solution u, limit of . is nondegenerated. Finally, we have the result for two-
dimensional solutions by rotation about the axis passing through the poles.
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